Mathematica 11.3 Integration Test Results

Test results for the 365 problemsin "4.5.1.4 (d tan)”*n (a+b
sec) m.m"

Problem 12: Result more than twice size of optimal antiderivative.

J(a+a5ec[c+dx]) Tan[c +dx]*dx

Optimal (type 3, 73 leaves, 4 steps):
3aArcTanh[Sin[c+dXx]]

ax+ -
8d

(8a+3asSec[c+dx]) Tan[c+dx] (4a+3aSec[c+dx])Tan[c+dx]?
+

8d 12d

Result (type 3, 230leaves):
3aLog[Cos[i (c+dx)] —Sin[i (c+dx)]]

ax +

8d

3alog[Cos[ (c+dx)]+sin[Z (c+dx)]] a

+ _
4

8d 16d(Cos[§(c+dx)}—5in[f(c+dx)]>

5a a
- +

16d (Cos[i (c+dx)] —Sin[i (c+dx)”2 16d (Cos[% (c+dx)] +Sin[§ (c+dx”)4

5a 4aTan[c+dx] aSec[c+dx]2Tan[c+dx]
- +

16d(Cos[§<c+dx)]+Sin[%(c+dx)H2 3d 3d

Problem 13: Result more than twice size of optimal antiderivative.
J(a+a5ec[c+dx]) Tan[c +dx]2dx
Optimal (type 3, 45leaves, 3 steps):

aArcTanh[Sin[c+dx]] (2a+aSec[c+dx]) Tan[c+dx]
N

2d 2d

Result (type 3, 142leaves):
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aLog[Cos[? [c+dx)] - sin[2 (c+dx]]]

~ax+ Y g -
aLog[Cos[i(c+dx)]+Sin[i(c+dx)H+ a
2d 4d (Cos[L (c+dx)]-sin[L (c+dx]])’
a +aTan[c+dx]
4d (Cos[1 (cvdx)]+sin[t (crdx)])’ d

Problem 15: Result more than twice size of optimal antiderivative.

JCot[c+dx}4 (a+aSec[c+dx]) dx

Optimal (type 3, 55leaves, 3 steps):

Cot[c+dx]® (a+aSec[c+dx]) Cot[c+dx] (3a+2aSec[c+dx])
ax- +
3d 3d

Result (type 3, 136 leaves):

. 5aCot[§ (c+dx)] 4acCot[c+dx] aCot[i (c+dx)]Csc[§ (c+dx>]2
X + + - -

12d 3d 24 d
aCot[c+dx] Csc[c+dx]? 5aTan[i(c+dx)] aSec[i(c+dx)]2Tan[i(c+dx”
N _
3d 12d 24d

Problem 16: Result more than twice size of optimal antiderivative.

JCot[c+dx16 (a+asec[c+dx])dx

Optimal (type 3, 84 leaves, 4 steps):
Cot[c+dx]® (a+aSec[c+dx])

5d
Cot[c+dx]? (5a+4aSec[c+dx]) Cot[c+dx] (15a+8aSec[c+dx])

15d 15d

Result (type 3, 219leaves):
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89aCot[§(c+dx)] 23 aCot[c+dx]
240d 15d
31aCot[% (c+dx)]Csc[§ (c+dx)}2 aCot[i (c+dx)] Csc[i (c+dx)]4

- +

480d 160 d

—ax- +

1
11aCot[c+dx] Csc[c+dx]? aCot[c+dx]Csclc+dx]4 89aTan[Z (c+dx)]
- - +

15d 5d 240 d
31aSec[% (c+dx)]2Tan[§ (c+dx)] aSec[% <c+dx)]4Tan[% (c+dx) ]

480d leod

Problem 17: Result more than twice size of optimal antiderivative.

JCOt[C+dX}8 (a+asec[c+dx]) dx

Optimal (type 3, 111 leaves, 5steps):

Cot[c+dx]” (a+aSec[c+dx]) Cot[c+dx]® (7a+6aSec[c+dx])
ax- +

+

7d 35d
Cot[c+dx] (35a+16aSec[c+dx]) Cot[c+dx]3(35a+24aSec[c+dx])
35d 105d

Result (type 3, 300 leaves):

381aCot[i(c+dx)] 176 a Cot [C + d X] 179aCot[§(c+dx)]Csc[i(c+dx)]2
ax+ + - +

1120d 105d 2240d
aCot[% (c+dx) ] Csc[% <c+dx)]4 aCot[% (c+dx) ] Csc[% (c+dx”6

70d 896 d
122 aCot[c+dx] Csc[c+dx]? 22aCot[c+dx] Csc[c+dx]* aCot[c+dx]Csc[c+dx]®
+ - +
105d 35d 7d

381aTan[? (c+dx)] 179aSec[ (c+dx)]*Tan[L (c+dx)]

1120d B 2240d "
aSec[% (c+dxH4Tan[i (c+dx) ] aSec[i (c+dx)]6Tan[§ (c+dx)]

70d 896 d

Problem 18: Result more than twice size of optimal antiderivative.

JCot[c+dx}19 (a+asec[c+dx]) dx

Optimal (type 3, 140leaves, 6 steps):
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Cot[c+dx]® (a+aSec[c+dx])

—ax- +
9d
Cot[c+dx]” (9a+8aSec[c+dx]) Cot[c+dx]® (21la+16aSec[c+dx])
- +
63d 105d
Cot[c+dx]? (1@5a+64aSec[c+dx]) Cot[c+dx] (315a+128aSec[c+dx])
315d 315d

Result (type 3, 383 leaves):

25609 aCot| > (c+dx)| s5e3acot[c+dx]
80640 d 315d
14711aCot[% (c+dx)} Csc[% <c+dx)]2 1231aCot[i (c+dx)] Csc[i (c:+dx”4

—ax- +

161280 d 53760d
109aCot[§ (c+dx)] Csc[i (c+dx)]6 aCot[i (c+dx)] Csc[i (c+dx)]8

- +

32256d 4608 d
506 a Cot[c+dx] Csc[c+dx]? 136aCot[c+dx] Csc[c+dx]*

- +

315d le5d

37aCot[c+dx] Csc[c+dx]® aCot[c+dx]Csc[c+dx]8 2560931—3"[% (c+dx)]

- +
63d 9d 80640 d

14711aSec[i (c+dx”2Tan[% (c+dx)] 1231aSec[i <c+dx)]4Tan[i (c+dx)}

- +

161280 d 53760d
109aSec[§ (c+dx)]6Tan[% (c+dx) ] aSec[% (c+dxH8Tan[% (c+dx)]

32256d 4608 d

Problem 29: Result more than twice size of optimal antiderivative.

J(a+a5ec[c+dx])ZTan[c+dx]6dlx

Optimal (type 3, 161 leaves, 12 steps):

) 5a%ArcTanh[Sin[c+dx]] a%?Tan[c+dx]
-a”“ X - + +
8d d

5a%Sec[c+dx] Tan[c+dx] a?Tan[c+dx]3 5a?Sec[c+dx] Tan[c+dx]3
- - +

8d 3d 12d
a’Tan[c+dx]®> a%?Sec[c+dx] Tan[c+dx]> a?Tan[c+dx]’
+ +

5d 3d 7d

Result (type 3, 337 leaves):
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1

e <c+dx)]45ec[c+dx]7 33600 Cos[c +dx]’
215040 d

a2 (1+Cos[c+dx])25ec[

Log[Cos[~ (c+dx) ]| -sin]

NPy R

N |

(c+dx)]] —Log[Cos[% (c+dx) ] +Sin[§ (c+dx)]]|+

Sec[c] (—14700dxCos[dx] -14700dxCos[2c+dx] -8820dxCos[2c+3dx] -
8820dxCos[4c+3dx] -2940dxCos[4c+5dx] -2940dxCos[6Cc+5dx] -
420dxCos[6c+7dx] -420dxCos[8c+7dx] +24640Sin[dx] -16240Sin[2c+dX] +
2975Sin[c+2dx] +2975Sin[3c+2dx] +14448Sin[2c+3dx] -10080Sin[4c+3dx] +
980Sin[3c+4dx] +980Sin[5c+4dx] +6496Sin[4c+5dx] -1680Sin[6c+5dx] +

1155Sin[5c+6dx] +11555in[7c+6dx] +1168Sin[6c+7dx] )

Problem 30: Result more than twice size of optimal antiderivative.

J(a+a$ec[c+dx])zTan[c+dx]4dlx

Optimal (type 3, 119leaves, 10 steps):

5 3aZArcTanh[Sin[c+dx]] a?Tan[c+dx] 3a?Sec[c+dx] Tan[c+dx]
a” X+ - -

4d d 4d
a?Tan[c+dx]3® a%?Sec[c+dx] Tan[c+dx]3 a?Tan[c+dx]®
+ +

3d 2d 5d

+

Result (type 3, 1173 leaves):
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1 ) c dx,a 5 1
= xCos[c+dx]?Sec[—+ —] (a+asec[c+dx]) - —

4 2 2 16d
3Cos[c+dx}2Log[Cos[£+d—x}—Sln[E d—XHSec[Eer—Xr(a+aSec[c+dx])2+
2 2 2 2 2 2

1 ) c dx c dx c dx.a 2
——3Cos[c+dx]?Log[Cos[—+—]+Sin[—+—]]Sec[—+-—] (a+asSec[c+dx])®+
16d 2 2 2 2 2 2
COS[C+dX]259C[§ d7]4(a+a5ec[c+dx}) Sln[d?] )
80d(Cos[§]—Sin[§” (Cos[§+d7x]—sin[§ o )
(Cos[c+dx]25ec[£+d—x]4(a+aSec[c+dx 2(3Cos c]—2$1n[c})J/
2 2 2 2
sod [cos[ <] -sin[<]) [cos[ S+ LX) Jsin[ S+ &) ]
| - - -+ — | - —_+ — _
( 2 2 ) 2 2 2 2
COS[C+dX]ZSEC[§+d7X]4(a+aSec[c+dx}) Sln[TX] )
480 d (COS[?] ~sin[< ) (Cos[ S+ 2x] 751n[§+d7x])3
C dx,a C . c
(Cos[c+dx]25ec[—+—] (a+a5ec[c+dx1) (151Cos[ }+14951n[—])]/
2 2 2 2
C C dx c dx,)2
960.d [Cos[ <] -sin[ S]] [cos[=+ ST —sin[ S+ 2277 -
[ (os[z} 1n[2]) os[—+ 2] 1n[2+ 2}))
17Cos[c+dx}25ec[§ dT] (a+asec[c+dx])? Sln[%"}
.
60d(Cos[§}—51n )(Cos[§+d7x}—51n[§+d7x])
Cos[c+dx]?2 Sec[§ d7]4(a+a5ec[c+dx}) Sin[dTX] )
80d(Cos[§]+Sin[§” (Cos[i %"]+Sin[§+d7x] °

Cos[c+dx]25ec[5+dfx]4 (a+aSec[c+dx})2 —3Cos[£] —ZSin[E]J)/
2 2 2 2

C c ¢ dx c dx,\*
80d(Cos[—]+Sln - ) Cos[—+—]+51n[—+—]] J_

2 2 2 2 2 2
Cos[c+dx]25ec[§ d7"]4(a+a5ec[c+dx}) Sln[%]

480d(Cos[§]+Sin[§]) (Cos{§+djx}+sln[§ %])3
dx,a C C
C vdx]?sec| s 25 S d [151c 149 Si f])
(os[c X] ec[2 2] (a+aSec[c+dx])? os[z]+ 1n[2] /
[960d(Cos[5}+Sin[5]J Cos[5+d—x]+sln[5 d_} ZJ_
2 2 2 2 2 2
dx 14 d
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Problem 31: Result more than twice size of optimal antiderivative.

J(a+a5ec[c+dx])ZTan[c+dx]2d1x

Optimal (type 3, 72leaves, 8steps):

5 a?ArcTanh[Sin[c+dx]] a?Tan[c+dx] a?Sec[c+dx]Tan[c+dx] a’Tan[c+dx]?3
—a” X - + + +

d d d 3d

Result (type 3, 773 leaves):

1 c dx,a 2 1

-=xCos[c+dx]?Sec[—+-—] (a+aSec[c+dx])*+ —

4 2 2

Cos[c+dx]2Log[Cos[£+d—X}—Sin[£+d—XHSec[£+d—x}4(a+aSec[c+dx])2—
2 2 2 2 2 2

iCos[Cerx]ZLog[Cos[S+dfx} +Sin[£+deH Sec[5+dfx]4 (a+asecc+dx])?+
4d 2 2 2 2 2 2

Cos[c+dx]2Sec| d—]4(a+aSec[c+de)ZSin[

<
2

24d (Cos[i] —Sin[i” (Cos[§+d7x] - Sin|
dx.a

2
Cos[c+dx]25ec[£+—] (a+asec[c+dx])? [7Cos[£] —SSin[E})]/
2 2

) sl

c dx . C
Cos[—+—] -Sin[—
2 2 2

48 d (Cos[

Cos[c+dx]25ec[§ LX]“

6d(Cos[ ]—Sln[i] (Cos[i dX}*Sin[ierx])

—_

Cos[c+dx]2Sec| L] (a+aSec[c+dx])ZSin[dX]

c
2 2

24d(Cos[§]+Sin{ﬂ + 4%y sin|

c . dx
2 2

_

(Cos[

dX a4 C C
Cos[c +dx]?Sec ¢, a+aSec[c+dx -7Cos|—| -5Sin| — J)
(costcdxisec| s X" (avasecicdx]) 2] -ssin[ 7))/

§]+Sin[§})

(@]
Q.
x

c dx
Cos[—+—] +Sin[ =+ —
2 2 2 2

48 d (COS[

d_x]4

Cos[c+dx]%Sec| (a+aSec[c+dx}) Sin|

<
2

6d (Cos[i] +51n[§]) (Cos[i 7"} +Sin[§+

Problem 35: Result more than twice size of optimal antiderivative.
JCot[c+dx}8 (a+aSec[c+dx])2dlx

Optimal (type 3, 139 leaves, 12 steps):
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a?Cot[c+dx] a?Cot[c+dx]® a%Cot[c+dx]> 2a%Cot[c+dx]’

aZx+ - + +
d 3d 5d 7d
2a2Csc[c+dx] 2a%Csc[c+dx]® 6a’Csc[c+dx]> 2a?Csc[c+dx]’
_ . _
d d 5d 7d

Result (type 3, 312leaves):

c 1 » c 1 .
Y s ese[ (erdx) ] sec] Sl sec[t (cad
860160 d Sc[z] sc{z(“ x) | EC[Z] ec[z(c+ x) ]
(5880 d x Cos[dx] - 5880d x Cos[2c+dx] -3360dxCos[c+2dx] +3360dxCos[3c+2dx] -

1260dxCos[2c+3dx] +1260dxCos[4c+3dx] +1680dxCos[3c+4dx] -

1680 dxCos[5¢c+4dx] -420dxCos[4c+5dx] +420dxCos[6c+5dx] +

4032Sin[c] - 9632Sin[dx] - 16002 Sin[c+dx] +9144Sin[2 (c+dX) | +

3429Sin[3 (c+dx)| -4572Sin[4 (c+dx) | +1143Sin[5 (c+dx) | -

11760 Sin[2c +dx] + 8864 Sin[c+2dx] +3360Sin[3c+2dx] +2064Sin[2c+3dx] +
2520Sin[4c+3dx] -4432Sin[3c+4dx] -1680Sin[5c+4dXx] +152851n[4c+5dx}>

Problem 36: Result more than twice size of optimal antiderivative.

JCo’c[c+dx}10 <a+aSec[c+dx}>2d1x

Optimal (type 3, 179leaves, 13 steps):

5 a?Cot[c+dx] a?Cot[c+dx]® a%Cot[c+dx]> a’Cot[c+dx]’ 2a?Cot[c+dx]?
+ _

—a” X - + - -
d 3d 5d 7d 9d
2a%Csc[c+dx] 8a’Csc[c+dx]3 12a%Csc[c+dx]> 8a’Csc[c+dx]’ 2a?Csc[c+dx]°
+ - + -
d 3d 5d 7d 9d

Result (type 3, 428 leaves):

—7a2Csc[£] Csc[1 (c+dx)]95ec[£} Sec[1 (c+dx)]5
330301440d 2 2 2 2
(453600dxCos[dx} -453600dxCos[2c+dx] -201600dxCos[c+2dx] +
201600dxCos[3c+2dx] -191520dxCos[2c+3dx] +191520dxCos[4c+3dx] +
161280 dxCos[3c+4dx] -161280dxCos[5c+4dx] +10080dxCos[4c+5dx] -
10080 dxCos[6Cc+5dx] -40320dxCos[5c+6dx] +40320dxCos[7c+6dXx] +
10080 dxCos[6c+7dx] -10080dxCos[8c+7dx] +259584Sin[c] - 897024 Sin[d x] -
1152405 Sin[c+dx] +512180Sin[2 (c+dx) | +486571Sin[3 (c+dx)] -
409744Sin[4 (c+dx)| -25609Sin([5 (c+dx)] +102436Sin[6 (c+dx)] -
25609 Sin[7 (c+dx) | -825216Sin[2c+dx] + 622976 Sin[c+2dX] +
142464 Sin[3c+2dx] +297088Sin[2c+3dx] +430080Sin[4c +3dX] -
424192Sin[3c+4dx] - 188160Sin[5c +4dx] + 2048 Sin[4c +5dXx] -
40320Sin[6c+5dx] +112768Sin[5¢c+6dx] +40320Sin[7c+6dx] - 38272Sin[6c+7dx])

Problem 49: Result more than twice size of optimal antiderivative.

J(a+a5ec[c+dx])3Tan[c+dx]2dlx

Optimal (type 3, 98 leaves, 11 steps):
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3 13 a3 ArcTanh[Sin[c+dx]] a3Tan[c+dx]
-a’x- " N

8d d

11a®Sec[c+dx] Tan[c+dx] a*Sec[c+dx]3Tan[c+dx] a3*Tan[c+dx]?3
+ +

8d 4d d

Result (type 3, 230leaves):

1
-—a*sec[c+dx]?
64d

24d x -

39Log[Cos[§ (c+dx)] —Sin[% (c+dx)]] +39Log[Cos[§ (c+dx)] +Sin[§ (c+dx)]]+

1 .l
S (c+dx)] —51"[; (crdx)]]+
(C+dX>H]+

(crdx)] -sin[> (crdx)]] +

2
(c+dx”]]—

38Sin[c+dx] -32Sin[2 (c+dx) | -22Sin[3 (c+dx)]

4 Cos[2 (c+dx) (8dx—13 Log|[Cos |

13 Log|Cos |

]
§4c+d@]+sm[

Cos[4 (c+dx)] [8dx-13Log|Cos

13 Log[Cos[~ (c+dx) ]| +Sin]

N R

N R — N R
N |

Problem 50: Result more than twice size of optimal antiderivative.
JCo‘c[c+dx}2 (a+aSec[c+dx])3d1x
Optimal (type 3, 49leaves, 11 steps):

a®>ArcTanh[Sin[c+dx]] 4a*Cot[c+dx] 4a*>Csc[c+dx]
d d d

~adx+

Result (type 3, 109 leaves):

—ida3 (1+Cos[c+dx})35ec[l (c+dx”6 dx+Log[Cos[l (c+dx)] —Sin[1 (c+dx)]]-
8 2 2 2

Log[Cos[i (c+dx)] +Sin[§ (c+dx)]] —4Csc[§] Csc[% (c+dx)] Sin[dTX}

Problem 54: Result more than twice size of optimal antiderivative.

jCot[c+dx}1e (a+aSec[c+dx})3d1x

Optimal (type 3, 179leaves, 16 steps):

3 a’Cot[c+dx] a*Cot[c+dx]® a*Cot[c+dx]> a®Cot[c+dx]’ 4a’Cot[c+dx]®
N _

—-a” X - + - -
d 3d 5d 7d 9d
3a3Csc[c+dx] 13a®Csc[c+dx]® 21a3Csc[c+dx]®> 15a3Csc[c+dx]’ 4a3Csc[c+dx]°
+ - + -
d 3d 5d 7d 9d

Result (type 3, 370leaves):
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1 3 C 1 5 c 1 ,
tonrraaq o C A - d S =1s < d
41287680 d Sc[z] Sc[z<c+ x)] ec[z} ec[2<c+ x) |

(—181440dxCos[dx] +181440dxCos[2c+dx] +136080dxCos[c+2dx] -

136080 dxCos[3c+2dx] +10080dxCos[2c+3dx] -10080dxCos[4c+3dx] -
60480dxCos[3c+4dx] +60480dxCos[5c+4dx] +30240dxCos[4c+5dx] -
30240dxCos[6c+5dx] -5040dxCos[5¢c+6dx] +5040dxCos[7c+6dXx] -

169344 Sin[c] +338112Sin[d x] + 675036 Sin[c +dx] - 586277 Sin[2 (c+dX) | -

375025Sin[3 (c+dx) | +225012Sin[4 (c+dx) | - 112506 Sin[5 (c+dx) | +

18751Sin[6 (c+dx) | +431424Sin[2c+dx] -375552Sin[c+2dX] - 201600 Sin[3c+2dx] +

41248Sin[2c+3dx] -84000Sin[4c+3dx] +155712Sin[3c+4dx] +
100800 Sin[5c+4dx] - 98016 Sin[4c+5dx] -30248Sin[6c+5dx] +21376Sin[5c+6dx])

Problem 55: Result more than twice size of optimal antiderivative.

JCot[c+dx}12 (a+asec[c+dx])>dx

Optimal (type 3, 213 leaves, 17 steps):

a’Cot[c+dx] a*Cot[c+dx]3® a®Cot[c+dx]®> a3Cot[c+dx]’

a’x+ - + - +
d 3d 5d 7d
alCot[c+dx]®° 4a3Cot[c+dx]*™ 3a3Csc[c+dx] 16a3Csc[c+dx]3
- + - +
9d 11d d 3d
34a3Csc[c+dx]® 36a3Csc[c+dx]’” 19a3Csc[c+dx]® 4a3Csc[c+dx]
_ + _
5d 7d 9d 11d

Result (type 3, 1035leaves):
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1 3 c dx.s 3 1
= xCos[c+dx]?Sec[—+ —] (a+asec[c+dx])’ - ————
8 2 2 1419264d
3 C c dx;,2 c dx;e 3
112229 Cos[c+dx]?Cot|[—] Csc[—+ —] Sec[—+—] (a+aSec[c+dx])>+
2 2 2 2 2

@]

6155 Cos [c +d x] Cot [ — | Csc[£+d—x}45ec[£+d—x}6 (a+aSec[c+dx])3—

236544 d 2 2 2

N
0N

dx,s ¢ dx-se 3

C —+— S -+ — S d

| csc[—+ 2} ec[2+ 2} (a+asec[c+dx])’+

]SSec[EerfX]G<a+aSec[c+dx})3—
2 2

6

C
—————1033 Cos [c + d x]* Cot [ —
177408 d 2

N

3 C d x

——————155Cos [c+dx]>Cot |~ —

202752d 2 2 2
dx
2

Cos[c+dx]3Cot[ ]Csc[§+d7x}105ec[£+

i ] <a+aSec[c+dx]>3 1

22528d 1419264d

C c dx ¢ dxge 3. rdXx 1
347267 Cos[c +dx]3Csc[—] Csc[—+ —] Sec[~+—] (a+aSec[c+dx])>Sin[—] + ————
2 2 2 2 2 2 1419264 d

Q
X

6 d x
ax S d *sin[—] -

2] (a+a ec[c+ X}) 1”[2}
CsC[£+d_X}SSeC[£+d—X}6(a+asec[c+dx]>351n[d_x]+
2 2 2 2 2
¢ dx;,7 c dx;s 3gin[ 9%
Csc[—+—] Sec|—+—— > d Sl
] sc[z+ 2} ec[2+ 2} (a+asec[c+dx]) 1n[2]
£+dl]95ec[g+dl]6<a+aseC[C+dX}>3Sin[d7X}+

2 2 2 2 2

X 411 c dx,6 dx
s C ax S d 3S- — | _

] ec[z+ 2] (a+asecic+dx]) 1n[2}

]7 (a+aSec[c+dx})3Sin[d7x}

3 C C

112229 Cos[c +dx]3Csc|[—] Csc[—

2 2

—————6155 Cos[c +d x]?Csc[ ]
236544 d

——————1033 Cos [c + d x]* Csc|
177408 d

c
——————155Cos[c+dx]>Csc|—
202752d 2

1 3 C C
Cos[c +dx] Csc[—]Csc[—
22528d 2 2

743 Cos[c+dx]’Sec| =] Sec[$+

S S

+

30720d

7Cos[c+dx]3Sec[§} Sec[§+d7x]9 (a+aSec[c+dx])BSin[d7x]

3840d

Cos[c+dx]3Sec[§] Sec[iﬂ%}ll (a+aSec[c+dx])3Sin[d7"]

+

10240d

7 Cos[c+dx]3Sec] +dx}8 (a+aSec[c+dx])3Tan[§]

2
3840 d

+d7"]10 <a+aSec[c+dx])3Tan[§}

<
2

Cos[c+dx]3Sec[§

10240d

Problem 64: Result more than twice size of optimal antiderivative.

J Tan[c+dx]?®

a+aSec[c+dx]

dx

Optimal (type 3, 105leaves, 6 steps):
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X S5ArcTanh[Sin[c+dx]] (16—55ec[c+dx]) Tan[c +d x]

— - +

a 16ad 16ad
(8-5Sec[c+dx]) Tan[c+dx]® (6-5Sec[c+dx]) Tan[c+dx]®
24 ad 30ad

Result (type 3, 301 leaves):
1
3840ad (1+Sec[c+dx])

Cos[1 (c+dx>]25ec[c+dx]
2

(240@

Log[Cos[% (c+dx)]-sin[= (c+dx)]]| -Log[Cos|~ (c+dx)] +Sin]

1

- (c+dx>H)+

2

Sec[c] Sec[c+dx]® (24e0dx Cos[c] +1800dx Cos[c+2dx] +180@dxCos[3c+2dx] +
720dxCos[3c+4dx] +720dxCos[5¢c+4dx] +120dxCos[5¢c+6dXx] +

120dxCos[7c+6dx] +3680Sin[c] +450Sin[dx] +450Sin[2c+dx] -3360Sin[c+2dXx] +
2160Sin[3c+2dx] -25Sin[2c+3dx] -25Sin[4c+3dx] -1488Sin[3c+4dx] +

N |
N |

720Sin[5c+4dx] +165Sin[4c+5dx] +165Sin[6c+5dx] - 368Sin[5¢c+6dx])

Problem 65: Result more than twice size of optimal antiderivative.

Tan[c +dx]®
J dx

a+aSec[c+dx]

Optimal (type 3, 78leaves, 5steps):
X 3ArcTanh[Sin[c+dx]] (8-3Sec[c+dx])Tan[c+dx] (4-3Sec[c+dx]) Tan[c+dx]?

- — 4+ + —

a 8ad 8ad 12ad

Result (type 3, 893 leaves):



Pro

J

0

X

a
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2xCos[§+dTX}25ec[c+dx} 3Cos[§ TX} Log[Cos[ dzx]—Sin[§+dTXHSec[c+dx]

N
a+aSec[c+dx] 4d(a+asSec[c+dx])

dx

S+ 7” Sec[c +dx]

+

3Cos[§ 7"} Log[Cos[ d7x]+51n[
4d (a+aSec[c+dx])

Cos[i dTX]ZSec[Cerx]

c dx;2 . rdx
- |Cos[—+ —] " Sec[c+dx] Sln[—]]/
8d(a+aSec[c+dx})(Cos[£ dTX}—Sln[i dTX”A 2 2 2

N

c c c dx c dx,)\3
3d(a+as d Cos[=]-sin[=]| [cos[=+ —] -sin[—+ — .
{ (a+aseclc+ x])(os[z] 1n[2}) os[2+ 2} 1n[2 2] ]
c dx;2 C C
@ —+— S d -19C — 11Sin| —
os[2+ 2] ecfc+dx] os[z]+ 1n[2]J)/
[24d(a aSec[c+dx]) Cos[g} Sin[g] Cos[E d_x] Sin[E d—X} 2)
( 2 2 ) 2 2 2 2
c dx;2 dx
8C —+— S d Sin| —
( os[2+ 2] eclc+dx] 1n[2})/
C C c dx c dx
3d S d C —| =Sin| — C —+ — | -Sin|—+ — _
( (a+aseclc+ x])(os[z] 1n[2}) os[2+ 2} 1n[2+ 2] )

dx

Cos| <+ %X 2Sec[c+dx]
[2 2

8d (a+asec(c+dx]) (Cos[<+ o] 4sin[$+ dx”‘*

c dx;2 d x
C —+— S +dx] Sin| —
05[2 2} ec[c X] 1n[2])/

N
N |

2

N

[3d (a+asec[c+dx])

cos[gpsm[i}) cos[§+d7"}+51n[§
19Cos[£} +1lsin[5})]/

2 2

c dx;2
(Cos[—+—] Sec[c +dx]
2 2

[24d (a+asec[c+dx])

cos[g} +Sin[§])

c dx;2 . d_x
(8Cos[—+—] Sec[c+dx] Sin| A })/

2 2

Cos[£+d—x} +Sin[£+d—x]

(3d(a+a5ec[c+dx]) (Cos[£]+sin[5}) A 5 N N

2 2

|

blem 66: Result more than twice size of optimal antiderivative.

Tan[c +dx]*

dx
a+aSec[c+dx]

ptimal (type 3, 49 leaves, 4 steps):
ArcTanh[Sin[c+dx]] (2-Sec[c+dx]) Tan[c+dx]
2ad 2ad

Result (type 3, 241 leaves):
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Cos[1 (c+dx)]25ec[c+dx]
2
2Log[Cos[% (c+dx)] —Sin[% (c+dx)]] 2Log[Cos[§ (c+dx) ] +Sin[§ (c+dx)]]
4 _
X + y y +
1 1

d (Cos[i (c+dx) ] —Sin[% (c+dx>])2 d (Cos[i (c+dx) ] +Sin[i (c+dx)])2

(asindx]) / (d [cos[i] —Sin[g]) (cos[i} +Sin[£])

1
5 5 5 Cos[ = (c+dx)] -

2

)]J/ (2a (1+Sec[c+dx]))

Problem 67: Result more than twice size of optimal antiderivative.
J Tan[c +d x]?

a+aSec[c+dx]

Sin| <c+dx)]

N |

(Cos[% (c+dx)] +Sin[§ (c+dx)]

dx

Optimal (type 3, 21 leaves, 3 steps):
x ArcTanh[Sin[c +dXx]]

a ad

Result (type 3, 60 leaves):

= in[1 + - 1 + +Si 1 +
—;(dx+Log[Cos[;(c+dx)]—Sln[z (c+dx)]] Log[Cos[2 (c+dx)] Sln{2 (c+dx)]]
Problem 69: Result more than twice size of optimal antiderivative.
J Cot[c+dx]*

a+aSec[c+dx]

dx

Optimal (type 3, 88leaves, 5steps):
x Cot[c+dx] (15-8Sec[c+dx])
- +
a

15ad
Cot[c+dx]? (5-4Sec[c+dx]) Cot[c+dx]® (1-Sec[c+dx])
+
15ad 5ad

Result (type 3, 254 leaves):
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1 C C
Csc[—] Cscc+dx]>Sec|—] Sec[c+dx]
1920ad (1+Sec[c+dx]) 2 2

(360dxCos[dx} -360dxCos[2c+dx] +120dxCos[c+2dx] -120dxCos[3c+2dXx] -
120dxCos[2c+3dx] +120dxCos[4c+3dx] -60dxCos[3c+4dx] +
60dxCos[5c+4dx] -200Sin[c] -584Sin[dx] +534Sin[c+dx] +178Sin[2 (c+dx) | -
178Sin[3 (c+dx)| -89Sin[4 (c+dx) | -520Sin[2c+dx] -248Sin[c+2dx] -
120Sin[3c+2dx] +248Sin[2c+3dx] +120Sin[4c+3dXx] +184Sin[3c+4dx])

Problem 70: Result more than twice size of optimal antiderivative.

Cot[c+dx]®
J dx

a+aSec[c+dx]

Optimal (type 3, 117 leaves, 6 steps):
x Cot[c+dx]?(35-24Sec[c+dx]) Cot[c+dx] (35-16Sec[c+dx])

2. _
a 105ad 35ad
Cot[c+dx]® (7-6Sec[c+dx]) Cot[c+dx]7 (1-Sec[c+dx])

+

35ad 7ad

Result (type 3, 359 leaves):

1 C C
Csc|[—] Cscc+dx]°Sec| ] Sec[c+dx]
107520ad (1+Sec[c+dx]) 2 2
(—16800dxCos[dx} +16800dxCos[2c+dx] -4200d xCos[c+2dx] +
4200d xCos[3c+2dx] +8400dxCos[2c+3dx] -8400dxCos[4c+3dx] +
3360 dxCos[3c+4dx] -3360dxCos[5c+4dx] -1680dxCos[4c+5dx] +
1680 dxCos[6Cc+5dx] -840dxCos[5¢c+6dx] +840dxCos[7c+6dx] +3136Sin[c] +
30112 Sin[dx] - 22860 Sin[c+dx] -5715Sin[2 (c+dx)] +11438Sin[3 (c+dx) | +
4572Sin[4 (c+dx)| -2286Sin[5 (c+dx) | -1143Sin[6 (c+dx)| +26208Sin[2c+dx] +
14080 Sin[c+2dx] - 16400Sin[2c+3dx] -11760Sin[4c+3dx] -7904Sin[3c+4dx] -
3360Sin[5c+4dx] +3952Sin[4c+5dx] +1680Sin[6c+5dx] +281651n[5c+6dx1)

Problem 79: Result more than twice size of optimal antiderivative.

Tan[c+dx]8
J dx
(

a+aSec[c+dx])2

Optimal (type 3, 119leaves, 11 steps):
X 3ArcTanh[Sin[c+dx]] Tan[c+dx] 3Sec[c+dx] Tan[c+dXx]

— + +
a? 43a%d a’d 43a%d
Tan[c+dx]® Sec[c+dx] Tan[c+dx]® Tan[c+dx]?

- +

3a%d 2 a%d 5a%d

Result (type 3, 1167 leaves):

4xCos[§+d7x]4Sec[c+dx]2 3Cos[S+

c
2

) 2
(aJraSec[t:erx])2 d(a+aSec[c+dx})2
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3 Cos| +d7x}4Log[Cos[ +d7x] +Sin[§+d7xH Sec[c +dx]?2

< <
2 2

d(a+aSec[c+dx])?

Cos[5+dfx]4Sec[c+dx]ZSin[d—X})/

2 2 2

dx c dx,\°
5d(a+as +d Z(C £ si 5) Cos[—+—] -Sin[—+ — ]+
[ (a+asec[c+dx]) os[z] 1n[2] os[2 2] 1n[2 2]

c dx.a C C
Cos|—+—]| s dx]?|-2Cos|—| +3sSi —)]
(os[2+2] ecfc+dx] os[z}+ 1n{2] /
[Sd(aJraSec[Cerx])2 Cos[g]—sin[S]J Cos[£+dfx]—sin[g+dfx] 4]
2 2 2 2 2 2
c dx.a d x
Cos|—+—]| s dx]?Si —)
(os[2+ 2] ecfc+dx] 1n[2}/
[30d(a+a$ec[c+dx}>2[Cos[c]Sin[c}) Cos[—+d—x}751n[£+d—x] 3]+
2 2 2 2 2 2
c dx,a C C
Cos|—+—]|'s dx]? |149 Cos|—| - 151 Si —J)
os[2+ 2] ecfc+dx] os[z] 1n[2] /
[60d(a+a$ec[c+dx}>2 Cos[g]—sin[g}) Cos[£+d—x}fsin[£+d—x] 2]
2 2 2 2 2 2
c dx,a d x
68Cos|—+—| S dx]?si —J
( os[2+ 2} eclc+dx] 1n[2]/

dx c dx
15d S dz[c E—S'E)C———S——)
( (a+asec[c+dx]) os[z] 1n[2} os[2+ 2} 1n[2+ 2] +

c dx,a d x
Cos|—+—]|'s dx]?Si —)
os[2+ 2] ecfc+dx] 1n{2}/
[Sd(a+aSec[c+dx])2(Cos[c]JrSin[c]) Cos[—+d—x]+51n[£+d—x] 5]+
2 2 2 2 2 2
c dx,a C C
Cos|—+—]| s dx]?|2Cos|—]| +35si —])
(os[2+2] eclc+dx] 05[2]+ 1n[2] /

dx.,\4
5d(a+as dZ(CCS'C)CJrSC]
[ (a+asec[c+dx]) 05[2]+ 1n[2] os| A ]+ 1n[2+ 2]

c dx,a d x
Cos|—+—1|'S dx]?sin|—
os[2 2] eclc+dx] 1n[2}/
3
{30d(a+a$ec[c+dx})2[Cos[c]+sin[c}) Cos[£+d—x}+sin[£+—x] ]+
2 2 2 2 2 2
c dx;,a C C
Cos|—+—]'s dx]?|-149Cos|—| - 1515i —)]
05[2 2] eclc+dx] os[z} 1n[2} /
) C .. C c dx . C dx,)?
{60d(a+a$ec[c+dx}) Cos[f]+81n[f}) Cos|[—+—]+Sin[—+ —] ]—
2 2 2 2 2 2

c dx,a . rdx
(68Cos[—+—} Sec[c+dx]251n[—]/
2 2 2
[15d(a+a5ec[c+dx})2[Cos[£]+sin[£}) Cos[£+d—x}+51n[£+d—x]
2 2 2 2 2 2

Problem 80: Result more than twice size of optimal antiderivative.
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Tan[c+dx]®
J dx

(a+aSec[c+dx])?

Optimal (type 3, 72leaves, 9steps):

X ArcTanh[Sin[c+dx]] Tan[c+dx] Sec[c+dx]Tan[c+dx] Tan[c+dx]?
-+ + - +
a2 a’d a’d a’d 3a%d

Result (type 3, 767 leaves):

74xCos[§+de}4Sec[c+dx]2 74Cos[§+de}4Log[Cos[§+de} 7Sin[§+%"]] Sec[c +dx]?2 )
(a+aSec[c+dx])? d(a+aSec[c+dx])?
4Cos[§+d7x} Log[Cos[§+d7x]+Sin[ +"T"H5ec[c+dx]2

+

<
2
)2

d (a+asSec[c+dx]

2Cos[£+d—X]4Sec[c+dx]ZSin[d—X})/

2 2 2
3
{Bd(a+aSec[c+dx])2(Cos{s]—sin[g]] (Cos[5+d—x]_sin[5+d_x] )+
2 2 2 2 2 2
c dx,a d C
Cos[—+—]"secic+dx]2 [-5Cos[~] +7si f)]
os[2 2] ec[c+dx] os[z} 1n[2] /
2 c . 1 C c dx . C dx,)?
[3d(a+aSec[c+dx]) Cos[;]—Sm[;]) Cos[;+7]—51n[5+7] ]+
c dx,a d x
8Cos[—+—|'s L dx]25i 7)
os[2 2] ec[c+dx] 1n[2}/
{3d(a+a5ec[c+dx])2 Cos[g]—sin[g]) CO5[7+d7X],Sln[E+d7X] N
2 2 2 2 2 2
c dx,a d x
2Cos|[—+—]"sec[c+dx]?si 7)
os[2 2] ec[c+dx] 1n{2}/
3
[Bd(a+aSec[c+dx])2(Cos{5]+sin[£]) Cos[—+—x]+sln[£+d_x] ]+
2 2 2 2 2 2
c dx,a c C
Cos|—+—| S +dx]? [5Cos|—]| +75i f])
os[2 2] ec[c+dx] 05[2] 1n[2] /
2 c . 1 C c dx o C dx,)?2
[3d(a+aSec[c+dx]) Cos[;]+51n[;]) (Cos[;+?]+51n[;+7] ]+
c dx,a d x
8C —+— 1 S dx]?si —)
( os[2+ 2] ec[c+dx] 1n[2}/
dx
3d s d Z(C ES'S)C €L 9%y ginr S, 9X
( (a+asec[c+dx]) 05[2]+ 1n[2] os[2 |+ 1n[2+ 2]

Problem 81: Result more than twice size of optimal antiderivative.

Tan[c+dx]?
J dx

(a+aSec[c+dx])?

Optimal (type 3, 34 leaves, 5steps):
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X 2ArcTanh[Sin[c+dx]] Tan[c+dXx]
— +
a2 a’d a’d

Result (type 3, 177 leaves):

4Cos[1 <c+dx)]45ec[c+dx]2

2
dx+2Log[Cos[§(c+dx)]—Sin[§(c+dx>H—2Log[Cos[§(c+dx)]+Sin[§(c+dx>H+
Sin[dx}/ (Cos[g]fsin[ ]] (Cos[g] +Sin[§}) (Cos[i (c+dx)] 7Sin[§ (c+dx)]

<
2
Cos[1 (c+dx” +Sin[1
2

5 <C+dx)]

)J]/ (azd (1+59C[C+dx])2>

Problem 84: Result more than twice size of optimal antiderivative.

Cot[c+dx]*
J dx
(

a+aSec[c+dx])2

Optimal (type 3, 139 leaves, 13 steps):
X Cot[c+dx] Cot[c+dx]3® Cot[c+dx]®> 2Cot[c+dx]’
_ N _

- +

a? a%d 3a%d 5a%d 7 a%d
2Csc[c+dx] 2Csc[c+dx]3 6Csc[c+dx]®> 2Csc[c+dx]’
+ - +
a’d a?d 5a%d 7 a%d

Result (type 3, 314 leaves):

! Csc[g}Csc[c+dx]3Sec[E}

26880 a%d (1+Sec[c+dx])? 2 2
Sec[c+dx]? (5880dxCos[dx] -5880dxCos[2c+dx] +3360dxCos[c+2dx] -

3360dxCos[3c+2dx] -1260dxCos[2c+3dx] +1260dxCos[4c+3dx] -
1680dxCos[3c+4dx] +1680dxCos[5¢c+4dx] -420dxCos[4c+5dx] +
420dxCos[6c+5dx] -4032Sin[c] -9632Sin[dx] +16002Sin[c +dX] +
9144 Sin[2 (c+dx)] -3429Sin([3 (c+dx)] -4572Sin[4 (c+dx)] -1143Sin[5 (c+dx)] -
11760Sin[2c+dx] -8864Sin[c+2dx] -3360Sin[3c+2dx] +2064Sin[2c+3dXx] +
2520Sin[4c+3dx] +4432Sin[3c+4dx] +1680Sin[5c+4dx] +1528$in[4c+5dx})

Problem 85: Result more than twice size of optimal antiderivative.

Cot[c+dx]®
J dx

(a+aSec[c+dx])2

Optimal (type 3, 179 leaves, 14 steps):
X Cot[c+dx] Cot[c+dx]®> Cot[c+dx]> Cot[c+dx]’ 2Cot[c+dx]®
_ + _ + _

— +

a? a%d 3a%d 5a%d 7 a%d 93a%d

2Csc[c+dx] 8Csc[c+dx]3 12Csc[c+dx]®> 8Csc[c+dx]’ 2Csc[c+dx]°
- + - +

azd 3a%d 5a%d 7 a2d 9a%d
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Result (type 3, 802 leaves):

74XC05[§+d7X}4Sec[c+dx]2+17Cos[§+d7x]2Cot[§]Cot[§ dTX]ZSec[c+dx}27
(a+aSec[c+dx])? 160d (a+aSec[c+dx])?

Cot[ﬂCot[i d7"}4Sec[c+dx]2+201Cos[§ C’Z—X]3Cot[§+d7x}Csc[i]Sec[c+dx]ZSin[de}_
160d<a+aSec[c+dx}>2 160d<a+aSec[c+dx})2

17Cos[§+"2—x]Cot[§+7"] Csc| < ]Sec[c+dx]zsin[d7x}

+

160d (a+aSec[c+dx])?

Csc[i] Csc[§+7"] Sec[c+dx]zsin[d7x}

160 d (a+aSec[c+dx])2

7891Cos[§+d7x] Sec[ﬂ Sec[c+dx}2Sin[d7x]

+

5040 d (a+a5ec[c+dx1)2

63881 Cos|[ < + d7"]35ec[§] Sec[c+dx]2Sin[d7X}

N

+

10080 d (a+aSec[c+dx])2

313Sec[$] sec[ S+ de] Sec[c+dx]zsin[d7x}

840 d (a+aSec[c+dX])2

1095ec[ }Sec[ 2"]3Sec[c+dx] Sln[f‘} Sec[ }Sec[ 7"] Sec[c+dx]ZSin[d7X}
+ +

2016d(a+a$ec[c+dx})2 288d<a+aSec[c+dx1)2

313Sec[c+dx}2Tan[§] 7891Cos[§+dTX]ZSec[Cerx]zTan[ﬂ

840d(a+a$ec[c+dx})2 5040d(a+a$ec:[c+dx])2

189 Sec[ €+ 4*]*sec(c+dx]2Tan[ €] +Sec[§ + )% sec(c+dx)2Tan[ €]

2016d (a+aSec[c+dx])? 288d (a+aSec[c+dx])?

Problem 97: Result more than twice size of optimal antiderivative.

Tan[c+dx]8
J dx
(

a+aSec[c+dx])?

Optimal (type 3, 99leaves, 12 steps):
x 13 ArcTanh[Sin[c+dx]] Tan[c+dX]

— - - +

a3 8a’d a’d
11Sec[c+dx] Tan[c+dx] Sec[c+dx]3>Tan[c+dx] Tan[c+dx]3
. _
8ad 43a*d a’d

Result (type 3, 230leaves):
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1
64ad

Sec[c+dx]* (24dx+39Log[Cos[§ (c+dx)] 7Sin[§ (c+dx)]] +4Cos[2 (c+dx) ] [8dx+13
Log[Cos[% (c+dx)] 7Sin[1 (c+dx)]] 713Log[Cos[§ (c+dx)] +Sin[% (c+dx)]]] +

2
Cos[4 (c+dx) | (c+dx)]] -

—_—

8dx+13Log[Cos[l (c+dx)]|-sin]
2

N |

13L0g[Cos[§ (c+dx)] +Sin[§ <c+dx)H) -

39Log[(:os[1 (c+dx)] +Sin| (c+dx)H +38Sin[c+dx] -
2

N |

32Sin[2 (c+dx) | +22Sin[3 (c+dx) |

Problem 98: Result more than twice size of optimal antiderivative.

Tan[c+dx]®
J( dx

a+aSec[c+dx])’

Optimal (type 3, 66 leaves, 6 steps):
X 7ArcTanh[Sin[c+dx]] 5Tan[c+dXx] (1—Sec[c+dx}> Tan[c +dx]

- — 4+ — —

a3 2a3d 2a3d 2a3d

Result (type 3, 241 leaves):

2Cos[l <c+dx)]65ec[c+dx]3 _4X_14L0g{COS[§ (c+dx) ] —Sin[% (c+dx)]] N
2 d
14Log[Cos[i(Cerx)]JrSin[i(C+C‘X)H+ 1 _
d d(Cos[i(c+dx)]—Sin[§(C+dx)])2

1

S - (1zsin[dx])/

@ [cos[} (crdx) ] +sin[} (crdx]]]

[d

Cos{g] —Sin[%]) (Cos[g] +Sin[§}] (Cos[% (c+dx)] —Sin[i (c+dXH)

)]]/(a3 2+ secterax ]

Cos[% (c+dx)] +Sin[§ (c+dx)]

Problem 99: Result more than twice size of optimal antiderivative.

Tan[c+dx]?
J( dx

a+aSec[c+dx])’

Optimal (type 3, 46 leaves, 12 steps):
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X ArcTanh[Sin[c +dXx]] 4Tan[c +dx]

X _
a’ a*d a’d (a+asSec[c+dx])

Result (type 3, 117 leaves):

8Cos[l <c+dx)]55ec[c+dx]3
2

Cos[% (c+dx)]

dx—Log{Cos[i (c+dx)]-sin]

(erax)]]] -

(c+dx)]] +L0g[Cos[% (c+dx)]+sin]

N |
N |

4Sec[£} Sln[d—x]])/ (a3d (1+Sec[c+dx])3)

2 2

Problem 100: Result more than twice size of optimal antiderivative.

Tan[c+dx]?
J dx
(

a+aSec[c+dx])?

Optimal (type 3, 60leaves, 12 steps):

X 2Tan[c +dx] Tan[c+dx]3
-+

a®> a?d(a+aSec[c+dx]) 3d (a+aSec[c+dx])3

Result (type 3, 125leaves):

1 C 1 3
- Sec|— Sec[—(c+dx)]
480 a3 d 2 2
d x d x 3dx 3dx
180d x Cos|[—| +188dx Cos[c+ —| +6@d x Cos[c + | +60dxCos[2c+ A | -
2 2 2

. rdx . d x . 3dx . 3dx
471Sin|[—] +351Sin[c+ —| - 277 Sin|c + | -3sinf[2c+ ]
2 2 2 2
Problem 102: Result more than twice size of optimal antiderivative.
j Cot[c+dx]*
(

a+aSec[c+dx])3

dx

Optimal (type 3, 177 leaves, 17 steps):
X Cot[c+dx] Cot[c+dx]® Cot[c+dx]®> Cot[c+dx]’ 4Cot[c+dx]?®
+ - + - +

a’ a’d 3a3d 5a%d 7 a%d 9a3d
3Csc[c+dx] 13Csc[c+dx]® 21Csc[c+dx]®> 15Csc[c+dx]’ 4Csc[c+dx]°
+ - + -

a’d 3a3d 5a3d 7ad 9a3d

Result (type 3, 366 leaves):
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1

Csc[g} Csc[z (c+dx”35ec[£]
80640a>d (1+Sec[c+dx])> 2 2
(181440dxCos[d x] -181440dxCos[2c+dx] +136080dxCos[c+2dXx] -

136080 dxCos[3c+2dx] -10080dxCos[2c+3dx] +10080dxCos[4c+3dx] -
60480dxCos[3c+4dx] +60480dxCos[5c+4dx] -30240dxCos[4c+5dx] +
30240dxCos[6Cc+5dx] -5040dxCos[5¢c+6dx] +5040dxCos[7c+6dXx] -
169344 Sin[c] - 338112Sin[d x] + 675036 Sin[c +dx] + 506277 Sin[2 (c+dX) | -
375025Sin[3 (c+dx) | -225012Sin[4 (c+dx) | - 112506 Sin[5 (c+dx) | -
18751Sin[6 (c+dx)| -431424Sin[2c+dx] -375552Sin[c+2dX] - 201608 Sin[3c+2dXx] -
41248 Sin[2c+3dx] +84000Sin[4c+3dx] +155712Sin[3c+4dx] +
100800 Sin[5c+4dx] + 98016 Sin[4c+5dx] +30248Sin[6c+5dx] +21376Sin[5c+6dx])

Problem 104: Result unnecessarily involves imaginary or complex numbers.

araSec[c+dx eTan[c+dx])>?%dx
( [ 1) ( [ 1)

Optimal (type 4, 310leaves, 17 steps):

2 T +d 2 T +d
aeS/zAr*cTan[lfr eTanfescx) ] aeS/ZAr*cTan[lJrr eTan[crdx] ]

Ve Ve
V2 d 7 V2 d
aeS/ZLog[\/?+\/FTan[c+dx] —ﬁm}
2+/2 d )
ae’?Log[Ve +e Tan[c+dx] +V2 VeTan[c+dx] |
2+/2 d ’

6ae2Cos[c+dx] EllipticE[c—f+dx, 2| VeTan[c+dXx]

5d+/Sin[2c +2d x]

6aeCos[c+dx] (eTan[c+dx])3/2 2e (5a+3aSec[c+dx]) (eTan[c+dx])
+

5d 15d

3/2

Result (type 4, 332leaves):
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(c+dx)]2 (1+Sec[c+dx])

N |

1
a|—Cos[c+dx] Cot[c+dx]?Sec|
d

3 1 1
—Sin[c+dx] + —Tan[c+dx] + —Sec[c+dXx] Tan[c+dXx] | +
5 3 5

(CerxH2 (1+secfc+dx])

(eTan[c+dx])®>? (—

1

N |

Cos[c+dx] Sec]|
10dTan[c +dx]>/?

5/2 ~ArcSin[Cos[c+dx] -Sin[c+dx]] - Log|

5
- —Csc[c+dx]

(eTan[c+dx])

Cos[c+dx] +Sin[c+dx] +\/Sin[2 (c+dx)] ]) \/Sin[z (c+dx)] ~Tan[c+dx] +
(-1)**EllipticE[i ArcSinh[ (-1)"*~/Tan[c+dx] |, -1] -

{65ec[c+dx]

(-1)** EllipticF[i ArcSinh[ (-1)"*+/Tan[c+dx] |, -1] +
/(\/1+Tan[c+dx12) ]

Problem 105: Result unnecessarily involves imaginary or complex numbers.

Tan[c +d x]3/?

\/1+Tan[c+dx}2

a+aSec[c+dx eTan[c+dx])¥?dx
( [ 1) | [ 1)

Optimal (type 4, 282 leaves, 16 steps):

ae3/2Ar*cTan[1—ﬁ eLa?n[“dx] ] ae3/2Ar*cTan[1+ﬁ eLa?n[“dx] ]
V2 d V2 d )
ae’?Log[Ve +Ve Tan[c+dx] -V2 VeTan[c+dx] |
2+/2 d
ae¥2Log[+/e ++e Tan[c+dx] +V2 VeTan[c+dx] |
2+/2 d .

anEllipticF{c—f+dx, 2] Secfc+dx] \/Sin[2c+2dx]

3d+veTan[c+dx]
2e (3a+asSec[c+dx])VeTan[c+dx]

3d

+

Result (type 4, 214 leaves):
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1

1 1 .
712d(_1+Tan[c+dx]2) aeCos[2<c+dx)]Csc[£<c+dx)]Sec[g(c+dx)] Sec[c +dx]
VeTan[c+dx] |4 (-1)Y*EllipticF[iArcSinh[(-1)"*+/Tan[c+dx] |, -1] v/Tan[c+dx] +

Sec[c+dx]?

12Sin[c+dx] + 3ArcSin[Cos[c+dx] -Sin[c +dx] \/Sln c+dx ] -

3Log[Cos[c+dx]+Sln c+dx] \/Sln c+dx \/Sln c+dx ] +4Tan[c +dXx]

Problem 106: Result unnecessarily involves imaginary or complex numbers.

J(a+a5ec [c+dx] )x/eTan [c+dx] dx

Optimal (type 4, 272 leaves, 16 steps):

a\/?Ar‘cTan[l_ﬁ eTan[c+d x] ] a\/?Ar‘cTan[l V2 +JeTan[c+dx]

+ ]
Ve Ve
- + +
V2 d V2 d
aVe Log[+/e +\e Tan[c+dx] -2 VeTan[c+dx] |
2+/2 d
aVe Log[e ++e Tan[c+dx] ++V2 VeTan[c+dx] |
2+/2°d
2acCos[c+dx] EllipticE[cff+dx, 2] \eTan[c+dX]  2acCos[c+dx] (e Tan[c +dx])??
+
d~/sin[2c+2dx] de

Result (type 4, 207 leaves):
1

1 2
a(l1+Cosf[c+dx])Csclc+dx]Sec|= (c+dx)]
4d+/Sec[c+dx]? 2

((Ar‘cSin[Cos[c+dx} -Sin[c+dx]] +Log[Cos[c+dx] +Sin[c+dx] \/Sln (c+dx)] ])

\/Sec[c+dx]? \/Sln (c+dx ] +

4 (-1 )3/4E111pt1cE[1Ar‘c51nh[(— )¥4[Tan[c+dx] |, -1] V/Tan[c+dx] -
4 (-1)**EllipticF[i ArcSinh[ (-1)"*+/Tan[c+dx] |, -1] V/Tan[c +d x]

veTan[c +dx]

Problem 107: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

a+aSec[c+dx]

Jm

dx

Optimal (type 4, 244 leaves, 15 steps):
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aAr‘cTan{l— V2 +/eTan[c+dx] ] aAr‘cTan[1+ V2 \/eTan[c+dx] ]
Ve Ve

_ G + V2 ave _
aLog[\/?+\/?Tan[c+dx] fﬁm]

2v/2 dv/e )
alog[Ve ++e Tan[c+dx] +V2 JeTan[c+dx] |

22 de )

aEllipticF[c—ierx, 2} Sec[c+dx] vVSin[2c+2dx]
d+eTan[c +dXx]

Result (type 6, 1511 leaves):

[45aAppe11F1[l, l, 1, 5, Tan[l (c+dxH2, —Tan[l <c+dx)]2}
4 2 4 2 2

1
Cot[= (c+dx)| (1+Sec[c+dx]) Sin[c+dx]
2
1 1 5 1 2 1 2
5 AppellFl|[=, =, 1, >, Tan|= (c+d , -Tan|[= (c+d -
( ppe {4 A . an[z(c+ x) ] an[z(c+ x) "]
1 9 1 2 1 2 1 2
=,2, >, Tan[= (c+dx)]°, -Tan[ = (c+d Tan[= (c+d
A . an[2<c+ x)] an{z(c+ XH] an{z(c+ XH +
2
i, 1, g, Tan[l(c+dx)]2, —Tan[l (c+dx)}2]Tan[1 (c+dx”2] )/
2 2

4 2 2

4 AppellF1| =,

2 AppellF1| =,

B s o

(d [SAppellFl[l, l, 1, E, Tan[1 (c+dx)]2, —Tan[l (c+dx”2] +
4 2 4 2 2

E, 2, g, Tan[1 (c+dx)]2, —Tan[l (c+dx)]2] +
2

2 ( 2 AppellF1] =,
4 2 2

5 3 9 1 2 1 2 1 2
AppellF1[>, =, 1, =, Tan|[= (c+d , ~Tan|[= (c+d Tan[= (c+d
ppe [4 R an[2<c+ x) | an[z(c+ x)]7] an[z(c+ x)])
1 1 5 1 2 1 2,2
225 AppellF1[=, =, 1, 2, Tan[= (c+d , —Tan[= (c+d
( ppe [4 A . an[z(c+ x) | an[z(c+ x)]7]
1 2
Cos[7<c+dx)] Csc[c+dx] Sec[c+dx] -
2

450 AppellFi[ ~, l, 1, E, Tan[1 (c+dx)]2, —Tan[1 (CArdx)]Z]ZCos[l (c+dx)]
2 4

1
4 2 2 2

Sin[; (c+dx ]—180AppellF1[4l %, 1, j—l, Tan[% (c+dx>]2, —Tan[% (c+dx)]2]
5 9 1 2 1 2
AppellFl[ =, =, 2, =, Tan[; (c+dx)], —Tan[; (c+dx)]"] Csclc+dx] Sec[c+dx]
4 4
; % %, 1, Z, Tan[%(Cerx)}z, —Tan[%(c+dx)]2}

AppellFi[ =,

)
1
2

Sin[1 <c+dx)] +90 AppellF1|
i, 1, g, Tan[1 (c+dx)]2, —Tan[l (c+dx”2] Csc[c+dx] Sec[c+dXx]
2 4 2 2
)

1 1 5
Sin| (c+dx ] +360 AppellF1[~, =, 1, =, Tan|
2 4’ 2 4

N |

<c+dx)]2, —Tan{% (c+dx”2]
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AppellFl[%, %, 2, 3, Tan[§<c+dx)]2, —Tan[%(c+dx)}2]Tan[§(c+dxH—
180AppellF1[41 %, 1, 3, Tan[% (c+dx>]2, —Tan[% (c+dx)]2]
AppellFl[Z, 3, 1, %, Tan[§<c+dx)]2, —Tan[%(c+dx)}2]Tan[§(c+dxH+
1 1 5 2 1 2 5 1
360 AppellFl[—, —, 1, —, Ta [ (c+dx) ], -Tan[= (c+dx)]|"] AppellF1| =, —,
4 2 4 2 2 4 2
2, %, Tan[%(c+dx)]2, —Tan{%(c+dx)]2]sin{§(c+dx)]2Tan[§(c+dx”—
1 1 5 1 2 1 2 5 3
180 AppellFl|~, =, 1, =, Tan|— (c+dx)] , ~Tan[ = (c+dx)] | AppellFi| =, =,
4" 2 4 2 2 4 2
1, %, Tan[%(c+dx)]2, —Tan[%(c+dx)]2]sin[§(c+dx)]2Tan[§(c+dx”+
5 1 9 1 2 1 2.2 1 3
72 AppellF1[ 2, =, 2, =, Tan[= (c+d , —Tan| = d Tan| = d -
ppe [4 A . an[z(c+ x) ] an[z(c+ x)]7] an[z(c+ x) |
72Appe11F1[3 % 2, 3, Tan{%(c+dx)]2,—Tan[%(c+dx”2}
AppellFl[i 2, 1, Z, Tan[i(c+dx)]2, —Tan[%(c+dx”2]Tan[%(c+dxH +
18Appe11F1[‘51 3 1, 3, Tan[%(c+dx)]2, —Tan[%(c+dx”2}2Tan[§(c+dx)]3—
1 1 5 1 2 1 2
400 AppellF1[=, =, 1, >, Tan[— d , —Tan|[= (c+d
ppe [4 R an[2 (c+dx)] an[2 (c+dx)]7]
AppellFl[% %, 3, ?, Tan[%(c+dx”2,—Tan[%(c+dx)]2}Tan[§<c+dx)]3+
200AppellF1[41 %, 1,3 Tan[ (c+dx)]2,—Tan[%<c+dx)]2]
AppellFl[‘g1 3 2, 1?3 Tan[i(c+dx”2, —Tan[%<c+dx)]2}Tan[§<c+dx)]3—
1 1 5 2 9 5§
150 AppellFl|~, =, 1, = Tan[ (c+dx)]", -Tan[= (c+dx) ] ]AppellFl[— =,
4 2 4’ 2 4 2
1, ,Tan[l (c+dx”2,—Tan[l(c+dx>]2} Tan[l(c+dx)]3 vJeTan[c +d x]
2 2 2

Problem 108: Result unnecessarily involves imaginary or complex numbers.

dx
3/2

Ja+aSec[c+dx]
(

eTan[c+dx])

Optimal (type 4, 305 leaves, 17 steps):
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aAr‘cTan[l—ﬁ eg[“dx] ] aAr‘cTan[1+ﬁ ej/?[c”m ]
\/Tdez,/z ) \/?de3/2 R
aLog[\E+\/?Tan[c+dx] —\Em]
2+/2 de¥? '
alog[Ve ++e Tan[c+dx] +V2 JeTan[c+dx] | 2 (a+asec[c+dx])
22 dei? deveTan[cidx)

2acCos[c+dx] EllipticE[c—§+dx, 2] JeTan[c+dx]  2acCos[c+dx] (eTan[c+dx])*?

+

de?~/Sin[2c+2dx] de’

Result (type 4, 312leaves):

a||sec| (c+dx)}2 (1+Sec[c+dx]) Sin[c+dx]

N |

~Cot[~ (c+dx) | +Sin[c+dx]| Tan[c +dx]

/(d (eTan[c+dx])3/2) +

(c+dx)]2 (1+secfc+dx]) Tan[c+dx]??

i S

Cos[c+dx] Sec|

N |

2d (eTan[c+dx])*?

{—lec[c+dx1 (—Ar‘cSin[Cos[c+dx1 -Sin[c+dx]] - Log[
2

Cos[c+dx]+Sin[c+dx]+\/sin[2 (c+dx)] ])\/Sin[z (c+dx)] ~/Tan[c+dx] -

(—1)3/4 EllipticE i Ar‘cSinh[(—l)l/4 VTanfc+dx] |, -1] -

{25ec[c+dx]

(-1)**EllipticF[i ArcSinh[ (-1)"*+/Tan[c+dx] |, -1] +

|

Problem 109: Result unnecessarily involves imaginary or complex numbers.

Tan[c+dx]3/?

(\/1+Tan[c+de2)

\/1+Tan[c+dx12

dx

Ja+a5ec[c+dx]
(

eTan[Cerx])S/2

Optimal (type 4, 282 leaves, 16 steps):
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aAr‘cTan[l—ﬁ eg[“dx] ] aAr‘cTan[1+ﬁ ej/?[c”m ]
\/TdeS/Z ) \/?deS/z "
aLog[\E+\/?Tan[c+dx] —\Em]
Z\EdeS/z :
alog[Ve ++e Tan[c+dx] +V2 JeTan[c+dx] | 2 (a+asSec[c+dx])
2+/2 de5/? _3de(eTan[c+dx})3/2_

aEllipticF[c—erdx, 2] Sec[c+dx] v/Sin[2c+2dX]
3de?+/eTan[c+dXx]

Result (type 4, 200 leaves):
1

6de3+/Sec[c+dx]?

1 3
" (c+dx) ] +2Cos[; (c+dx)]csc]

3 ArcSin[Cos[c+dx] - Sin[c +dx]] \/Sin[z (c+dx)]| +

aCsclc+dx] Sec[c+dx]? |2Cot] (c+dx)] -

N |

3Log[Cos[c+dx] +Sin[c+dx] +\/Sin[2 (c+dx)] ]\/Sin[z (c+dx)] )7

4 (-1)Y*EllipticF[i ArcSinh[ (-1)Y*~/Tan[c+dx] |, -1] v/Tan[c +dx] ) veTan[c+dx]

Problem 110: Result unnecessarily involves imaginary or complex numbers.

dx

Ja+aSec[c+dx]
(

eTan[c+dx])""?

Optimal (type 4, 346 leaves, 18 steps):
aArcTan|1- V2 oJeTan[cdx] | aArcTan[1+ V2 JeTan(c-dx] ]
Ve Ve

- + +

V2 de’2 A2 de’’?
alog[Ve ++e Tan[c+dx] -V2 JeTan[c+dx] |
2+/2 de’/?
aLog[\/?+\/?Tan[c+dx} NTW]
2+/2 de’/?

2 (a+asec[c+dx]) 2 (5a+3aSec[c+dx])

+ +

5de (eTan[c+dx])>? s5de3+/eTan[c+dx]
6aCOS[C+dX] ElliptiCE[C—§+dX, 2] \/eTan[C+dX] 6aCOS[C+dx} <eTan[C+dx])3/2

5de*+/Sin[2c+2dx] 5de’

Result (type 4, 360 leaves):
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a||sec| (c+dx”2 (1+sec[c+dx])

N |

1

Sin[c +d x] ECot[ (c+dx)] —iCo‘c{l (c+dx)] Csc[l (c+dxH2—
2 2

20 2 20
ESin[c+dx]—lTan[l(c+dx”)Tan[c+dx]3 /(d (eTan[c+dx1)7/2)+
5 4 2
1 1 2
Cos[c+dx] Sec[ =~ (c+dx)]" (1+Sec[c+dx])
10d (eTan[c+dx])’"? 2

5
7/2 | = Csc[c+dx] (—Ar‘cSin[Cos[c+dx] -Sinfc+dx]] - Log|

2

Tan[c +dXx]

Cos[c+dx]+Sin[c+dx]+\/Sin[2 (c+dx” ])\/Sin[z (c+dx” VTan[c+dx] +

(-1)**EllipticE[i ArcSinh[ (-1)**+/Tan[c+dx] |, -1] -

[65ec[c+dx]

(—1)3/4 Ellip‘cicF[J'lAr‘cSinh[(—1)1/4 VTanfc+dx] |, -1] +

|

Problem 111: Result unnecessarily involves imaginary or complex numbers.

Tan[c+dx]3/?

/(\/1+Tan[c+dx}2)

\/1+Tan[c+dx}2

J(a+a5ec[c+dx])2 (eTan[c+dx])>*dx

Optimal (type 4, 366 leaves, 21 steps):

/2 \/eTan[c+d x] ] A2 +/eTan[c+d x] }

a%?e*2ArcTan|[1 - a?e*2ArcTan|1+

Ve . Ve .
V2 d V2 d
a?e*’2Log[+e ++/e Tan[c+dx] -2 VeTan[c+dx] |
2+/2 d )
a?e2Log[Ve ++e Tan[c+dx] +V2 VeTan[c+dx] |
2+/2 d +

12a?e?Cos[c+dx] EllipticE|c - 2edx, 2] VeTan[c+dx]

5d+/Sin[2c +2d x]
2a2e(eTan[c+dx})3/2 12a’eCos[c+dx] (eTan[c+dx])
3d ) 5 d
4a2eSec[c+dx] (eTan[c+dx])*? 2a% (eTan[c+dx])’"?

+

5d 7de

+

3/2

Result (type 4, 338 leaves):
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d x 2

c
(1+Cos[2 {—+—
2 2

Sec[£+d_x]459c[c+dx]2 (a+aSec[c+dX])2

2 2

]

(eTan[c+dx])*>? id (48 (-1)**EllipticE[i ArcSinh[(-1)Y*+/Tan[c+dx] |, -1] -
20
48 (-1)>*EllipticF[i ArcSinh[ (-1)Y*~/Tan[c+dx] |, -1] +
542 (ZArcTan[l—\/?\/Tan[Cerx] ]—2ArcTan[1+\/7\/Tan[c+dx} ]—Log[
1—\5\/Tan[c+dx] +Tan[c+dx]} +Log[1+\5\/Tan[c+dx] +Tan[c+dx]”) +

2Tan[c +dx]3/? [35+15Tan[c+dx}2+42\/1+Tan[c+dx]2

1e5d /

c 1 2

(4 [1+Cos[2 (—Jr— (7c+Ar‘cTan[Tan[c+dx]}))]]
2 2

5/2

Tan[c +dXx]

(1+Tan[c+dx]2)2)

Problem 112: Result unnecessarily involves imaginary or complex numbers.

J(a+a$ec[c+dx])2 (eTan[c+dx])>?dx

Optimal (type 4, 335leaves, 20 steps):

A2 \/eTan[c+d x] ] 32 e3/2 Ar‘cTan[l . 2 e;l'ﬁ[udx] }
e

\E - +
V2 d V2 d
a’e*2Log[+e ++/e Tan[c+dx] -2 VeTan[c+dx] |
2+/2°d
a2e3/2Log[\/?+\/?Tan[c+dx} +\/7\/m]
2+/2 d
2a2e2EllipticF[c—f+dx, 2| Sec[c+dx] /Sin[2c+2dX]
3d+/eTan[c+dx]
2a2e~/eTan[c+dx] 4a’eSec[c+dx]JeTan[c+dx] 2a? (eTan[c+dx})5/2

+ +

d 3d S5de

a?e*2ArcTan|1-

+

Result (type 4, 323 leaves):
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d x 2

[(1+Cos[2 [§+—

2
1
—2
(d

Sec[£+d—x]4$ec[c+dx]2 (a+aSec[c+dx])2 (eTan[c+dx1)3/2

]

2 (-1)**EllipticF[i ArcSinh[ (-1)"*+/Tan[c+dx] |, -1] + !
3 42
(2Ar‘cTan[1—ﬁx/Tan[c+dx} | ~2ArcTan[1++/2 V/Tan[c+dx] | + Log|

1—\/7\/Tan[c+dx} +Tan[c+dx}] —Log[1+\/7\/Tan[c+dx} +Tan[c+dx}])) +

1%

1 1 52, 2 2
—2 [x/Tan[c+dx1 +—Tan[c +dXx] +—VTan[c +dXx] \/1+Tan[c+dx1
3

d 5

2
(4 [1+Cos[2 (£+1 (—c+Ar‘cTan[Tan[c+dx]}))]] Tan[c+dx]3?
2 2

<1+Tan[c+dx]2)2]

Problem 113: Result unnecessarily involves imaginary or complex numbers.

J(a+a5ec[c+dx])Zx/eTan[c+dx] dx

Optimal (type 4, 309 leaves, 19 steps):

aZ\/?Ar‘cTan[l_ﬁ eTan[c+dx] ] a2 \/?Ar‘cTan[1+ V2 JeTan[cidx] }

- Ve + Ve +
V2 d V2 d
a>+/e Log[Ve ++/e Tan[c+dx] -2 VeTan[c+dx] |
2+/2 d 7
a’+/e Log[Ve ++e Tan[c+dx] +V2 JeTan[c+dx] |
2+/2 d _

4a?Cos[c+dx] EllipticE|c - Zedx, 2| VeTan[c+dx]

d+/Sin[2c +2d x]

2 a? (eTan[c+dx])3/2 4a’Cos[c+dx] (eTan[c+dx])
+

3de de

+

3/2

Result (type 4, 249 leaves):

1 5 1 4 1 4
a’Cos|— (c+dx)] Sec[=ArcTan[Tan[c+dx]]] +eTan[c+dx]
12d+/Tan[c +dx] 2 2

(—GWArcTan[l—ﬁm} +6ﬁAr‘cTan[1+\/7\/m} -
48 (-1)**EllipticE|i ArcSinh[ (-1)"*+/Tan[c+dx] |, -1] +
48 (-1)**EllipticF[i ArcSinh[ (-1)"*+/Tan[c+dx] |, -1] +
32 Log[1-+/2 V/Tan[c+dx] +Tan[c+dx]] -
32 Log[1++/2 V/Tan[c+dx] +Tan[c+dx]] +8Tan[c+dx}3/2)
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Problem 114: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+aSec[c+dx])2
veTan[c+dXx]
Optimal (type 4, 278 leaves, 18 steps):

a2 ArcTan {1 B /2 \/eTan[c+d x] ] 22 ArcTan [1 . A2 4/eTan[c+d x] ]
Ve Ve B

.
V2 d+/e V2 d+/e
aZLog[\/?Jr\/?Tan[Cerx] ~~/2 VeTan[c+dx] ]

2+/2 de
a’Log[+/e ++e Tan[c+dx] ++/2 VeTan[c+dx] |

22 d/e
2a2EllipticF[c—i+dx, 2] Sec[c+dx] V/Sin[2c+2dx] 2a2/eTan[c+dx]

+

d+veTan[c +dx] de
Result (type 4, 218 leaves):

! a2Cos[l(c+dx)}“Sec[lAr‘cTan[Tan[c+dx1]}4

4d~/eTan[c +dx] 2 2
(—Zx/TAr‘cTan[l—\/T\/Tan[c+dx] | +2+v/2 ArcTan[1++/2 VTan[c+dx] | -

16 (-1)** EllipticF[i ArcSinh[ (-1)"*+/Tan[c+dx] |, -1] -
V2 Log[1-+2 V/Tan[c+dx] +Tan[c+dx]] +
V2 Log[1++/2 V/Tan[c+dx] +Tan[c+dx]]| +8+/Tan[c+dx] )\/Tan[c+dx]

+

+

Problem 115: Result unnecessarily involves imaginary or complex numbers.

dx

J(aJraSec[Cerx])2

(eTan[c+dx])3/2

Optimal (type 4, 310leaves, 20 steps):

a?ArcTan|1 - vk e\T/aei[c*dX] | a*ArcTan[1+ e ejg[“dx] ]
\Ede3/2 \/?de3/2
a’Log[+/e ++e Tan[c+dx] -+/2 VeTan[c+dx] |
2\/7de3/2 ’
a’Log[Ve ++e Tan[c+dx] ++/2 eTan[c+dx] | 4 a2
22 dei? deveTan[crdx]

4 23%Cos[c+dx] EllipticE|c - redx, 2| VeTan[c+dx]

43%Cos[c+dx]

de+eTan[c +dx] de2+/Sin[2c+2dx]
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Result (type 4, 304 leaves):

- ! a’ Cos |

4de~eTan[c +dx]

(16+16 Sec[c+dx]? -2+/2 ArcTan[1-+2 +/Tan[c+dx] | VTan[c+dx] +

(c+dx)]“Sec[lAr‘cTan[Tan[c+dx]1]4
2

N |

2+/2 ArcTan[1++/2 +/Tan[c+dx] | VTan[c+dx] +

16 (-1)**EllipticE[i ArcSinh[ (-1)**~/Tan[c+dx] |, -1] VTan[c+dx] -
16 (-1)**EllipticF[i ArcSinh[ (-1)*~/Tan[c+dx] |, -1] VTan[c+dx] +
V2 Log[1-+/2 VTan[c+dx] +Tan[c+dx]]VTan[c+dx] -

\ELog[lJr\/?\/Tan[Cerx] +Tan[c+dx]} VTan[c +dx]

Problem 116: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+a5ec[c+dx])2

(eTan[c+dx])*>?

Optimal (type 4, 316 leaves, 20 steps):

22 Ar‘cTan[l B A2 /eTan[c+d x] } a2 ArcTan {1 . /2 \/eTan[c+d x] }

G i G .
\EdeS/Z \EdeS/Z
a’Log[Ve ++e Tan[c+dx] -/2 eTan[c+dx] |
Z\Edewz R
a’Log[Ve ++e Tan[c+dx] +/2 JeTan[c+dx] | 4 a2
2+/2 de52 73de(eTan[c+dx})3/27

4a?Secc+dx] 2a2EllipticF[c—§+dx, 2] Sec[c+dx] /Sin[2c+2dX]

3de (eTan[c+dx])>? 3de2+/eTan[c +dx]
Result (type 4, 281 leaves):
1
24de?+/eTan[c+dx]

aZCos[1 (c+dx)]2Cos[c+dx] Cot[1 (c+dx)] Sec[lAr'cTan[Tan[Cerx}]]4
2 2 2

(—16—16 Sec[c+dx]? +6\/?Ar‘cTan[1—\E\/Tan[c+dx] | Tan[c+dx]3/2 -
62 ArcTan[1++/2 /Tan[c+dx] | Tan[c+dx]*2+
16 (—1)1/4 EllipticF[jArcSinh[(—1)1/4\/Tan[c+dx] |, -1] Tan[c+dx]3%+
32 Log[1-+/2 v/Tan[c+dx] +Tan[c+dx]| Tan[c+dx]3?-
32 Log[1++/2 V/Tan[c+dx] +Tan[c+dx}]Tan[c+dx]3/2]
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Problem 117: Result unnecessarily involves imaginary or complex numbers.

J(a+a5ec[c+dx])2

])7/2

dx
(eTan[c+dx

Optimal (type 4, 370leaves, 22 steps):
a?ArcTan|1 - Y2 yeTan[crdx) | a*ArcTan|1+ V2 yJeTan(crdx] ]
Ve Ve

- + +

\/jdewz \Edewz
a’Log[Ve ++e Tan[c+dx] -2 eTan[c+dx] |
Z\Edewz B
a’Log[Ve ++e Tan[c+dx] ++/2 JeTan[c+dx] | 4 a2
2+/2 de’/2 75de(eTan[c+dx})5/2
4 a2 Sec[c+dx] 2 a? 12 a® Cos[c +d x]
+ + +

5de (eTan[CerX])S/2 de3+/eTan[c+dXx] 5de3+eTan[c+dx]
12 a® Cos[c +d x] EllipticE[c—§+dx, 2] VveTan[c+dx]

5de*+/Sin[2c+2dx]

Result (type 4, 367 leaves):
d x
]

C
(1+Cos[2 [*+f
o (48 (-1)** ELlipticE [ ArcSinh[ (-1)**VTan[c+dx] |, -1] -

2 C

Sec[7+d—x]45ec[c+dx]2 (a+aSec[c+dx])2
2 2

Tan[c+dx]7/?

2 2
20d
48 (-1)>* EllipticF[i ArcSinh[ (-1)Y*~/Tan[c+dx] |, -1] +
52 (72Ar~cTan[17\/?\/Tan[c+dx] | +2ArcTan[1++/2 v/Tan[c+dx] | + Log|
1—\5\/Tan[c+dx] +Tan[c+dx]}—Log[1+\5\/Tan[c+dx] +Tan[c+dx]”)+

1 2 1 2 6
-2 |- + + |- +
d 5Tan[c+dx]>? +/Tan[c+dx] 5Tan[c+dx]*>? 5+/Tan[c+dx]

\/1+Tan[c+dx}2)

|/

c 1 2
1+Cos[2 (;Jrg (—c+Ar‘cTan[Tan[c+dx]]))]]

(eTan[c+dx])"?

(4

(1+Tan[c+dx]2)2]

Problem 118: Result unnecessarily involves imaginary or complex numbers.

11/2

dx

J(eTan[Cerx])

a+aSec[c+dx]
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Optimal (type 4, 330leaves, 18 steps):

2
e11/2 ApcTan [1 B A2 y/eTan[c+d x] ]

J2 yeTan(crdx] | el/2ArcTan|1+
Ve i Ve .

\/Tad \/Tad

e'*2 Log[Ve ++e Tan[c+dx] -V2 JeTan[c+dx] |

2+/2 ad .
e*2Log[+/e ++/e Tan[c+dx] +V2 VeTan[c+dx] |

2+/2 ad
5e6E11ipticF{c—f+dx, 2| Sec[c+dx] v/Sin[2c+2dx]

21ad+eTan[c+dx]

2e° (21-5Sec[c+dx])VeTan[c+dx] 2e3>(7-5Sec[c+dx]) (eTan[c+dx])>"?

+

+

21ad 35ad

Result (type 4, 316 leaves):

c dx
2Cos[—+—}25ec[c+dx]2 (eTan[c+dx1)11/2 [1+\/1+Tan[c+dx12

2 2
(12 2 (-1)**EllipticF[i ArcSinh[ (-1)"*+/Tan[c+dx] |, -1] + !
d 21 a2

(2Ar‘cTan[1—ﬁx/Tan[c+dx} | ~2ArcTan[1++/2 V/Tan[c+dx] | + Log|
1—\/7\/Tan[c+dx} +Tan[c+dx}]—Log[1+\/7\/Tan[c+dx} +Tan[c+dx}]))+

1 1
=2 [\/Tan[c+dx1 ——Tan[c+dx]5/2+\/1+Tan[c+dx12
d 5

21 7
((1+Cos[c+dx]) (a+aSec[c+dx]) Tan[c+dx]*/? (1+Tan[c+dx]?))

(—im+lTan[c+dx]5/2)]J]/

Problem 119: Result unnecessarily involves imaginary or complex numbers.

(eTan[Cerx])g/2
J dx

a+aSec[c+dx]

Optimal (type 4, 326 leaves, 18 steps):
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e%/2 ArcTan {1 /2 JeTan[c+dx] ] e9/2 ApcTan {1 . \/2 +JeTan[c+dx] ]
\E \E

- + +

V2 ad \/2 ad
e9/2Log[ﬁ+\ETan[c+dx] —\Em}
2+/2 ad
e>2 Log[Ve ++/e Tan[c+dx] +V2 JeTan[c+dx] |
2+/2 ad
6e*Cos[c+dx] EllipticE[c—erdx, 2} vJeTan[c+dx]

+

5ad+/Sin[2c+2dx]

3/2 3/2

6e>Cos[c+dx] (eTan[c+dx])

5ad 15ad

2e* (5-3Sec[c+dx]) (eTan[c+dx])

Result (type 4, 305leaves):

d
2Cos[£+fx}25ec[c+dx]2 (eTan[c+dx])®? (1+\/1+Tan[c+dx]2
2 2

. (24 (-1)**EllipticE[i ArcSinh[ (-1)"*+/Tan[c+dx] |, -1] -

20d

24 (-1)**EllipticF[i ArcSinh[ (-1)"*+/Tan[c+dx] |, -1] +
52 (—2Ar‘cTan[1—x/7x/Tan[c+dx] | +2ArcTan[1++/2 V/Tan[c+dx] | +Log|
1-V2 V/Tan[c+dx] +Tan[c+dx]|-Log[1l++/2 v/Tan[c+dx] +Tan[c+dx]”) +

2Tan[c+dx]3/2 [—5+3\/1+Tan[c+dx]2

/((1+Cos[c+dx}>

15d

(a+asec[c+dx]) Tan[c+dx]®? (1+Tan[c+dx]?))

Problem 120: Result unnecessarily involves imaginary or complex numbers.

7/2

dx

J(eTan[c+dx])

a+aSec[c+dx]

Optimal (type 4, 295 leaves, 17 steps):
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/2 \/eTan[c+d x] ] /2 \/eTan[c+d x] ]

e’/2 ArcTan|[1 - e’/2 ArcTan |1+

_ Ve + Ve —
A2 ad A2 ad
e’/2 Log[Ve ++/e Tan[c+dx] -2 VeTan[c+dx] |
2+/2 ad '
e’/2 Log[Ve ++/e Tan[c+dx] +V2 JeTan[c+dx] |
2+/2 ad .
e4EllipticF[c—§+dx, 2| Sec[c+dx] v/Sin[2c+2dx] 3 (3-Seclc+dx])eTan[c+dx]
3adveTanic dx] . 3ad
Result (type 4, 262 leaves):
= e3Cos[§(c+dx)]ZSec[c+dx] 1+\/m

6ad (1+Sec[c+dx])2\/Tan[c+dx]
(—6\/7Ar‘cTan[1—\/7\/Tan[c+dx] | +6V2 ArcTan[1++/2 V/Tan[c+dx] | +

8 (-1)Y* EllipticF[i ArcSinh[(-1)Y*~/Tan[c+dx] |, -1] -3+2
Log[1-+/2 v/Tan[c+dx] +Tan[c+dx]]| +3+/2 Log[1++/2 V/Tan[c+dx] +Tan[c+dx]] -

24~/Tan[c+dx] +8+/Sec[c+dx]? v/Tan[c +dx]

veTan[c +dx]

Problem 121: Unable to integrate problem.

])5/2

dx

(eTan[c+dx
J a+aSec[c+dx]
Optimal (type 4, 285leaves, 17 steps):

A2 /eTan[c+d x] ] A2 /eTan[c+d x] }
Ve

\/? _ —
\Ead \/?ad
e>2Log[v/e ++/e Tan[c+dx] -2 VeTan[c+dx] |
2+/2 ad
e5/2Log[\/?+\ETan[c+dx] +\Em}
2+/2 ad
2e2Cos[c+dx] EllipticE[c—f+dx, 2| VeTan[c+dx]  2ecos[c+dx] (eTan[c+dx])*?

+

ad+/sin[2c+2d x] ad

e>/2 Ar‘cTan[lf e>/2 Ar‘cTan[lJr

+

Result (type 8, 27 leaves):

J(eTan[Cerx])

a+aSec[c+dx]

5/2

dx
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Problem 122: Unable to integrate problem.

])3/2

dx

J(eTan[Cerx

a+aSec[c+dx]

Optimal (type 4, 257 leaves, 16 steps):

e3/2 ArcTan|1 - V2 yJeTan[crdx] | e¥2ArcTan[1+ V2 \JeTan[crdx] ]

Ve ) Ve X
V2 ad V2 ad
e¥2 Log[Ve ++/e Tan[c+dx] -2 JeTan[c+dx] |
2+/2 ad .
e¥2 Log[Ve ++/e Tan[c+dx] +V2 JeTan[c+dx] |
2\/7ad '
eZEllipticF[c—;lerx, 2| Sec[c+dx] v/Sin[2c+2dx]
ad+eTan[c+dx]

Result (type 8, 27 leaves):

dx

(eTan[c+dx])>?
J a+aSec[c+dx]
Problem 123: Result unnecessarily involves imaginary or complex numbers.
veTan[c +dXx]
J dx

a+aSec[c+dx]

Optimal (type 4, 315leaves, 18 steps):
\/?Ar‘cTan[l— V2 [eTanicidx) } \/?Ar‘cTan[1+ V2 [eTanicidx) ]
- +

Ve Ve .
V2 ad V2 ad
Ve Log[vVe ++Ve Tan[c+dx] -2 VeTan[c+dx] |
2+/2 ad .
Ve Log[Ve ++e Tan[c+dx] +V2 VeTan[c+dx] | 2e (1-sec(c+dx])
247 ad adveTanicrdx

2Cos[c+dx] EllipticE[c—§+dx, 2] veTan[c+dXx] 2Cos[c+dx] (eTan[c+dx})3/2

n
ad+/sin[2c+2dx] ade

Result (type 4, 261 leaves):
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1 1 2
Cos[c+dx]Sec[7(c+dx>] [1+x/Sec[c+dx]2
ad+/Tan[c +dx] 2

- (-1)** EllipticE[i ArcSinh[ (-1)Y*~/Tan[c+dx] |, -1] +

1

4~2
(—2Ar‘cTan[1—x/?x/Tan[c+dx] | +2ArcTan[1++/2 v/Tan[c+dx] | +

Log[1-+/2 v/Tan[c+dx] +Tan[c+dx]] -Log[1++/2 V/Tan[c+dx] +Tan[c+dx}]) +

1 Sec[c +dx]?

(-1)** EllipticF[i ArcSinh[ (-1)**+/Tan[c+dx] |, -1] +

veTan[c +dx]

v Tan[c +dx] vTan[c+dx]

Problem 124: Result unnecessarily involves imaginary or complex numbers.

1

J(a+aSec[c+dx]) veTan[c +dx]

dx

Optimal (type 4, 290 leaves, 17 steps):

Ar‘cTan[l—ﬁ eg[mdx] } Ar‘cTan[1+ﬁ e;’e_n[cmx] ]
V7 adve + V7 adv/e
Log[\/?+\/?Tan[c+dx] —ﬁm]
297 ad+e )
Log[Ve ++e Tan[c+dx] ++/2 VeTan[c+dx] | 2e (1-Sec[c+dx])
22 ad/e +3ad(eTan[c+dx])3/27

EllipticF[c— i+dx, 2] Sec[c+dx] vSin[2c+2dx]
3adyveTan[c +dXx]
Result (type 4, 225leaves):
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1

24ad+eTan[c +dx]

[1+x/Sec[c+dx]2

Cos[c+dx] Sec]| (CerxH2

N |-

8 (-1)*EllipticF[i ArcSinh[(-1)"*+/Tan[c+dx] |, -1] +

342 (—ZAr‘cTan[l—\/T\/Tan[Cerx] | +2ArcTan[1++/2 v/Tan[c+dx] | -
Log[1-+/2 v/Tan[c+dx] +Tan[c+dx]] +Log[1++/2 V/Tan[c+dx] +Tan[c+dx]”—

8 (—1+«/Sec[c+dx]2

Tan[c +dx]3/?

VTan[c +dx]

Problem 125: Result unnecessarily involves imaginary or complex numbers.

J 1 dx
(a+asec[c+dx]) (eTan[c+dx])*?

Optimal (type 4, 359 leaves, 19 steps):

Ar‘cTan[l—ﬁ eTan[c+d x] ] Ar‘cTan[1+ﬁ eTan[c+d x] }
Ve ~ Ve ~
A2 ade¥? A2 ade¥?
Log[\E+\/?Tan[c+dx} —\E\/eTan[c+dx} ]
.
2+/2 ade3?
Log[Ve ++Ve Tan[c+dx] ++/2 VeTan[c+dx] |
.
2+/2 ade¥?
2e (1-Sec[c+dx]) 2 (5-3Sec[c+dx])

- +

5ad (eTan[c+dx])5/2 5ade+eTan[c+dx]
6Cos[c+dXx] EllipticE[cff+dx, 2| JeTan[c+dx]  6cos[c+dx] (eTan[c+dx])>?

5ade?+/Sin[2c+2dXx] 5ade’

Result (type 4, 346 leaves):
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c dx
2Cos[—+—}ZSec[c+dx]2Tan[c+dx]3/2 [1+\/1+Tan[c+dx12
2 2

e 24 (-1)** EllipticE [ Arcsinh[ (-1)** /Tan[c+dx] |, -1] -

20d
24 (-1)>* EllipticF[i ArcSinh[ (-1)Y*~/Tan[c+dx] |, -1] +
542 (ZArcTan[l—\/?\/Tan[Cerx] ]—2Ar‘cTan[1+\/7\/Tan[c+dx} ]—Log[
1-+/2 V/Tan[c+dx] +Tan[c+dx]] +Log[1++2 +/Tan[c+dx] +Tan[c+dx]”)+

1 1 1 1 3
—2 - + |- +
d |5Tan[c+dx]*? +/Tan[c+dx] 5Tan[c+dx]*? 5+/Tan[c+dx]

\/1+Tan[c+dx12

N/

((1+Cos[c+dx]) (a+asec[c+dx]) (eTan[c+dx])

3/2

(1+Tan[c+dx]2))

Problem 126: Result unnecessarily involves imaginary or complex numbers.
1

dx
J(a+aSec[c+dx]) (eTan[c+dx])®?

Optimal (type 4, 328 leaves, 18 steps):

Ar‘cTan[l—ﬁ eLa?n[GdX] ] Ar‘cTan[1+ﬁ eLa?n[GdX] }
\/?adewz R \/TadeS/Z "
Log[\/FJr\/?Tan[Cerx] —\/Tx/m]
2+/2 ade5’? .
Log[Ve ++/e Tan[c+dx] +/2 VeTan[c+dx] | 2e (1-Sec[c+dx])
2+/2 ade’? +7ad(eTan[c+dx])7/27
2 (7-5secic+dx]) 5EllipticF[c—§+dx, 2| Sec[c+dx] /Sin[2c+2dX]
21ade<eTan[c+dx])3”/2+ 21ade?~/eTan[c+dx]

Result (type 4, 304 leaves):
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c dx
2Cos[—+—}ZSec[c+dx]2Tan[c+dx]5/2 [1+\/1+Tan[c+dx12
2 2

1
—2
F

5

-— (-1)"*EllipticF[i ArcSinh[ (-1)"*+/Tan[c+dx] |, -1] + !
21 a2
(2Ar‘cTan[1—ﬁx/Tan[c+dx} | ~2ArcTan[1++/2 V/Tan[c+dx] | + Log|

1—\/7\/Tan[c+dx} +Tan[c+dx}] —Log[1+\/7\/Tan[c+dx} +Tan[c+dx}])) +

)/

(2 [3—3\/1+Tan[c+dx12 +Tan[c +dx]? —7+5\/1+Tan[c+dx]2

/

((1+Cos[c+dx]) (a+asec[c+dx]) (eTan[Cerx])S/2

(21dTan[c +dx]7/2)]

<1+Tan[c+dx]2))

Problem 127: Unable to integrate problem.

dx

J (eTan[c+dx}>13/2
(

a+aSec[c+dx])2

Optimal (type 4, 372 leaves, 22 steps):

A2 /eTan[c+d x] }

e13/2 ApcTan [1 B /2 \/eTan[c+d x] ]

el3/2 ArcTan [1 +

Ve ) Ve
2 a%d 2 a%d
e?2og[+/e ++e Tan[c+dx] -V2 VeTan[c+dx] |
2+/2 a?d '
e13/2Log[\/?+\/?Tan[c+dx} +\/7\/m]
2+/2 a%d
12e°Cos[c+dx] E1lipticE[c- % +dx, 2] VeTan[c+dx] g5 (eTan(c+dx])*>
5a2d~/Sin[2c+2dx] ’ 3a*d '

12e°Cos[c+dx] (eTan[c+dx])>? 4eSec[c+dx] (eTan[c+dx])*? 2e*(eTan[c+dx])’"?
- +

5a%d 5a2d 7 a%d

Result (type 8, 27 leaves):

J (eTan[c+dx
(

a+aSec[c+dx])?

}>13/2

dx

Problem 128: Unable to integrate problem.

} >11/2

dx

J(eTan[Cerx
(

a+aSec[c+dx])2



Mathematica 11.3 Integration Test Results for 4.5.1.4 (d tan)”n (a+b sec)”~m.nb | 43

Optimal (type 4, 339 leaves, 21 steps):

A2 /eTan[c+d x] } e11/2 ApcTan [1 . N2 e?[ud X] ]
e

VZ; - +
\2 a?d V2 a?d
e'*2 Log[Ve ++e Tan[c+dx] -V2 JeTan[c+dx] |
2+/2 a%d i
e*2Log[+/e ++/e Tan[c+dx] +V2 VeTan[c+dx] |
2+/2 a?d

2e6E11ipticF{c—;l+dx, 2| Sec[c+dx] v/Sin[2c+2dx]

3a2d+veTan[c +dx]
2e’+eTan[c +dx] 4e>Sec[c+dx] VeTan[c +dx] 23 (eTan[c+dx])5/2

.
a%d 3a%d 5a%d

e/2 ArcTan|[1 -

+

+

Result (type 8, 27 leaves):

J(eTan[c+dx}>
(

a+aSec[c+dx])?

11/2

dx

Problem 129: Unable to integrate problem.

])9/2

dx

J (eTan[c+dx

(a+asec[c+dx])?

Optimal (type 4, 312 leaves, 20 steps):
e2 ArcTan|1 - V2 JeTan[c+dx] | e®2ArcTan[1+ V2 \JeTan[c+dx] ]
le Ve

- + +

V2 ad V2 a?d
e>2 Log[Ve ++/e Tan[c+dx] -2 JeTan[c+dx] |
2+/2 ad
e2Log[\/e ++/e Tan[c+dx] +/2 VeTan[c+dx] |
2+/2 a?d
4e*Cos[c+dx] EllipticE[c - Zedx, 2] VeTan[c+dx]
a’d+/sin[2c+2dx]
2e* (eTan[c+dx])>? 4e3Cos[c+dx] (eTan[c+dx])*?

3a%d azd

+

+

Result (type 8, 27 leaves):

J (eTan[c+dx
(

a+aSec[c+dx])2

])9/2

dx
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Problem 130: Unable to integrate problem.

])7/2

dx

J (eTan[c+dx

(a+aSec[c+dx])2

Optimal (type 4, 281 leaves, 19 steps):

/2 \/eTan[c+d x] ] /2 \/eTan[c+d x] ]

e’/2 ArcTan [1 - e’/2 ArcTan [1 +

_ \/? + \/? _
2 a%d 2 a%d

e’’2Log[\/e ++/e Tan[c+dx] -2 VeTan[c+dx] |

2+/2 a?d '
e7/2Log[\/?+\ETan[c+dx] +\Em}

2+/2 a%d i
2e4EllipticF[c—f+dx, 2| Sec[c+dx] \/Sin[2c+2dX] +2e3m

a2d+eTan[c+dx] a’d

Result (type 8, 27 leaves):

J (eTan[c+dx])
(

a+aSec[c+dx])?

7/2

dx

Problem 131: Unable to integrate problem.

])5/2

dx

J (eTan[c+dx
(

a+aSec[c+dx])?

Optimal (type 4, 310leaves, 21 steps):

A2 \JeTan[c+d x] ] A2 \JeTan[c+dx] }

e%/2 ArcTan|1 - e/2 ArcTan|[1 +

Ve i Ve )
V2 a?d \2 a?d
e>2 Log[Ve ++/e Tan[c+dx] -2 /eTan[c+dx] |
2+/2 ad '
e>2Log[ve ++/e Tan[c+dx] +V/2 VeTan[c+dx] | 4 e3
27 a?d ardveTanfcodx]
4e3Cos[c+dx] 4e2Cos[c+dx] EllipticE[c—erdx, 2] VeTan[c+dx]
a2 dveTanicrdx] 2 d+/Sinf2c 2dx]

Result (type 8, 27 leaves):
J (eTan[c+dx])
(

a+aSec[c+dx])

5/2

dx
2
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Problem 132: Unable to integrate problem.

])3/2 i

J (eTan[c+dx

(a+aSec[c+dx])2

Optimal (type 4, 316 leaves, 21 steps):

A2 /eTan[c+d x] ] 03/2 Ar‘cTan[l N A2 /eTan[c+d x] }
Ve Ve

2 a%d ) \2 a%d '
e’2Log[ve ++/e Tan[c+dx] -2 VeTan[c+dx] |
2+/2 ad
e’2Log[ve ++/e Tan[c+dx] +V/2 VeTan[c+dx] | 4 e3

- +
2+/2 a2d 3a2d (eTan[c+dx])>?

2e2EllipticF[c—f+dx, 2| Sec[c+dx] V/Sin[2c+2dX]

e3/2 ArcTan [1 -

4e3Sec[c+dx]

N
3a2d (eTan[c+dx])>"? 3a2d+/eTan[c +dx]

Result (type 8, 27 leaves):

J (eTan[c+dx])*?
(

a+aSec[c+dx])?

dx

Problem 133: Unable to integrate problem.
J veTan[c +dX]

(a+asec[c+dx])?

dx

Optimal (type 4, 363 leaves, 23 steps):

\Je ArcTan|[1 - V2 yJeTan(crdx] e ArcTan|[1 V2 yJeTan(crdx]
_ o 1 e

V2 atd V2 a*d

Ve Log[vVe ++e Tan[c+dx] -2 VeTan[c+dx] |
2+/2 a%d

\/?Log[\/?+\/?Tan[c+dx]+\/7\/m}
2+/2 a?d

4¢3 4e3Sec[c+dx] 2e
+ + -
5a’d (eTan[c+dx])>? 5a?d(eTan[c+dx])>? a2d+/eTan[c+dx]
12 eCos[c +dx] 12 Cos[c +dx] EllipticE[c—erdx, 2} VveTan[c +dXx]
5a2d+eTan[c +dx] 5a2d~/Sin[2c+2dXx]

Result (type 8, 27 leaves):

+
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dx

J veTan[c +dX]
<

a+aSec[c+dx])?

Problem 134: Mathematica result simpler than optimal antiderivative, IF it can
be verified!

1

J(a+aSec[c+dx])2\/eTan[c+dx]

dx

Optimal (type 4, 365 leaves, 23 steps):

ArcTan[1- Y2 ‘*7?”[“"” | ArcTan[1+ Y% eg““’” ]
zadve  vzadde
Log[Ve ++Ve Tan[c+dx] -+/2 VeTan[c+dx] |
242 a2dfe )
Log[x/?+\/?Tan[c+dx}+\/7\/m] 4 3
2+/2 a?d+/e 77a2d(eTan[c+dx])7/2+
4e3Sec[c+dx] 2e 20eSec[c+dx]

N
7a*d (eTan[c+dx])”? 3a’d (eTan[c+dx])>? 21a%d (eTan[c+dx])>?

10E11ipticF[c—§+dx, 2] Sec[c+dx] VSin[2c+2dXx]
21a’d+eTan[c +dx]
Result (type 3, 247 leaves):

—(((60—126Cos[c] +40Cos[2c] -84 Cos[dx] +26Cos[c-dx] +80Cos[c+dx] +
20 Cos[2 (c+dx)| -84Cos[2c+dx] +26Cos[3c+dx]-21Cos[c+2dx] -

21Cos[3c+2dx]) Sec[2c] Sin[c+dx}>/(42a2d (1+Cos[c+dx])2\/eTan[c+dx] )) -

(Sec[z c] Sec[c+dx] [21ArcSin[Cos[c+dXx] -Sin[c+dx]] Cos[2c] -

21 Cos[2c] Log[Cos[c+dx] +Sin[c+dx] \/Sln (c+dx)] |+

/(42a2d\/eTan[c+dx1 )

2(—19+21Cos[c])\/Sin[z(c+dx )\/Sln (c+dx)]

Problem 135: Result more than twice size of optimal antiderivative.

J\/a+aSec[c+dx] Tan[c +dx]®dx

Optimal (type 3, 147 leaves, 8 steps):
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a+aSec[c+d x]
2+/a ArcTanh]| S ] 2+/a+rasec[c+dx] 2 (a+aSec[c+dx])>?
+ + +

d d 3ad
2 (a+aSec[c+dx})5/2 6 (a+aSec[c+dx])7/2 2 <a+aSec[c+dx}>9/2

- +

5a%d 7a3d 9a*d

Result (type 3, 533 leaves):

7d5 (1-2Cos[c+dx] +2Cos[2 (c+dx)]|-2Cos[3 (c+dx)]|+2Cos[4 (c+dx)])
144

1
Sec[c+dx]4\/a (1+Secfc+dx]) - ——
504 d

5 (11-22Cos[c+dx] +22Cos[2 (c+dx)|-4Cos[3 (c+dx)]|+4Cos[4 (c+dx)])
1

504d
(107 - 88 Cos[c+dx] +88Cos[2 (c+dx)] -16Cos|3 (c+dx) | +16Cos[4 (c+dx)])
1

1008 d
(109 + 34 Cos[c+dx] +176 Cos[2 (c+dx) | -32Cos[3 (c+dx) | +32Cos[4 (c+dx)])
1

5040d
(557 + 982 Cos [c +dx] +778Cos[2 (c+dx) | +374Cos[3 (c+dx) | +256Cos[4 (c+dx)])
1

5040d

Sec[c+dx]4\/a (1+Secfc+dx]) +

Sec[c+dx]4\/a (1+Secfc+dx]) -

Sec[c+dx]4\/a (1+sec[c+dx]) =+

Sec[c+dx]4\/a (1+sec[c+dx]) +

Sec[1 (c+dx)] \/a (1+secic+dx])

504@%?@5[1 (c+dx)]”
2

. Log[Sec[i(Cerx)]z]f

4 4

Log[2+\/7\/Cos[c+dx} Sec[l (c+dx)}4 —2Tan[l (c+dx)]2]]

\/Cos[c+dx1 Sec[l (c+dx>]4 +Cos[E (c+dx)]
4 2

(9008 - 1984 Sec[c +d x] - 1@32Sec[c +dx]? +23@Sec[c +dx]>+35Sec[c+dx]?)

Problem 136: Result more than twice size of optimal antiderivative.

J\/a+a5ec[c+dx] Tan[c+dx]3dx

Optimal (type 3, 99leaves, 6 steps):
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— a+aSec[c+d x]
2+/a ArcTanh| Ja ] 2+/a+aSec[c+dx]

d d

1)¥? 2 (a+aSec[c+dx])>?
N

3ad 5a2d

2 (a+asec[c+dx

Result (type 3, 315leaves):

1y (1-2Cos[c+dx] +2Cos[2 (c+dx)]) Sec[c+dx}2\/a (1+Sec[c+dx]) +

20d

1 1
——(7-4Cos d 4 Cos |2 d Se dx]?./a (1+Se d -
20d( [c+dx] + [ (c+ x)]) clc+dx] \/ (1+Sec[c+dx]) o d

(13+14 Cos[c+dx] +16Cos[2 (c+dx)]) Sec[c+dx}2\/a (1+seclc+dx]) + y
60

1

1
Ssec[~ (c+d 1+5 d
ec| (c+ x)}\/a( +Sec[c+dx]) "

A 60 /2 Cos| (c+dx”2

—Log[Sec[% (c+dx)]2] +

Log[2+\/7\/Cos[c+dx] Sec[1 (c+dx)]4 - 2Tan]|
4

1
4

(cmmJ

1 4 1
\/Cos[c+dx] Sec[~ (c+dx) | +Cos[; (c+dx)] (-92+16Sec[c+dx] +3Sec[c+dx]?)
4

Problem 137: Result more than twice size of optimal antiderivative.

J\/a+a5ec[c+dx] Tan[c +dx] dx

Optimal (type 3, 51leaves, 4 steps):

2\/?Ar‘cTanh[ a+aSec[c+dx] ]

Nes 2+/a+aSec[c+dx]
- +

d d

Result (type 3, 144 leaves):

1

1

2Cos[§ (c+dx)] +\/7Cos[4

<c+dx)]2

Log[Sec|

QNN

4 4

(c+dx)]2] —Log[2+\/7\/Cos[c+dx1 Sec[1 (c+dx)]4 —2Tan[1 (c+dx”2]

Sec[1 (c+dx)] \/a (1+secic+dx])

4 2

\/Cos[c+dx] Sec[1 (c+dx>]4
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Problem 138: Result more than twice size of optimal antiderivative.

JCot[c+dx} va+aSec[c+dx] dx

Optimal (type 3, 73 leaves, 6 steps):

23 ArcTann [L22550S00 |/5 3 arcTanh | Lesseiede ]
a 2 a

d d

Result (type 3, 237 leaves):

LCos[1 (c+dx)}2

o . —Z\ELog[Sec[i(c+dx)}2]+Log[Tan[i(c+dx)]2]—

Log[1+\/Cos[c+dx} Sec[1 (c+dx”4 73Tan[1 (c+dx)]2] +
4 4

4 4

2\/7Log[2+\/7\/Cos[c+dx1 Sec[1 (c+dx”4 —2Tan{1 (c+dx)]2] +

Log[3—\/Cos[c+dx} Sec[l (c+dx”4 —Tan[l (c+dx)]2]

4 4
\/Cos[c+dx] Sec|

Problem 139: Result more than twice size of optimal antiderivative.

(c+dx)]4 Sec[% (c+dx)] \/a (1+secic+dx])

IS

JCot[c+dx}3\/a+aSec[c+dx] dx

Optimal (type 3, 131 leaves, 8steps):

2+/a ArcTanh| a“”s?[“d” ] 7\/?Ar‘cTanh[le;C@]
a a

- + +
d 4-+/2 d
a

+

4d+/a+aSec[c+dx] 2d(1-Sec[c+dx])~a+aSec[c+dXx]

a

Result (type 3, 273 leaves):
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Cos[i (c+dx)]2 [16\/7Log[5ec[jl (c+dx)]2] —7Log[Tan[zl—‘ (c+dx>]2} +

7Log[1+\/Cos[c+dx] Sec[1 (c+dx)]4 —3Tan[1 <c+dx)]2] -
4 4

4 4

16\/7Log[2+\/7\/Cos[c+dx1 Sec[l (c+dx”4 —2Tan{l (c+dx)]2] -

7Log[3—\/Cos[c+dx] Sec[l (c+dx)]4 —Tan[1 (c+dx>]2}
4 4

\/Cos[c+dx] Sec:[1 (c+dx)]4 Sec[l (c+dx)] -
4 2

4[—3+Sec[1 (c+dx>]2) \/a (1+secic+dx])

2

Problem 141: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J\/a+aSec[c+dx] Tan[c +dx]®dx

Optimal (type 3, 222 leaves, 4 steps):
2 \/?Ar‘cTan[M

+Ja+aSec[c+dx] 2aTan[c +dx]
_ N _
d d+va+aSec[c+dx]
2a’Tan[c+dx]3 2a’Tan[c+dx]? 2a*Tan[c+dx]’
+ + +

3d (a+aSec[c+dx])*? 5d(a+aSec(c+dx])”? d(a+aSec[c+dx])’?

10a° Tan[c+d x]° 2a°Tan[c+dx]1

N
9d (a+aSec(c+dx])?? 11d (a+aSec[c+dx])™?
Result (type 4, 959 leaves):

= Sec[l(c+dx”\/a(1+5ec[c+dx})
64d+/Sec[c+dx] 2
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) (14153 + 188232 Cos[c +dx] + 19924 Cos |2 (c+dx) | + 56884 Cos[3 (c+dx) | +
3465

6086 Cos [4 (c+dx) | +13016 Cos[5 (c+dx)]) Sec[c+<jx]11/251n[1 (c+dx)]+
2

. 7—5\/7+(10—7\/7) Cos[% (c+dx) ]

1+COS[§ (C+dXH

512 (-3-2/2 | Cos[~ (c+dx)]

I

—1+\/——(—2+\/?) Cos[%(c+dx)]

1+Cos[i (c+dx)]

1

(1—\/7+(—2+\/7) Cos[ = (c+dx) |

N

Tan| <c+dx)]

1
4 ], 17-12v/2] +
3-2+/2

[EllipticF [ArcSin|

Tan[ (c+dX) ]
2EllipticPi[-3+2+/2, -ArcSin| 4 |, 17-12+2]

\3-22

Sec[i (c+dx)]2

\/(_1—\/7+(2+\/7) Cos{i (c+dx) ]

4

Sec[c+dx}3/2\/32ﬁTan[1 (c+dx)]2 +

1
——3(1+2Cos[c+dx] +2Cos[2 (c+dx)]|+2Cos[3 (c+dx)] +
176 d

2Cos[4(c+dx)] +2COS[5 <C+dx)])

1
S dx]® 1+5S d Tan|— d -
eclc+dx] \/a( +Sec[c+dx]) an[z(c+ x) | -
5(13+26Cos[c+dx] +26Cos[2 (c+dx)]| +26Cos[3 (c+dx)]+

4Cos[4 (c+dx)]| +4Cos[5 (c+dx)])

1 1
S dx]° 1+5 d Tan| = d
eclc+dx] \/a( +Sec[c+dx]) an[2 (c+ X>}+5544d
5 (151 + 302 Cos[c+dx] +104Cos[2 (c+dx) | +
104 Cos[3 (c+dx) | +16Cos[4 (c+dx) | +16Cos[5 (c+dx)])
1
2464 d
+208Cos[3 (c+dx) |+

Sec[c+dx]5\/a(1+5ec[c+dx) Tan[~ (c+dx)] -

[
(71 +604 Cos[c+dx] +208Cos[2 (c+dX)
32Cos[4 (c+dx)] +32Cos[5 (c+dx)
15

—

|}—“—“—‘N ‘|_|\-/

1

18480d
(-587 + 2522 Cos [c + d x] - 646 Cos |2 <c+dx)] +1664 Cos[3 (c+dx) | +

256 Cos[4 (c+dx) | +256Cos[5 (c+dx)])

Sec[c+dx]5\/a(1+Sec[c+dx) Tan[ = (c+dx) ]+
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1 1

Sec[c+dx]>./a (1+Sec[c+d Tan| = (c+d -
[c+dx]®+fa (1+Sec[c+dx]) [2( +dx)] 176 g

(-1867 + 3658 Cos[c +dx] - 2678 Cos[2 (c+dX) | +

1942 Cos[3 (c+dx) | -874Cos[4 (c+dx)| +512Cos[5 (c+dx)])

Sec[c+dx]5\/a (1+sec[c+dx]) Tan[l (c+dx)]
2

Problem 142: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J\/a+aSec[c+dx] Tan[c +dx]*dx

Optimal (type 3, 160 leaves, 4 steps):
2+/a ArcTan [ /a Tan[c+dxl

+/ a+aSec[c+d x] 2aTan[c +dx]
- +
d d+/a+aSec[c+dx]
2a?Tan[c+dx]? 6a>Tan[c+dx]° 2a*Tan[c+dx]’

+ +
3d (a+aSec[c+dx])*? 5d(a+aSec[c+dx])>? 7d(a+aSec[c+dx])’?
Result (type 4, 681 leaves):

! Sec[l(c+dx”\/a(1+5ec[c+de)
16d+/Sec[c +dx] 2

2
- —— (127 +954 Cos[c+dx] +142Cos[2 (c+dx) | +352Cos |3 (c+dx)])
105

Sec[c+dx}7/ZSin[1 (c+dx)] -
2

. 775\/7+(1077\/7) Cos[i (c+dx)]

(e dx)] 1+Cos[§(c+dx”

128 (-3-2+/2 | Cos|

FNQUPN

“1++/2 - (—2+\/7) Cos[% (c+dx) ]

1+Cos[i (c+dx)]

(1—\/7+ (—2+\/7) Cos[% (c+dx)]

Tan[2 (c+dX)]
EllipticF [ArcSin[ — ],17-12/2] +

3-24/2

Tan[2 (c+dx)]
2 EllipticPi[-3+2+/2, -ArcSin| : ], 17122 ]

3-2/2
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4

\/[_1_\/7+ (2+ﬁ) Cos[% (c+dx)] Sec[l (c+dx)]2

(c+dx)]2 -

N

Sec[c+dx13/2\/3—2\/7—Tan[

id(l+2Cos[c+dx] +2Cos[2 (c+dx)] +2Cos[3 (c+dx)])
14

Sec[c+dx]3
\/a (1+Sec[c+dx])

1

140d
3(9+18Cos[c+dx] +4Cos[2 (c+dx)]|+4Cos[3 (c+dx)])
Sec[c+dx]3

\/a (1+Sec[c+dx])

Tan[% (c+dx)]+

1 1
Tan[= (c+dx)] - ——
an[2<c X)] 210d
(1+72Cos[c+dx] +16Cos[2 (c+dx) ]| +16Cos[3 (c+dx) )

Sec[c+dx]3\/a (1+sec[c+dx])

1
T — d
an[2 (c+dx)]+ 250 4
(-33+74Cos[c+dx] -38Cos[2 (c+dx)]|+32Cos[3 (c+dx)])

Sec[c+dx]3\/a (1+sec[c+dx]) Tan[l (c+dx)]
2

Problem 143: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J\/a+aSec[c+dx] Tan[c +dx]2dx

Optimal (type 3, 96 leaves, 4 steps):

2 \/;Ar‘cTan[L[—La Tan[c+dx

\Jarasec[crdx] 2aTan[c +dx] 2a’Tan[c+dx]?
+ +

d dVa+asec[c+dx] 3d(a+aSec[c+dx])*?

Result (type 4, 479 leaves):
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1

4d+/Sec[c+dx]

Sec[1 (c+dx)] \/a (1+secic+dx]) 2 (1+8Cos[c+dx]) Sec[c+dx]3/zsin[1 (c+dx)]+
2 3 2

L g | 7-5v2 4 (10-72 ) Cos[ 2 (c+dx]]

4 1+Cos[i(c+dx)]

32 (-3-2+/2 ) Cos|

,1+\E, (72+\E) COS[% <C+dx)]

1+Cos[% (c+dx)]

(17\/?+ (72+\/?> Cos[1 (c+dx)]

2

Tan[i (c+dx) |

|, 17122 ] +

[EllipticF [Ar‘cSin [

3-2+/2
Tan[ (c+dx)
2EllipticPi[-3+2+/2, -ArcSin| —2 ], 17-12+/2]
3-2+/2
\/(—1—\/7+(2+\/7)Cos[l(c+dx” Sec[l(c+dx)]2
2 4
Sec[c+dx13/2\/3—2\/7—Tan[l(c+dx)]2 +
4

%<1+2Cos[c+dx}) Sec[c+dx] \/a (1+secfc+dx])
3

Tan[% (c+dx)] -

1
—(-1+4Cos[c+dx])
6d

Sec[c +dx]
\/a (1+sec[c+dx])

Tan[1 (c+dx)]

2

Problem 147: Result more than twice size of optimal antiderivative.

J(a+a5ec[c+dx])3/2Tan[c+dx]5d1x

Optimal (type 3, 169 leaves, 9 steps):
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) 63/2 Ar‘cTanh[ a+aSec[c+d x] ]

Nes 2a+/a+aSec[c+dx]
N
d d

2 (a+aSec[c+dx])*? 2 (a+aSec[c+dx])>?
+ +

3d 5ad

2 (a+aSec[c+dx])’? 2 (a+aSec[c+dx])
- +

7 a%d 3a3d 11 a*d

+

9/2 11/2

2 (a+asec[c+dx])

Result (type 3, 752 leaves):
1

352d

(-1+2Cos[c+dx] -2Cos[2 (c+dx)]|+2Cos[3 (c+dx)]|-2Cos[4 (c+dx)]|+2Cos[5 (c+dx)])
1

6336d

5 (-13+26Cos[c+dx] -26Cos[2 (c+dx)]+26Cos[3 (c+dx)|-4Cos[4 (c+dx)]+

1

11088d
5 (-151+302Cos[c+dx] -184Cos[2 (c+dx)] +104Cos[3 (c+dx) | -16Cos[4 (c+dx)] +

1

14784 d
5 (-71+604Cos[c+dx]-208Cos[2 (c+dx)]|+208Cos[3 (c+dx)|-32Cos[4 (c+dx)]+

1

15840d
(587 + 2522 Cos[c+dx] + 646 Cos[2 (c+dx) ] + 1664 Cos[3 (c+dx)] -256Cos[4 (c+dx)] +

1

14784 d
(1867 + 3658 Cos [c + d x] + 2678 Cos[2 (c+dx) | +1942Cos[3 (c+dx) | +874Cos[4 (c+dX) | +

Sec[1 (c+dx)]25ec[c+dx]4 (a(1+secfc+dx]))?>?+
2

4Cos[5 (c+dx)]) Sec[1 (c+dx)]ZSec[c+dx]4 (a(1+Seclc+dx]))*?-
2

16 Cos [ 5 (c+dx)]) Sec[l (c+dxHZSec[c+dx}4 (a <1+Sec[c+dx]))3/2+
2

32Cos|[5 (c+dx)]) Sec[l (c+dx”25ec[c+dx}4 (a <1+Sec[c+dx]))3/2—
2

256C05[5 (c+dx”) Sec[1 <c+dx)]25ec[c+dx]4 (a (1+Sec[c+dx]))3/2+
2

512 Cos |5 (c+dx) |) Sec[1 <c+dx)]25ec[c+dx]4 (a (1+Seclc+dx]))??-
2

————Cos[c+dx] Sec[1 (c+dx)]3 (a(1+sec[c+dx]))??
221760d 2

110880 /2 Cos|~ (c+dx] ]’

. Log[Sec[i(c+dxH2]—

4 4

Log[2+\/7\/Cos[c+dx1 Sec[E (c+dx”4 —2Tan{l (c+dx)]2]]

1 4 1
os|Cc+dX ec|— (c+dx +(0s| — (Cc+dX - + ec|[c+dX] +
Jc [c+dx] Sec[~ (c+dx)]| +Cos[= (c+dx)]| (-208256 +48688 Sec[c +dx]
4 2

32784 Sec[c+dx]?- 88408 Sec[c+dx]>-2660Sec[c+dx]*+315Sec[c+dx]°)
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Problem 148: Result more than twice size of optimal antiderivative.

J(a+a5ec[c+dx])3/2Tan[c+dx]3d1x

Optimal (type 3, 121 leaves, 7 steps):

a+aSec[c+d X]

Nes ] 2a+/a+aSec[c+dx]
d d
2 (a+aSec[c+dx])*? 2 (a+aSec[c+dx])>? 2 (a+aSec[c+dx

- +

3d 5ad 7 a%d

2a*2ArcTanh|

}>7/2

Result (type 3, 399 leaves):

,ﬁs(79+18COS[C+dX]—4Cos[2(c+dx”+4€os[3 (c+dx)])
Sec[l(c+dx”25ec[c+dx}2(a (1+Sec[c+d>q>)3/z+
2
1
———(-1+72C dx] -16Cos|[2 d 16 Cos [3 d
y10g | Lt72Cos[erdx] os[2 (c+dx)|+16Cos[3 (c+dx)])
Sec[l(“dx)]ZSeC[HdX]Z(a (1+Sec[c+dx]))3/2__1
2 560 d

3 (33+74Cos[c+dx] +38Cos[2 (c+dx)]|+32Cos[3 (c+dx)])

Sec[l <C+dx)]ZSeC[C+dx]2 <a (1+Sec[c+dx]))3/2_
2

cos[c+dx] Sec[l (c+dx”3 (a(1+secic+dx]))?? 840\/7Cos[1 (c+dx)]2

1680d 2 4
1 2 1 4
Log[Sec[Z<c+dx)]}7Log[2+\/2 \/Cos[c+dx}Sec[4(c+dxH -

1 2 1 4

2Tan[~ (c+dx)]|"] \/Cos[c+dx1 Sec[;(c+dx” +
4

1

Cos[; (c+dx” (1408 - 284 Sec[c +dx] - 1@2Sec[c+dx]?+15Sec[c+dx]?)

Problem 149: Result more than twice size of optimal antiderivative.

J(a+a$ec[c+dx])3/2Tan[c+dx} dx

Optimal (type 3, 73 leaves, 5steps):
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3/2 :{a+aSec[c+dx]
2a Ar‘cTanh[ N= ] 2a+/a+asSec(c+dx] 2(a+aSec[c+dx1>3/z
+ +

d d 3d

Result (type 3, 158 leaves):

1 1 2
—S — d
o ec[2<c+ x)]

1
4

2+Cos[c+dx]

8+3+/2 Cos| (c+dx”2

Log[Sec[i (c+dx)]2} - Log[2++/2

4 4

\/Cos[c+dx} Sec[1 (c+dx)}4 —2Tan[l (c+dx)}2]]

(c+dx” (a(1+Sec[c+dX}>)3/2

\/Cos[c+dx] Sec[1 (c+dx)]4 Sec|

4

N |-

Problem 150: Result more than twice size of optimal antiderivative.

JCot[c+dx} (a+asec[c+dx])*?dx

Optimal (type 3, 73 leaves, 6 steps):

2 33/2 Ar‘cTanh[ a+aSec[c+dx] } 2 ﬁ 33/2 Ar‘cTanh[ a+aSec[c+d x] }
Va - V2 Va
d d

Result (type 3, 238 leaves):

iCos[1 (CerxH6

- cos| —ﬁLog[Sec[i(Cerx)]z]+Log[Tan[1<c+dx)]2}—

4

Log[1+\/Cos[c+dx} Sec[l (C+dX”4 73Tan[l (c+dx)]2] +
4 4

ﬁLog[2+\/7\/Cos[c+dx} Sec[l (c+dx)}4 —2Tan[l (c+dx)]2] +

4 4

Log[3—\/Cos[c+dx} Sec[1 (c+dx”4 —Tan[l (c+dx)]2]
4 4
3/2 1

Cos[c +d x] Sec[l (c+dx”4) Sec|~ (c+dx)]3 (a (1+Sec[c+dx]))3/2
4 2
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Problem 151: Result more than twice size of optimal antiderivative.

JCot[c+dx]3 (a+asec[c+dx])*?ax

Optimal (type 3, 109 leaves, 7 steps):

2a3/2Ar'cTanh[ a+aSec[c+dx] ] a+aSec[c+d X] ]
Va

i . V2 Vs
d 2+/2 d 2d (1-Sec[c+dx])

3/2
5%/ ArcTanh| a+va+aSec[c+dx]
N

Result (type 3, 325leaves):

1 1 1 1 1 1
—C +d —C — +d - —Cot| — +d C — +d
dos[c X] . os[z(c x) | - o [2(c x) | sc[z(c x) |

Sec[l (c+dx)]3 (a(1+seclc+dx]))>?+
2

1 1 2
——Cos|[~ (c+dx) | Cos[c+dx]

g . S\ELog[Sec[i(c+dx>]2}—5Log[Tan[%(c+dx”2]+

5Log[1+\/Cos[c+dx] Sec[1 (c+dx)]4 73Tan[1 <c+dx)]2] -
4 4

4 4

8\/7Log[2+\/7\/Cos[c+dx] Sec[1 <c+dx)]4 —2Tan[l (c+dx>]2} -

5Log[3—\/Cos[c+dx] Sec{l (c+dx)]4 —Tan[l (c+dx>]2}
4 4

(c+dx”3 (a(1+Secfc+dx]))>?

\/Cos[c+dx] Sec[1 (<:+dx)]4 Sec|

4

N R

Problem 153: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(a+a5ec[c+dx])3/2Tan[c+dx]6dlx

Optimal (type 3, 258 leaves, 4 steps):
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2 33/2 ApcTan [ _/a Tanfcidx]

a+aSec[c+d x] 2a?Tan[c +dx]
_ + _
d dva+aSec[c+dx]
2a3Tan[c+dx]3 2a*Tan[c+dx]? 30a° Tan[c+dx]’

+

+ +
3d (a+aSec[c+dx])*? 5d(a+aSec[c+dx])”? 7d(a+aSec[c+dx])’?

34a%Tan[c+dx]° 143’ Tan[c+d x] 2a%Tan[c+dx]*3

+ +
9d (a+aSec[c+dx])*? 11d(a+aSec[c+dx])"? 13d (a+aSec[c+dx])"?

Result (type 4, 1214 leaves):

1 1 3
Sec|— (c+d a(l+Secfc+d 3/2
256dSecc+dx]3/2 [2 ( i XH ( ( + [c+ X]))

2 (1410481 + 633920 Cos[c +dx] +2153438Cos [2 (c+dx) ] + 345060 Cos [3 (c+dx) ] +
45045

915630 Cos[4 (c+dx) | + 86048 Cos[5 (c+dx)| +176138 Cos[6 (c+dx)])

Sec[c+dx}13/zsin[l (c+dx)] +1024(—3—2ﬁ) Cos| (c+dx”4

1
2 4

7-5v2 + (10-7V2 ) Cos[t (c+dx]] | -1+V2 - (-2+V2 ]| Cos[L (c+dx)]

1+Cos[i(c+dx)] 1+Cos[§<c+dx)]
1 Tan[l(c+dx)]
(1—\/7+ (—2+\5) Cos[* (c+dx” EllipticF[Ar‘cSin[ 4 ],
2 3-2+/2
Tan[2 (c+dx
17 -12+/2 | + 2 E1lipticPi[-3+2+/2, -ArcSin[ — ], 17-12+/2]
3-2+/2
\/(—1—\/7+(2+\/7)C05{§(c+dx” Sec[%(c+dx)]2 Sec[c +dx]3?
\/3—2\/7—Tan[1<c+dx)]2 + !
4 1664 d

3 (1+2Cos[c+dx]+2Cos[2 (c+dx)]|+2Cos[3 (c+dx)]|+2Cos[4 (c+dx)]+
2Cos[5 (c+dx) | +2Cos[6 (c+dx)])

Sec[1 (c+dx)]25ec[c+dx]5 (a (1+Sec:[c+dx]))3/2
2

1

18304 d
3 (15+30Cos[c+dx] +30Cos[2 (c+dx)]|+36Cos[3 (c+dx) ]+
30Cos[4 (c+dx) | +4Cos[5 (c+dx)] +4Cos[6 (c+dx)])

Tan[% (c+dx)]+

Sec[1 (c+dx)]25ec[c+dx]5 (a (1+Sec[c+dx]))3/2

2
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1 1
Tan[= (c+dx)| - ————
2 164736 d
25 (203 + 406 Cos [c +d x] +466 Cos[2 (c+dx)| +120Cos[3 (c+dx) ] +

120 Cos[4 (c+dx)| +16Cos[5 (c+dx) | +16Cos[6 (c+dx)])

Sec[1 (c+dx)]25ec[c+dx]5 (a(1+sec[c+dx]))??
2

1 1
Tan[ = (c+dx) |+ ————
2 128128d
15 (835+812Cos[c+dx] +812Cos[2 (c+dx)] +248Cos[3 (c+dx) | +

240 Cos[4 (c+dx) | +32Cos[5 (c+dx) ]| +32Cos[6 (c+dx)])

Sec[1 (c+dx)]25ec[c+dx]5 (a (1+Sec[c+dx]))3/2
2

1 1
Tan[ = (c+dx) | -
2 49280 d
(3677 + 490 Cos [c +d x] + 6496 Cos [2 (c+dx) | +1920Cos[3 (c+dx) | +

1920 Cos[4 (c+dx) | +256 Cos[5 (c+dx) | +256Cos[6 (c+dx)])

Sec[l <c+dx)]25ec[c+dx]5 (a (1+5€C[C+dx]))3/2Tan[1
2

;(c+dx”+

——————17 (4351 - 5026 Cos[c +d x] + 6986 Cos [2 (c+dX) | - 2166 Cos[3 (c+dX) | +
1153152d

3840 Cos |4 (c+dx) | +512Cos[5 (c+dx) | +512Cos[6 (c+dx)])
Sec[1 (c+dx)]25ec[c+dx]5 (a (1+Sec[c+dx]))3/2Tan[1 (c+dx)] - !

2 2 128128 d
(14401 - 26110 Cos[c +d x] +21938Cos |2 (c+dx) | -14670Cos[3 (c+dx) | +

9354 Cos[4 (c+dx)] -3958Cos|[5 (c+dx)] +2048Cos[6 (c+dx)])

Sec[l (c+dx)]25ec[c+dx]5 (a (1+Sec[c+dx]))3’/2Tan[1 (c+dx) ]
2 2

Problem 154: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(a+a$ec[c+dx])3/2Tan[c+dx}4d1x

Optimal (type 3, 194 leaves, 4 steps):
2a%2 ArcTan]| _/a Tanfcedx]

arasec[c+dx] 2a2Tan[c +dx] 2a3Tan[c+dx]3
- + +
d dvVa+asec[c+dx] 3d(a+aSec[c+dx])*?
14 a* Tan[c +d x]° 10 a°Tan[c +dx]’ 2a%Tan[c+dx]°

+ +
5d(a+aSec[c+dx])** 7d(a+aSec(c+dx])’? 9d(a+aSec[c+dx])®?

Result (type 4, 872 leaves):
1

64 d Sec[c +dx]3/?

Sec[% (c+dx)]3
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(a(1+sec[c+dx]))?? -2 (2897 + 1258 Cos [c +d x] + 3988 Cos[2 (c+dx) | +
315

496 Cos [3 (c+dx) | +1126 Cos[4 (c+dx)]) Sec[c+dx]9/25in[l (c+dx)] -
2

1

)] 7-5v2 + (10-72 ) Cos[ 2 (c+dx)]

4 1+Cos{%(c+dx”

256 (-3-2/2 | Cos|

71+\E— (—2+\E) COS[% (c+dx)]

1+Cos[§ (c+dx)]

(1—\/?+ (—2+\E) Cos[1 (c+dx)]

2

Tan[i (c+dx) ]

3-2/2

|,17-12+/2 ] +

[EllipticF [ArcSin|

Tan[ > (c+dx)
2EllipticPi[-3+2+/2, -ArcSin| —2 ], 17-12+/2]

3-2+/2

Sec[i (c+dx)]2

\/(1\/?+ (2+\/?) Cos[l (c+dx)]

2

Sec[c+dx}3/2\/3—2\/7—Tan[l(c+dx)]2 r

4 ) 288d

(1+2Cos[c+dx] +2Cos[2 (c+dx)]+2Cos[3 (c+dx)|+2Cos[4 (c+dx)])
1 2

Sec[; (c+dx)]

Sec[c+dx]3

(a(1+Sec[c+dx]))??

Tan[l(c dx) | !
s -
2 336d

(11+22Cos[c+dx] +22Cos[2 (c+dx) | +4Cos[3 (c+dx)| +4Cos[4 (c+dx)])
1 2

Sec[; (c+dx)]

Sec[c+dx]3

(a(1+Sec[c+dx]))??

1
T — d
an[2 (c+dx)] +72@d
(107 + 88 Cos[c+dx] +88Cos[2 (c+dx)]| +16Cos[3 (c+dx)| +16Cos[4 (c+dx)])

Sec[1 (c+dx)]2$ec[c+dx]3
2

(a (1+Secic+dx]))>?
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1 1
Tan[ = (c+dx) | -
2 10080d
11 (189 - 34 Cos[c+dx] +176 Cos[2 (c+dx) | +32Cos |3 (c+dx) ] +32Cos[4 (c+dXx)])

Sec[1 (c+dx)]25ec[c+dx]3
2

1 1
1+5S d >2Tan|[ = (c+d

(a (1+Secfc+dx])) an[2 (c+ X)]+3366d

(557 - 982 Cos[c +dx] +778Cos[2 (c+dx) | -374Cos[3 (c+dx)| +256Cos[4 (c+dx)])

Sec[1 (c+dx)]25ec[c+dx]3
2

(a (1+Sec[c+dx1))3/2Tan{1 (c+dx) ]
2

Problem 155: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(a+a5ec[c+dx])3/2Tan[c+dx]2dlx

Optimal (type 3, 128 leaves, 4 steps):
2 a3/2 ArcTan [ _/a Tan[c+dx]

a+aSec[c+dx] 2 a2 Tan[c +dx]
- + +
d d+va+aSec[c+dx]
2aTan[c+dx]3 2a*Tan[c+dx]®

N
d(a+aSec[c+dx])>? 5d(a+aSec[c+dx])”?

Result (type 4, 604 leaves):
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= Sec[l(c+dx)]3(a(1+Sec[c+dx]))3/2

16 d Sec[c +d x]3/? 2

2 (43 +16 Cos[c+dx] +46Cos[2 (c+dx)]) Sec[Cerx]S‘“Sin[1 (c+dx)]+
15 2

64 (-3-22 Cos[* (crdx)]® 7-5V2 + (16-7V2 ) Cos[} (c+dx)]

4 1+Cos[§(c+dx)]

—1+\/7—(—2+\/7) Cos[i(c+dx)]

1+Cos[i (C+dx)]

(1—\/7+ (—2+\/7) Cos[i (c+dx)]

Tan[ (c+dX)]
EllipticF [ArcSin[ —— ],17-12v/2 ] +

3-24/2

Tan[ > (c+dx)
2 EllipticPi[-3+2+/2, -ArcSin| * ],17-12+2]

3-24/2

Sec[i (c+dx)]2

\/(1\E+(2+\/7) Cos[E (c+dx”

2

Sec[CerxP/z\/BZ\/?Tan[1 (c+dx)]2 -

4

i(1+2Cos[c+dx] +2Cos([2 (c+dx)]) Sec[1 (c+dx)]2
2

40d
Sec[c +dx]

(a (1+Sec[c+dx]))>?
Tan[l(c dx) | !
— (c+ +

2 24d

(7+4Cos[c+dx] +4Cos[2 (c+dx)])

Sec[% (c+dx)]2

Sec[c +dX]

(a(1+Sec[c+dx]))??

Tan[l(c dx) | !
s ot
2 40d

(13-14Cos[c+dx] +16Cos[2 (c+dx)])

1 2
Sec[; (c+dx)] sec[c+dx]

(a (1+Sec[c+dx1))3/2Tan[1 (c+dx) ]
2
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Problem 156: Result unnecessarily involves higher level functions and more

than twice size of optimal antiderivative.

JCot[c+dx]2 (a+asec[c+dx])*?ax

Optimal (type 3, 64 leaves, 3 steps):
2 33/2 ApcTan [ _/a Tanfcidx]
arasec[cdx) 2aCot[c+dx] Va+aSec[c+dx]
d d

Result (type 4, 389 leaves):

3Cos[c+dx} Sec[1 (c+dx)}3 (a(1+Secic+dx]))?? [—ECSC[l (c+dx)] +sin]
2 2 2

14(_3_2\/7) Cos[l (C+dx)]4 7-5+/2 + (10—7ﬁ) Cos[% (c+dx)]

d 4 1+Cos[i(c+dx)]

—1+\/?— (—2+\/7) Cos[i (c+dx>]

[1—\/7+ (—2+\/7) Cos[1 (c+dx>]

1+Cos[§(c+dx)] 2
Tan|% (c+dx
EllipticF [ArcSin| : |,17-122 ] +
3-242

Tan[1 (c+dx) |
2E1lipticPi[-3+2+/2, -ArcSin|

},17-12ﬁ}]
\V3-2+/2

\/(_1_ﬁ+ (2+\/7> Cos[% (c+dx) ]

Sec[% (c+dx>]2 Sec[% (c+dx)]3

(C+dx)]2

IS

(a (1+Sec[c+dx]))3/2\/3—2\/7—Tan[

Problem 159: Result more than twice size of optimal antiderivative.

J(a+aSec[c+dx])5/2Tan[c+dx]5dlx

Optimal (type 3, 193 leaves, 10 steps):

N |

<c+dx)] +
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) as/z ArcTanh { :{ a+aSec[c+d x] ]

Ja 2a2+/a+aSec[c+dx]
- g + g +
2a(a+aSec[c+dx])>? 2 (a+aSec[c+dx])*? 2 (a+aSec[c+dx])’?
3d ' 5d ' 7ad :
9/2 11/2 13/2

2 (a+asSec[c+dx]) 6 (a+aSec[c+dx])

9aZd 11a3d 13 a*d

2 (a+asSec[c+dx])

Result (type 3, 925 leaves):
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5(1-2Cos[c+dx] +2Cos|[2 <c+dx)] -

73328d
2Cos |3 (c+dx” +2Cos |4 (c+dx” -2Cos |5 (c+dx)] +2Cos[6 (c+dx)])
Sec[1 (c+dx”4sec[c+d>q4 (a (1+Sec[c+dx]>)5/2+;
2 36608d

35 (15-3@ Cos[c+dx] +30Cos[2 (c+dx) | -30Cos[3 (c+dx)] +
30Cos[4 (c+dx) | -4Cos[5 (c+dx)] +4Cos[6 (c+dx)])
Sec[1 (c+dx)]4Sec[c+dx]4 (a (1+Sec[c+dx]))5/2— !
2 253444
5 (203 - 406 Cos[c +d x] + 406 Cos[2 (c+dx) | -120Cos[3 (c+dx)] +
120 Cos[4 (c+dx)| -16Cos[5 (c+dx)| +16Cos[6 (c+dx)])
Sec[l (c+dx)]45ec[c+dx]4 (a (1+Sec[c+dx]))5/2+;
2 256 256 d
15 (835-812Cos[c+dx] +812Cos[2 (c+dx)] -248Cos[3 (c+dx) ] +
240 Cos[4 (c+dx)| -32Cos[5 (c+dx) ]| +32Cos[6 (c+dx)])
Sec[1 (c+dx)]45ec[c+dx]4 (a (1+Sec[c+dx]))5/2+¥
2 3843840 d
(3677 - 490 Cos[c +d x] + 6496 Cos [2 (c+dx) | -1920Cos[3 (c+dx) | +
1920 Cos 4 (c+dx) | - 256 Cos[5 (c+dx) | +256Cos[6 (c+dx)])
1
768768 d
5 (4351 + 5626 Cos[c+dXx] + 6986 Cos[2 (c+dx) | +2166 Cos[3 (c+dx) | +
3840 Cos |4 (c+dx) ] -512Cos[5 (c+dx)| +512Cos[6 (c+dx)])
1
768768 d
5 (14401 + 26118 Cos [c +d x] + 21938 Cos[2 (c+dx) | +14670Cos[3 (c+dx)] +
9354 Cos[4 (c+dx)] +3958Cos |5 (c+dx)] +2048Cos[6 (c+dx)])

Sec[1 (c+dx)]4Sec[c+dx]4 (a (1+Sec[c+dx]))5/2—
2

Sec[l (c+dx)]45ec[c+dx]4 (a(1+secfc+dx]))*?+
2

Sec[1 (c+dx)]45ec[c+dx]4 (a (1+Sec[c+dx]))5/2—
2

7Cos[c+dx]25ec[l (c+dx)]5 (a(1+sec[c+dx]))®?
11531520d 2

28828862 Cos|~ (c+dx)]’

. Log[Sec[i(c+dxH2]—

4 4

Log[2+\/7\/Cos[c+dx1 Sec[l (c:+dx”4 —2Tan[1 (c+dx)]2]]

\/Cos[c+dx} Sec[1 (c+dx”4 +Cos[l (c+dx)]
4 2

(-5636416 + 1376768 Sec [c + d x] + 1129584 Sec[c +d x]* - 340720 Sec[c+dx]° -

152320 Sec[c +dx]*+28980 Sec[c +d x]° + 3465 Sec[c + d x]°)
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Problem 160: Result more than twice size of optimal antiderivative.

J(a+a5ec[c+dx])S/ZTan[c+dx]3d1x

Optimal (type 3, 145leaves, 8steps):

2a%2 ArcTanh| a+as;:ic+dx] [P Varasec[c+dx] 2a(a+aSec[c+dx])>?
d . d . 3d .
2(a+aSec[c+dx})5/2 2(a+aSec[c+dx])7/2 2<a+aSec[c+dx}>9/2
5d } 7ad ' 9a%d

Result (type 3, 603 leaves):

%7 (1-2Cos[c+dx] +2Cos[2 (c+dx)]|-2Cos[3 (c+dx)]|+2Cos[4 (c+dx)])
576

Sec[1 (Cerx)]ASec[c+dx]2 (a(1+secfc+dx]))*?- =

2 2016 d
11 (11-22Cos[c+dx] +22Cos |2 (c+dx) ] -4Cos[3 (c+dx) ]| +4Cos[4 (c+dx)])
Sec[1 (c+dx)]4$ec[c+dx]2 (a (1+Sec[c+dx]))5/2+ 1

2 1440d
(107 - 88 Cos[c+dx] +88Cos[2 (c+dx)] -16Cos|3 (c+dx)| +16Cos[4 (c+dx)])
Sec[1 (c+dx)]4$ec[c+dx]2 (a (1+Sec[c+dx]))5/2+ 1

2 4032d
(109 + 34 Cos[c+dx] +176 Cos[2 (c+dx) | -32Cos[3 (c+dx) | +32Cos[4 (c+dx)])
Sec[1 (c+dx)]4$ec[c+dx]2 (a (1+Sec[c+dx]))5/2— =

2 4032d

(557 + 982 Cos [c +dx] + 778 Cos[2 (c+dx) | +374Cos[3 (c+dx) | +256Cos[4 (c+dx)])

Sec[1 (c+dx)]4$ec[c+dx]2 (a (1+Sec[c+dx]))5/2—
2

Cos[c+dx}25ec[1 (c+dx)]5 (a (1+Sec[c+dx]))>? 5040\/?Cos[1 (c+dx>]2

20160d 2 4
1 2 1 4
Log[Sec|[~ (c+dx) ] }—Log[2+ﬁ\/Cos[c+dx} Sec[~ (c+dx)]| -
4 4
2Tan[1 <c+dx)]2] \/Cos[c+dx} Sec[l (CerxH4 +Cos[1 <c+dx)]
4 4 2

(9008 - 1984 Sec[c + d x] - 1832 Sec[c+d x]? + 230 Sec[c +dx]>+35Sec[c +dx]*)
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Problem 161: Result more than twice size of optimal antiderivative.

J(a+a5ec[c+dx])S/ZTan[c+dx] dx

Optimal (type 3, 97 leaves, 6 steps):
2a%/2 ArcTanh | @]

Ja 2a2+/a+aSec[c+dx]

- + +

d d

% 2 (a+asec[c+dx])
N

3d 5d

2a(a+aSec[c+dx]) >/2

Result (type 3, 337 leaves):

—LQ (1-2Cos[c+dx] +2Cos[2 (c+dx)]) Sec[1 (c+dx)]4 (a(1+secfc+dx]))*?+
2

8od
%(7—4Cos[c+dx] +4Cos[2 (c+dx)]) Sec[l (c+dx)]4 (a(1+Secfc+dx]))*?+
48 2
%(13+14Cos[c+dx] +16Cos[2 (c+dx)]) Sec:[1 (c+dx)]4 (a(1+Seclc+dx]))*?-
48 2
Cos[c+dx]25ec[l (c+dx”5 (a (1+Sec[c+dx}>)5/2
240d 2
1 2 1 2
60\/7Cos[— (c+dx)] -Log|[Sec|~ (c+dx)] |+
4 4

4 4

Log[2+\/?\/Cos[c+dx] Sec[1 <c+dx)]4 —2Tan[l (c+dx)]2}]

Cos[c +dx] Sec 1 c+dx ¢ + Cos 1 c+dx -92+16Sec[c+dx] +3Sec[c+dx]?
4 2

Problem 162: Result more than twice size of optimal antiderivative.

jCot[c+dx} (a+asec[c+dx])*?dx

Optimal (type 3, 95leaves, 7 steps):

5/2 a+aSec[c+dx] 5/2 a+aSec[c+dx]
2a%/2 ArcTanh | o | 4~/2 a%%ArcTanh]| o ] 2a2/asasecicrdx]
N

d d d

Result (type 3, 268 leaves):
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—iaz <1+Cos[c+dx])25ec[ (c+dx)]4

4d

N |

[2+Cos[jL (c+dx)]2 [\/?Log[Sec[i (c+dx)]2] —2Log[Tan[i (c+dx)]2] +

(c+dx)]’] -

2Log[1+\/Cos[c+dx} Sec| (CerxH4 -3Tan|

5R
R

4 4

\/7Log[2+\/7\/Cos[c+dx] Sec[l (c+dx)]4 —2Tan[l (c+dx)]2] -

2Log[3—\/Cos[c+dx} Sec[4l (c+dx”4 —Tan[i (c+dx)]2]]

\/Cos[c+dx] Sec[1 (c+dx)]4 Sec[1 (c+dx)] \/a (1+secic+dx])

4 2

Problem 163: Result more than twice size of optimal antiderivative.

jCot[c+dx}3 (a+asSec[c+dx])*?dx

Optimal (type 3, 106 leaves, 7 steps):

235/2AI"CTanh[ a+aSec[c+dx] ] a+aSec[c+dXx] ]
Va

. . V2
d V2 d d(1-Sec[c+dx])

5/2
3%/ ArcTanh | a2+/a+aSec[c+dx]
N

Result (type 3, 329 leaves):
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1Cos[c+dx}2 iCos[2 (c+dx” —éCot[% (c+dx” Csc[i (c+dx)}

Sec[1 (c+dx)]5 (a 1+Sec[c+dx]))5/2+
2

iCos[1 (c+dx”2Cos[c+dx}2

- ; 4\/7Log[5ec[i<c+dx)]2]—3Log[Tan[4l(c+dx>]2}+

3Log[1+\/Cos[c+dx] Sec[1 (c+dx)]4 —3Tan[1 <c+dx)]2] -
4 4

4 4

4\/7Log[2+\/7\/Cos[c+dx] Sec[l <c+dx)]4 —2Tan[l (c+dx)]2} -

3Log[3—\/Cos[c+dx] Sec[l (c+dx)]4 —Tan[l (c+dx)]2}
4 4

\/Cos[c+dx] Sec[1 (c+dx)]4 Sec[l (c+dx)}5 (a(1+seclc+dx]))>?
4 2

Problem 164: Result more than twice size of optimal antiderivative.

JCot[c+dx}5 (a+asec[c+dx])>?dx

Optimal (type 3, 147 leaves, 8 steps):

a+aSec[c+d X] }

2 a%/2 Ar‘cTanh[
Va

d 16+/2 d

a2+/a+aSec[c+dx] 11a2+/a+aSec[c+dx]

4d (1-Secfc+dx])> 16d (1-Sec[c+dx])

a+aSec[c+d X] }

43 35/2 Ar‘cTanh[
V2 a

Result (type 3, 355leaves):
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iCos[c+dx}2 —zfiCos[i(c+dx”+11298Cot[§(c+dx”Csc[§(c+dx)]—
1 1 1 3 1 5 1
— Cot[— dx) | csc[= d Sec| = d 1+5S d 2,
o o[2<c+ x)] sc[2<c+ x)] ec[z(c+ x)] (a(1+sec[c+dx]))>*+

256d

Cos[1 <C+dX)]2COS[C+dX]2
4

—64\/?Log[5ec[i (c+dx)]’] +43 Log[Tan[i (c+dx)]’] -

43Log[1+\/Cos[c+dx] Sec[1 (c+dx)]4 73Tan[l (c+dx”2] +
4 4

4—(c+dx”4 —2Tan[i (c+dx)}2] +

64\/7Log[2+\/7\/Cos[c+dx} Sec[1

43Log[3—\/Cos[c+dx] Sec[1 (c+dx>]4 —Tan[l (c+dx”2]
4 4

\/Cos[c+dx] Sec[l (c+dx)]4 Sec[l (c+dx”5 (a (1+Sec[c+dx]))>?
4 2

Problem 165: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(a+a$ec[c+dx])S/ZTan[c+dx]5d1x

Optimal (type 3, 290 leaves, 4 steps):
2 35/2 ApcTan [ _/a Tanfcidx]

a+aSec[c+d x] 2a3Tan[c +dx]
_ + _
d dVa+asec[c+dx] 3d(a+aSec[c+dx])*?

2a*Tan[c+dx]3

+

2a°Tan[c+dx]> 62a°Tan[c+dx]’ 98 a’ Tan[c +d x]°

+ + +
5d(a+aSec[c+dx])** 7d(a+aSec[c+dx])”? 9d(a+aSec[c+dx])®?
62a%Tan[c+dx]1?

18 a° Tan[c +d x] 3 2a®Tan[c+dx]®

+ +
11d (aJraSec[Cerx])ll/2 13d (a+aSec[c+dx])13/2 15d (a+aSec[c+dx])15/2

Result (type 4, 1415leaves):
1

1 5
Sec| — [c+dx a(1+Sec[c+dx]))>?
1024 d Sec[c + d x]°/? [2( + ” ( ( + [c+ ]>)

2 (636923 + 4980406 Cos [c +dx] + 984986 Cos[2 (c+dX) | +
45045

3075074 Cos |3 (c+dx) | +437114Cos[4 (c+dx) | +1097774 Cos |5 (c+dx) | +
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92054 Cos[6 (c+dx) | + 182144 Cos[7 (c+dx)]) Sec[c+dx]15/251n[l (c+dx)]+
2

1 s | 7-5V2 +(18-72 | Cos|
2048 (-3-2/2 | Cos[~ (c+dx]]

4 1+Cos[%(c+dx)

“1+42 - (72+\5) Cos[i (c+dx)]

1+Cos[i (c+dx)]

Tan[ (c+dx
EllipticF [ArcSin| 4 ], 17-12V2] +

3-2+/2

Tan[ > (c+dx)
2EllipticPi[-3+2+/2, -ArcSin| * ],17-12+/2]

3-24/2

Sec[i (c+dx)]2

\/(1\E+(2+\/7) Cos[l (c+dx)]

2

Sec[c+dx}3/2\/3—2\/7—Tan[1(c+dx)]2 1

4 1920d

(1+2Cos[c+dx] +2Cos[2 (c+dx) ] +2Cos[3 (c+dx)|+2Cos[4 (c+dx)]|+
2Cos[5 (c+dx) | +2Cos[6 (c+dx)]|+2Cos[7 (c+dx)])
1 4
Sec[~ (c+dx)| sec[c+dx]®
2
(a (1+Sec[c+dx]))5/2
1
2496 d
(17 +34 Cos[c+dx] +34Cos[2 (c+dx) ]| +34Cos[3 (c+dx)] +
34Cos[4 (c+dx)] +34Cos[5 (c+dx)|+4Cos[6 (c+dx)]|+4Cos[7 (c+dx)])

Tan[% (c+dx)]+

Sec[1 (c+dx)]45ec[c+dx]5 (a (1+Sec[c+dx]))5/2
2

1 1
Tan[ = (c+dx) | -
2 54912d
5 (263 +526 Cos[c+dx] +526Cos[2 (c+dx)| +526Cos[3 (c+dx)] +

136 Cos[4 (c+dx) | +136Cos[5 (c+dx) | +16Cos[6 (c+dx)| +16Cos[7 (c+dx)])

Sec[1 (c+dx)]45ec[c+dx]5 (a(1+sec[c+dx]))®?
2

1 1
Tan[ = (c+dx) ]|+

2 299524
(1241 + 2482 Cos[c +d x] + 1052 Cos[2 (c+dx) | + 1052 Cos[3 (c+dx) | +

272 Cos[4 (c+dx) | +272Cos[5 (c+dx) | +32Cos[6 (c+dx)| +32Cos[7 (c+dx)])

Sec[1 (c+dx)]45ec[c+dx]5 (a(1+sec[c+dx]))®?
2
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1 1
Tan[= (c+dx)| - ———
2 524160d
(3493 + 19856 Cos[c +dx] + 8416 Cos[2 (c+dx) | + 8416 Cos[3 (c+dX) | +
2176 Cos [4 (c+dx) | +2176 Cos[5 (c+dx) | +256 Cos[6 (c+dx) | +256Cos[7 (c+dx)])
Sec[l(c+dx)]4Sec[c+dx]5<a (1+Sec[c+dx]))>?
2
Tan[l(c+dx)]—71
2 1441440 d
(-2023 + 21694 Cos[c +dx] -1186Cos[2 (c+dx)] +16832Cos[3 (c+dx) | +
4352 Cos |4 (c+dx)| +4352Cos |5 (c+dx) | +512Cos[6 (c+dx) ]| +512Cos[7 (c+dX) )
1 4 1 1
Sec[= (c+d S dx]® (a(1+5S d *2 Tan[ = d —
ec[z(c+ x)] ec[c+dx]® (a(1+Sec[c+dx])) an[z(c+ X>}+1153152d
(-23107 + 56746 Cos[c +d x] - 34774 Cos[2 (c+dx) | +37298Cos 3 (c+dx)] -

12622 Cos[4 (c+dx) | +17408Cos |5 (c+dx) | +2048Cos[6 (c+dx) | +2048Cos[7 (c+dx)])
1
658944 d
(-52649 + 100622 Cos [c + d x] - 82418 Cos 2 (c+dx) | +61726 Cos[3 (c+dx) | -
38114 Cos[4 (c+dx) | +21946 Cos|[5 (c+dx) | -8774Cos[6 (c+dx) ] +4096 Cos[7 (c+dx)])

Sec[1 (c+dx)]4$ec[c+dx]5 (a (1+Sec[c+dx]))5/2Tan[l (crdx)]-
2 2

Sec[l (c+dx)]45ec[c+dx]5 (a (1+Sec[c+dx]))5/2Tan[l (c+dx)]
2 2

Problem 166: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(a+a5ec[c+dx])S/ZTan[c+dx]4d1x

Optimal (type 3, 224 leaves, 4 steps):
2 35/2 ApcTan [ _/a Tanfc+dx]

a+aSec[c+d x] 2a3Tan[c+dx]
- +
d d+a+aSec[c+dx]
2a*Tan[c+dx]3 6a°Tan[c+dx]° 34a%Tan[c +dx]”

+ +
3d (a+aSec[c+dx])** d(a+aSec[c+dx])*? 7d(a+aSec[c+dx])’?

143’ Tan[c +d x]° 2a%Tan[c+dx]1

N
9d (a+aSec(c+dx])?? 11d (a+aSec[c+dx])™?

Result (type 4, 1033 leaves):

1 1 5
Sec|— (c+d a(l+Secfc+d >/2
256 dSec[c +dx]5/2 [2 ( + X)] ( ( + [c+ x]))

i (14153 + 188232 Cos[c+dx] + 19924 Cos |2 (c+dx) | + 56884 Cos[3 (c+dx) | +
3465

6086 Cos [4 (c+dx)] +13016 Cos[5 (c+dx)]) Sec[<:+dx111/251n[1 (c+dx)] -
2
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. 7—5\/7+(10—7\/7) Cos[% (c+dx) ]

1+COS[§ (C+dXH

512 (-3-2+/2 | Cos[~ (c+dx)]

FNQ

—1+\/7— (—2+\/?) Cos[i <C+dx)]

(1—\/7+(—2+\/7) Cos[l(c+dx)]

1+Cos[> (c+dx)] 2
Tan[} (c+dx)]
EllipticF [ArcSin| * ], 17-12V2 ] +
3-2+/2
Tan[ (c+dX) ]
2EllipticPi[-3+2+/2, -ArcSin| 4 |, 17-12+2]
3-2v2

Sec[i (c+dx)]2

2

\/(_1—\/7+(2+ﬁ) Cos{l (c+dx) ]

4

Sec[c+dx}3/2\/3—2\/7—Tan[1 (c+dx)]2 +

LS (1+2Cos[c+dx] +2Cos[2 (c+dx) ] +2Cos[3 (c+dx) ]+

704 d
2Cos[4(c+dx)] +2COS[5 (c+dx)])

Sec[l (c+dx)]45ec[c+dx]3 (a(1+sec[c+dx]))®?
2

1

12672d
29 (13+26 Cos[c+dx] +26Cos[2 (c+dx)] +

26 Cos|[3 (c+dx) | +4Cos[42(c+dx” +4Cos[5 (c+dx)])
(a

Tan[% (c+dx)] -

Sec[1 (c+dx)]4Sec c+dx]?

(1+Sec[c+dx]))*?
2

1
Tan|[ = (c+d
an[z (evdx)]+ 2464 d

(151 + 302 Cos[c +dx] +104 Cos[2 (c+dx) | +1@4Cos[3 (c+dx) | +

16 Cos[4 (c+dx)] +16Cos[5 (c+dx)])

Sec[1 (c+dx)]4Sec[c+dx]3 (a(1+sec[c+dx]))*?
2

1

49280 d
3 (71+604 Cos[c+dx] +208Cos[2 (c+dx)] +208Cos[3 (c+dx)]+

32Cos[4 (c+dx)] +32Cos[5 (c+dx)])

Tan[% (c+dx)] -

Sec[l <C+dx)]4Sec[c+dx]3 <a (1*Sec[c+dx]))5/2Tan[
2

N |

(c+dx)} -

(-587 + 2522 Cos[c+dx] - 646 Cos[2 (c+dx) | +
44352d
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1664 Cos 3 (c+dx) | +256 Cos[4 (c+dx) | +256Cos[5 (c+dx)])

Sec[1 (c+dx)]45ec[c+dx]3 (a (1+Sec[c+dx]))5/2Tan[l (c+dx)] +
2 2
1
88704 d

1942 Cos[3 (c+dx)| -874Cos[4 (c+dx) | +512Cos[5 (c+dx)])

5 (-1867 + 3658 Cos [c + d x] - 2678 Cos [2 (c+dXx) | +

Sec[l (c+dx)]45ec[c+dx]3 (a (1+Sec[c+dx]))5/2Tan[l (c+dx)]
2 2

Problem 167: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(a+a5ec[c+dx])5/2Tan[c+dx}2d1x

Optimal (type 3, 160 leaves, 4 steps):

2a%2 ArcTan | —a Tanlcedx]

a+aSec[c+d x] 2a’Tan[c +dx]
- + +

d dva+aSec[c+dx]

14 a* Tan[c +d x] 3 2a°Tan[c+dx]° 2a%Tan[c+dx]’
+ +

3d (a+aSec[c+dx])>? d(a+aSec[c+dx])*? 7d(a+aSec[c+dx])’?

Result (type 4, 644 leaves):
1

64 d Sec[c +dx]°/?

Sec[1 ((:erx)]5 (a(1+secic+dx]))*?
2

2
—— (127 +954 Cos[c+dx] +142Cos |2 (c+dx) | +352Cos[3 (c+dx)])
105

Sec[c+dx}7/zsin[1 (c+dx)]+
2

128 (*3*2\5) Cos[1 <c+dx)]4 7-5V2 + (10’7\/?) Cos[L (c+dx)]

4 1+Cos{%(c+dx)

“1+42 - (—2+\/7) Cos[i (c+dx)]

1+Cos[% (c+dx)]

(17\E+ (72+\E) Cos[1 (c+dx)]

2

Tan[2 (c+dx
EllipticF [ArcSin| ‘ ], 17-122] +

3-24/2

Tan[ > (c+dx)
2EllipticPi[-3+2+/2, -ArcSin| * ],17-12+/2]

3-24/2
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4

\/[_1_\/7+ (2+ﬁ) Cos[% (c+dx)] Sec[l (c+dx)]2

(c+dx)]2 -

N

Sec[c+dx13/2\/3—2\/7—Tan[

id(l+2(:os[c+dx] +2Cos[2 (c+dx)] +2Cos[3 (c+dx)])
28

Sec[l (c+dx)]4

2
Sec[c +dX]
(a(1+Sec[c+dx]))>?

1
T — d
an[2 (c+dx)] +80d
(9+18Cos[c+dx] +4Cos[2 (c+dx)] +4Cos[3 (c+dx)])

Sec[l (c+dx)]4
2
Sec[c +dX]

(a (1+Sec[c+dx}))5/2
1 1
Tan[ = (c+dx)| - ——
an[z(c+ x) | on g
(-33+74Cos[c+dx] -38Cos[2 (c+dx)]|+32Cos[3 (c+dx)])

1 4
Sec[~ (c+dx)| Sec[c+dx]
2

(a (1+Sec[c+dx}))5/2Tan[l (c+dx)]
2

Problem 168: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JCot[c+dx}2 (a+asec[c+dx])*?dx

Optimal (type 3, 66 leaves, 3 steps):

252 Ar‘cTan[JL'—‘—a Tan[crdx
arasec[cdx] 432Cot[c+dx]a+aSec[c+dx]

d d

Result (type 4, 397 leaves):
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iCos[c+dx}ZSec[1 (c+dx>]5 (a (1+Sec[c+dx]))5/2 [—ECSC[1 (c+dx)] JrSin[1 (c+dx)] +
2 2 2 2

32(_3_2\/7) COS{E(chdX)]“ 7—5ﬁ+(10—7\/7) Cos[% (c+dx) ]

d 4 1+Cos[§<c+dx)]

—1+\/7— (—2+\/7) Cos[i (C+dXH

[1—\/?+ (—2+ﬁ) Cos[l (c+dx)])

1+Cos[§(c+dx>] 2
Tan[l(c+dx
Cos[c+dx] |EllipticF [ArcSin| 2 ],17-12/2 ] +
3-2+/2
Tan[1 (c+dx
2EllipticPi[-3+2+/2, -ArcSin| : |, 17-12+2]
3-2/2
1 1 2 1 5
\/(—1—\/7+(2+\/7)Cos[—(c+dx)] Sec[—(c+dx)] Sec[—(c+dx)]
2 4 2
(a (1+Sec[c+dx]))5/2\/32\5Tan[1(c+dx”2
4

Problem 169: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JCot[c+dx}4 (a+asecic+dx])*?dx

Optimal (type 3, 96 leaves, 4 steps):
2 25/2 ApcTan { M]

a+aSec[c+dx]
d
2a2Cot[c+dx] Va+aSec[c+dx] 2aCot[c+dx]3 (a+aSec[c+dx

d 3d

+

]>3/2

Result (type 4, 417 leaves):
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iCos[c+dx}ZSec[1 (c+dx>]5 (a (1+Sec[c+dx]))*?
2
5

ECSC[% (c+dx)] —iCsc[% <c+dx)]3—§Sin[§ (c+dx)]

7-5+/2 + (1077\/7) Cos[% (c+dx)]

1+Cos[§ (c+dx)]

32 (-3-22] COS[i (cedx)]’

“1++/2 - (—2+\/7) Cos[% (c+dx) ]

1+Cos[i (c+dx>]

[1_\/7+ (—2+\/7) COS[% (C’deH)

Tan[% (c+dx
Cos[c+dx] |EllipticF[ArcSin[ —2 ],17-12+/2] «
3-2V2
Tan[1 (c+dXx)
2EllipticPi[-3+2+/2, -ArcSin| : |,17-12+/2 ]
3-242
\/(1\/7+(2+\E)Cos[l(c+dx)] Sec[l(c+dx)] Sec[~ (c+dx) |
2 4 2

2

4

(a (1+Sec[c+dx]))5/2\/3—2\/_—Tan[1 (c+dx)]

Problem 172: Result more than twice size of optimal antiderivative.

dx

J Tan[c+dx]3

va+aSec[c+dx]

Optimal (type 3, 78leaves, 5steps):

a+aSec[c+d x]

NeS ] 2+/a+aSec[c+dx] 2 (a+aSec[c+dx])

+

Va d ad 3a%d

2 ArcTanh | 3/2

Result (type 3, 165leaves):
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2Cos[§ (c+dx)]

Log[Sec[1 (c+dx)]2] -

(c+dx)]° .

[Cos[1 (c+dx)] (-2+4Cos[c+dx]) +3\/7Cos[1
2 4

4 4

Log[2+\/7\/Cos[c+dx] Sec[l (c+dx)]4 —2Tan[l (c+dx)]2]]

1 4\ 3/2
Cos[c+dx] Sec[~ (c+dx)] ) Sec[c+dx]?
4

/(Bd\/a (1+Sec[c+dx]) )]

Problem 173: Result more than twice size of optimal antiderivative.

dx

J Tan[c +dXx]

va+aSec[c+dx]

Optimal (type 3, 31leaves, 3 steps):

a+aSec[c+d x] ]

2 ArcTanh | -
a

Va d
Result (type 3, 131 leaves):

1
2

2\/7Cos[ (c+dx)]

4 4

Log[Sec[% (c+dx”2] —Log[2+\/7\/Cos[c+dx] Sec[l (c+dx)]4 —2Tan[l <c+dx)]2]]

Sec[41 (c+dx)]

2/ d\/Cos[c+dx} Sec[l(c+dxﬂ4 \/a (1+secic+dx])
4

Problem 174: Result more than twice size of optimal antiderivative.

dx

J Cot[c +dx]
va+aSec[c+dx]

Optimal (type 3, 92 leaves, 7 steps):

2Ar‘cTanh[:a+asic_[c+dx] ] Ar‘cTanh[ ajs_ecv[c_*dx] } 1
a 2 a

\/?d \/?\Ed d\/a+aSec[c+dx]
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Result (type 3, 263 leaves):
1

Zd\/a (1+sec[c+dx])

2-4Cos| (c+dx)]2—Cos[

N |

2 1
(c+dx)] Cos[; (c+dx)]

4\/7Log[5ec[i (c+dx)]2] -

IS

(c+dxH4 —3Tan[% (c+dx”2] -

SIS

Log[Tan[1 (c+dx>]2} +Log[1+\/Cos[c+dx} Sec|
a

4 4

4\/?Log[2+\/?\/Cos[c+dx] Sec[1 (c+dx)]4 72Tan[l (c+dx>]2} -

Log[3\/Cos[c+dx] Sec[1 (c+dx)]4 7Tan[1 (c+dx”2}
4 4

1 4
\/Cos[c+dx]Sec[(c+dx)] Sec[c +dx]

4

Problem 175: Result more than twice size of optimal antiderivative.

J Cot[c+dx]3

va+aSec[c+dx]

dx

Optimal (type 3, 152 leaves, 9steps):
2Ar‘cTanh[ a+aSec[c+d x] ] 9Ar‘cTanh{3{a+a Sec[c+d X] ]

Va V2 Va

- + - +
Va d 8+/2 +/a d 12d (a+aSec[c+dx])>?

a 7
+

2d (1-Sec[c+dx]) (a+aSec[c+dx])3/2 8d+/a+aSec[c+dx]

a

Result (type 3, 351 leaves):
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1

16d\/a (1+secfc+dx])

Cos[i (c+dx)]2Cos[§ (c+dx)]

32ﬁLog[Sec[i (c+dx)]2] —9Log[Tan[i (c+dx)]2] +

<c+dx)]2] -

FNQUN

1 4
9Log[1+\/Cos[c+dx]Sec[(c+dx)] -3Tan|
4

4 4

32\/7Log{2+\/7\/Cos[c+dx1 Sec[l (c+dx”4 —2Tan{l (c+dx”2] -

9Log[3—\/Cos[c+dx] Sec[l (c+dx)]4 —Tan[1 (c+dx)]2}
4 4

1 a4
\/Cos[c+dx]$ec[(c+dx)] Sec[c+dx] +
4

(Cos[% (c+dx)] [%Cos[% (c+dx)] —iCot[% (c+dx)] Csc[% (c+dx)] -

/(d\/a (1+sec[c+dx]) )

4 1 1 1 3
) — d —S — d
; ec[z(c+ x)]+12 ec[z(c+ XH

Sec[c+dx]

Problem 177: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

dx

j Tan[c+dx]®
va+aSec[c+dx]

Optimal (type 3, 189leaves, 4 steps):
2Ar‘cTan[ v/ a Tan[c+dx

arasec[c+dx] 2Tan[c +dx] 2aTan[c+dx]?3
\Jad +d\/a+aSec[c+dx] 3d(a+aSec[c+dx})3/2+
2a?Tan[c+dx]° 6a3Tan[c+dx]’ 2a*Tan[c+dx]°
5d (a+aSec[c+dx])>? +7d (a+aSec[c+dx])7/2+9d (a+asec(c+dx])??

Result (type 4, 469 leaves):
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ec[c+dx]

1
C — d
os[z(c+ x)

|s
1532 . 1 136 . 1 176
[ Sln[f(c+dx”+ Sec[Cerx]Sln[f(c+dx)]——5ec[c+dx]2
315 2 315 2 105

1 4 1 4 1
Sin|— d -—S5s dx]3sin|— d -s dx]4sin|— d
1n[2(c+ x” = ec[c+dx] 1n[2(c+ x>]+9 ec[c+dx] 1n[2(c+ x”

|/

1

(93 [1secicrax] | - 16 (-3-2/2 ) cos[~ (c+dx)]"

N

d\/a (1+Sec[c+dx])

7-5v2 4+ (10-7/2 ) cos|

1+Cos[§ (c+dx)

<C+dx>]

Cos[% (c+dx)]

“1++/2 - (—2+\/7) Cos[% (c+dx) ]

[1—\/7+ (—2+\/7) Cos[l (c+dxH)

1+COS[§<C+dX>] 2
o ' Tan[i(c+dx)
EllipticF [ArcSin| |,17-12~/2 ] +
3-2+/2
Tan[1 (c+dx) |
2EllipticPi[-3+2+/2, -ArcSin| : |,17-12+/2]
3-242

Sec[i (c+dx)]2

\/(_1_\/7+ (2037 cos® (eax)]

Sec[c+dx]2\/32\/7Tan[1 (c+dx”2

4

Problem 178: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

dx

J Tan[c+dx]?

va+aSec[c+dx]

Optimal (type 3, 125leaves, 5steps):
2Ar‘cTan[ “/a Tan[c+dx

a+aSec[c+d x] 2Tan[c +dx]
- +
\Jad dva+aSec[c+dx]
2aTan[c+dx]3 2a’Tan[c+dx]°

N
3d (a+aSec[c+dx])*? 5d(a+aSec[c+dx])*?

Result (type 4, 425 leaves):
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Cos[1 (c+dx>] Sec[c +dx]
2
[—gsin[1 <c+dx)] —iSec[Cerx] Sin[1 <c+dx)] +iSec[c+dx}ZSin[1 (c+dx)} )/
15 2 15 2 5 2

1

(d\/a (1+Sec[c+dx]) )7

d\/a (1+Sec[c+dx])

7-5v2 + (10-7/2 ) Cos|

1+COS[§ <C+dx>

(c+dx)]

16 (—3—2\/7) Cos | (c+dx)]4Cos[§ (c+dx)]

FNN

1442 - (—2+\/7) Cos[% (c+dx) ]

1+COS[§ <C+dx>]

[1—\/7+ (—2+\/?) Cos[l (c+dx”

2

Tan[4l (c+dx”

|,17-12~/2 ] +

{EllipticF [ArcSin|

3-24/2
Tan{l(c+dx” ]
2EllipticPi[-3+2+/2, -ArcSin| 4 |,17-12+2]
3-2+/2
\/(—1—\/7+ (2+\/7) Cos[i (c+dx) ] Sec[i (c+dx>]2

Sec[c+dx]2\/32\/7Tan[1 (c+dx”2

4

Problem 179: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

dx

J Tan[c +d x]?

va+aSec[c+dx]

Optimal (type 3, 63 leaves, 3 steps):
2Ar‘cTan[ Va Tan[c+dx

a+aSec[c+d x] 2Tan[c +dx]
- +

\ad d+a+aSec[c+dx]

Result (type 4, 379 leaves):
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4Cos[i (c+dx)] sec[c+dx] Sin[i (c+dx) ]

+

d\/a (1+sec[c+dx])
1

**W051C+X4oslc+x
d\/a<1+Sec[c+dx]> 16( 2 Z)C [4( d )] ¢ [2( d H

7-5+2 + (10—7\/7) Cos[% (c+dx)] “1++/2 - (—2+\/7) Cos[i (c+dx)]

1+COS[§<C+dX>] 1+C05[§(C+dx”

Tan[ (c+dx
EllipticF [ArcSin[ —— |, 17-12/2] +

\3-2+2

(1—\/7+(—2+\/?) Cos[1<c+dx)]

2

Tan[1 (c+dx) |
2EllipticPi[-3+2+/2, -ArcSin| : |,17-12+2 |

3-24/2

\/(1\/7+ (2+\E> COS[% (c+dx)]

4

Sec[c+dx]2\/3—2\/7—Tan[l (c+dx”2

Problem 184: Result more than twice size of optimal antiderivative.

Tan[c+dx]3
J dx
(

a+aSec[c+dx])>?

Optimal (type 3, 54 leaves, 4 steps):

a+aSec[c+d x]

NeS ] 2+a+aSec[c+dx]
.

a3/2C| azd

2Ar‘cTanh[

Result (type 3, 155leaves):

4Cos[l <c+dx)]3 2Cos[§ (c+dx)] +\/7Cos[i (c+dx”2

A —Log[Sec[i(c+dx)]2]+

4 4

Log[2+\/7\/Cos[c+dx1 Sec[l (c:+dx”4 —2Tan[1 (c+dx)]2]]

\/Cos[c+dx} Sec[1 (c+dx>]4 Sec[c +dx]?

4

/(d (a (1+Sec[c+dx])>3/2)
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Problem 185: Result more than twice size of optimal antiderivative.

J( Tan[c +d x] dx

a+aSec[c+dx])>?

Optimal (type 3, 54 leaves, 4 steps):
2 ArcTanh [ a+aSec[c+dXx] ]
a’/?d ad+a+aSec[c+dx]

2

Result (type 3, 179 leaves):

4Cos[§ <c+dx)]2

(c+dx)]’] -

2

[1+2Cos[:l (c+dx)]2+\/7Cos[ (c+dx)]2Cos[l (c+dx)] {Log[Sec[

2

nR
R

Log[2+\/?\/Cos[c+dx] Sec[l (c+dx”4 72Tan[1 (c+dx)]2]]

4 4
\/Cos[c+dx] Sec|

(ad (1+Cos[c+dx]) \/a (1+Sec[c+dx]) )

(c+dx)]4 Sec[c +d x]

/

IS

Problem 186: Result more than twice size of optimal antiderivative.

Cot[c+dx]
j( dx

a+aSec[c+dx])>?

Optimal (type 3, 120leaves, 8 steps):

2Ar‘cTanh[ a+aSec[c+dx] ] Ar‘cTanh[ a+aSec[c+dx] }
Va B V2 a
a*?d 2+/2 a¥2d
1 3

3d <a+aSec[c+dx})3/2 2ad+a+aSec[c+dx]

Result (type 3, 292 leaves):
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1

6ad (1+Cos[c+dx]) \/a (1+Sec[c+dx])

[2+26Cos[i (c+dx)]2—44Cos[§ (c+dx”4—3Cos[i (c+dx)]2

Cos[1 (c+dx”3

A SﬁLog[Sec[i <c+dx)]2] 7Log[Tan[41 (c+dx”2} + Log|

2

<C+dx)] ]7

FNQUN

1 4
1+\/Cos[c+dx] Sec[z (c+dx)] -3Tan|

8\/7Log[2+\/?\/Cos[c+dx] Sec[l (c+dx)]4 —2Tan[1 (c+dx>]2} -

4 4

Log[B—\/Cos[c+dx] Sec[1 (c+dx)]4 —Tan[1 (c+dx”2}

4 4
\/Cos[c+dx] Sec[

Problem 187: Result more than twice size of optimal antiderivative.

(c+dx)]4 Sec[c +dXx]

H R

dx
3/2

J Cot[c+dx]3
(

a+aSec[c+dx])

Optimal (type 3, 176 leaves, 10 steps):

2Ar‘cTanh[ a+aSec[c+d Xx] ] 11 Ar‘cTanh[ a+aSec[c+d x] }
B Va . V2 Va
a’*d 16 /2 a*/2d
3a a

+ +
20d (a+aSec[c+dx])”? 2d(1-Sec[c+dx]) (a+aSec[c+dx])”?
5 21

N
24d (a+asSec[c+dx])*? 16ad+a+aSec[c+dx]

Result (type 3, 375leaves):
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1

16d (a (1+Sec[c+dx]))>?

Cos[1 (c+dx)]2Cos[1 (c+dx”3

. A 64\/7Log[5ec[%(c+dx”2]—11Log[Tan[i(c+dx)]2}+

(c+dx>]4 -3Tan| (c+dx”2] -

IS
IS

11 Log[1+\/Cos[c+dx] Sec[

64\/7Log[2+\/7\/Cos[c+dx} Sec[l (c+dx”4 —2Tan{l (c+dx”2] -

4 4

11Log[3—\/Cos[c+dx] Sec[1 (c+dx>]4 —Tan{l (c+dx”2]
4 4

Cos{l (c+dx”3

\/Cos[c+dx] Sec[1 (c+dx)]4 Sec[c+dx]%+

4 2
449 1 1 1 1 281 1
—C — d - —Cot| — d C — d -—S5S — d
(60 os[z(c+ x) | . 0[2(c+ x) | sc[z(c+ x) | " ec[2<c+ R
et 3 1 1 5 3/2
305ec[2(c+dx)] —ZOSec{Z(c+dxH Sec[c+dx]2/(d (a (1+Secfc+dx])) )

Problem 189: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Tan[c+dx]®
j dx
(a+asSec(c+dx])>?

Optimal (type 3, 157 leaves, 5 steps):
2Ar‘cTan[ v/ a Tan[c+dx

a+aSec[c+dx] 2Tan[c +dXx]
. _
a’’2d ad+a+aSec[c+dx]
2Tan[c+dx]3 2aTan[c+dx]® 2a?Tan[c+dx]’

+ +
3d (a+aSec[c+dx])>? 5d(a+aSec[c+dx])*? 7d(a+aSec[c+dx])’?

Result (type 4, 453 leaves):
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1168

(c+dx>]3Sec[c+dx]2
105

Cos [

(c+dx)] -

N |

1 256
Sin[ = (c+dx)] - ——Sec[c+dx] Sin]
2

105 ] /

N |

64 9 s
— Sec[c+dx] Sln[
35

N |

(c+dx>] +§Sec[c+dx]3sin[1 (c+dx”
7 2

1
d(a(1+Sec[c+dx]))>?

(d (a(1+secfc+dx]))?

N
_

+

4 3 -5+/2 + ~7+/2 ) cos[* (c+dx
32(—3—2\/?)Cos[i<c+dx)] cos[%(“dxﬂ 7-542 1(+1@cos7[12<c)+cdxgﬁ( dx) ]|

—1+\/?— (—2+\/7) Cos[i (c+dx”

[1—\/?+ (—2+\/7) COS[1 (c+dx”

1+Cos[§(c+dx)] 2
Tan|% (c+dx)}
EllipticF [ArcSin| : |,17-12v2 ] +
3-2+2

Tan[1 (c+dx) |
2EllipticPi[-3+2+/2, -ArcSin| 4 |, 17-12+2]

\3-2+2

Sec[i (c+dx>]2

\/(_1—\/7+ (2+\/7) Cos[% (c+dx) ]

4

Sec[c+dx]3\/32\/?Tan[1 (Cerx”2

Problem 190: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Tan[c+dx]?
J dx
(a+asec[c+dx])>?
Optimal (type 3, 95leaves, 4 steps):

2 ArcTan [ _/a Tanfc+dx]

a+asec(crdx] 2Tan[c +dXx] 2Tan[c+dx]3
- +

a’2d adVa+asec[c+dx] 3d(a+aSec[c+dx])*?

Result (type 4, 409 leaves):
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Cos| (c+dx>]35ec[c+dx]2

N |

32 1 8 1
- —Sin| — d —-S d Sin| — d
Z 1n[2<c+ x)]+3 ec[c+dx] 1n[2(c+ x”

|/

(d (a (1+Sec[c+dx1))3/2) -

! 32 (-3-22 ) Cos|

4 1 3
(c+dx)] Cos[; (c+dx)]

FNQUN

d(a(1+Sec[c+dx]))>?

7—5\/7+(10—7\/7) Cos[% (c+dx) ] —1+\/7—(—2+\/7) Cos{%(c+dx”

1+Cos[§(c+dx>] 1+Cos[§(c+dx”

Tan[; (c+dXx) ]
EllipticF [ArcSin[ —— |, 17-12/2] +

\3-2+2

(1—\/?+(—2+\/?) COS[1<C+dX)]

2

Tan[1 (c+dx) |
2EllipticPi[-3+2+/2, -ArcSin| : |,17-12+2 ]

3-24/2

Sec[1 (c+dx)]2

<C+dx)] .

N |

\/(1\/?+(2+\E) COS[

1

4(c+dx”2

Sec[c+dx]3\/3—2\/7—Tan[

Problem 195: Result more than twice size of optimal antiderivative.

Tan[c+dx]°
J( dx

a+aSec[c+dx])®>?

Optimal (type 3, 78 leaves, 5steps):

a+aSec[c+d Xx]

Va ] 6\/a+aSec[c+dx} 2(a+aSec[c+dx])

.
a®/2d a’d 3a%d

2Ar‘cTanh[ 3/2

Result (type 3, 215leaves):
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8\/7Cos[41 (c+dx)]2Cos[§ (c+dx)]5
Log[Sec[i (c+dx)]2] —Log[2+\/7\/Cos[c+dx1 Sec[i (c+dx)]4 —2Tan[i (c+dx”2]

/(d (a (1+Sec[c+dx}))5/2) +

1 a
\/Cos[c+dx]5ec[—(c+dx>] Sec[c+dx]?3
4

(c+dx)] +1f6Cos{l (c+dx)]secic+dx]

(Cos[1 (c+dx)]53ec[c+dx]3 (—gCos[1
3 2 3 2

2
(d (a (1+Sec[c+dx}))5/2)

|/

Problem 196: Result more than twice size of optimal antiderivative.

Tan[c+dx]3
J dx
(a+aSec[c+dx])>?

Optimal (type 3, 54 leaves, 4 steps):

a+aSec[c+dx]

2 ArcTanh| = ] ) 4

a*’2d a2d~/a+aSec[c+dx]
Result (type 3, 179 leaves):
- 8Cos[1<c+dx)]4

2

—2+4Cos[1 (Cerx)]ZJr\/?Cos[1 <c+dx)]2Cos[l (c+dx)} {Log[Sec[l (c+dx”2] -
2 4 2 4

Log[2+\/7\/Cos[c+dx] Sec[l (c+dx)]4 72Tan[1 (c+dx)]2]]

4 4

Sec[c +dx]

/

\/Cos[c+dx} Sec[1 (CerxH4
4

(azd (1+Cos[c+dx})2\/a (1+Sec[c+dx]) )]



Mathematica 11.3 Integration Test Results for 4.5.1.4 (d tan)”n (a+b sec)”~m.nb | 91

Problem 197: Result more than twice size of optimal antiderivative.

J( Tan[c +d x] dx

a+aSec[c+dx])*?

Optimal (type 3, 78leaves, 5steps):
2Ar‘cTanh[ a+aSec[c+dXx] ]
- Va + +
a*’2d 3ad<a+aSec[c+dx})3/2 a?d+/a+aSec[c+dx]

2 2

Result (type 3, 197 leaves):

Cos[l (c+dx)}2—10Cos[1 (c+dx)]4+16Cos[1 (c+dx)}6+
2 2 2

4

6\/7Cos[

41 (c+dx”2Cos[§ (c+dx)]5 {Log[Sec[jL (c+dx)]2] _

4 4

Log[2+\/7\/Cos[c+dx] Sec[l (c+dx”4 —2Tan[l (c+dx)]2]]

1 4
\/Cos[c+dx]5ec[—(c+dx)] Sec[c +dx]

4

/

(Bazd (1+Cos[c+dx])2\/a (1+sec[c+dx]) )

Problem 198: Result more than twice size of optimal antiderivative.
J Cot[c+dx] dx
(a+asec[c+dx])>?

Optimal (type 3, 144 leaves, 9steps):

2 ArcTanh [ a+aSec[c+dx] ] Ar‘cTanh[ a+aSec[c+dx] }
Va B V2 /a B
a2 d a2 a2 d
1 1 7

5d (a+aSec[c+dx])*? 2ad(a+aSec[c+dx])”? 4a2d-/araSecc+dx]

Result (type 3, 347 leaves):
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1

2d (a(1+Sec[c+dx]))*?

Cos[1 (c+dx)]2Cos[1 (c+dx”5

. A —16\/7Log[5ec[i<c+dx)]2]+Log[Tan[4l(c+dx”2}—

(c+dx)]4 -3Tan| (c+dx>]2} +

IS
IS

Log[1+\/Cos[c+dx] Sec[

16\/7Log[2+\/7\/Cos[c+dx} Sec[l (c+dx”4 —2Tan{l (c+dx”2] +

4 4

Log[3—\/Cos[c+dx] Sec[l <c+dx)]4 —Tan[l (c+dx”2}
4 4

Cos{i (c+dx”5

\/Cos[c+dx] Sec[1 (c+dx)]4 Sec[c+dx]3+
4

1 67 1 11 1 3 1 1 5
~Zcos[= (c+d 2T sec[= (c+dx)] - —Sec[= (c+d ~sec[= (c+d
- os[2<c+ x)]+5 ec[z(c+ x)] z ec[z(c+ x” +5 ec[z(c+ x”

/(d (a (1+Sec[c+dx]))5/2)

o

Sec[c+dx]3

Problem 201: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Tan[c+dx]®
J dx
( 5/2

a+aSec[c+dx])

Optimal (type 3, 127 leaves, 4 steps):
2Ar‘cTan[ Va Tan[c+dx

a+aSec[c+d x] 2Tan[c +dx]
_ + _
a*/2d a2d~+/a+aSec[c+dx]
2Tan[c+dx]3 2Tan[c+dx]?>

+
3/2 5/2

3ad (a+aSec[c+dx]) 5d (a+aSec[c+dx])

Result (type 4, 431 leaves):
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368 . 1 176 .
——sin[ = (c+dx)] - ——Sec[c+dx] Sin]
15 2 15

)/(d (1+Sec[c+dx])>5/2)+

(a
1
4

Cos| (c+dx>]55ec[c+dx]3 (c+dx”+

N |

N |

ESec[c+dx}ZSin[1 (c+dx>]
5 2

1
d(a(1+Sec[c+dx]))®?

4 1 5
(c+dx)] Cos[; (c+dx)]

64 (-3-2+/2 | Cos|

7-5+/2 + (10—7ﬁ) Cos[% (c+dx) ] “1++42 - (—2+\/7) Cos[% (c+dx)]

1+Cos[§(c+dx>] 1+Cos[i(c+dx”
( 1 o . Tan[i(c+dx)]
1-v2 + (-24V/2 ] Cos[~ (c+dx)]| |ELlipticF[ArcSin| ], 17-12~/2 ] +
2 \V3-2+2
Tan[1 (c+dx) |
2EllipticPi[-3+2+/2, -ArcSin| : |,17-12+/2 ]

3-24/2

Sec[i (c+dx>]2

J(lva (2472 Cos[i (crdx)]

4

Sec[c+dx]“\/32\/7Tan[1 (C+dXH2

Problem 208: Unable to integrate problem.

J(a+a$ec[c+dx])" (eTan[c+dx])"dx

Optimal (type 6, 125leaves, 1step):

1 Lemen 1+m 3+m a-aSec[c+dx] a-aSec[c+dx]
25" AppellF1| ,m+n, 1, , -

de (1+m) 2 2 a+aSec[c+dx])a+aSec[c+dx]

1 1+m+n
(a+asec(c+dx])" (eTan[c+dx] )"

1+Sec[c+dx]

Result (type 8, 25leaves):

j(a+a5ec[c+dx])“ (eTan[c+dx])"dx

Problem 209: Unable to integrate problem.

J(aJraSec[Cerx])3 (eTan[c+dx])"dx

Optimal (type 5, 243 leaves, 8 steps):



94 | Mathematica 11.3 Integration Test Results for 4.5.1.4 (d tan)”n (a+b sec)”~m.nb

3 a3 (eTan[c+dx])1”" 1
+
de (1+m) de (1+m)
3 X 1+m 3+m ) 1em 1
a Hyper‘geometrlczFl[l, R , —Tan[c +d x] ] (eTan[c+dx]) —
2 2 de (1+m)
3 oy 2T . 1+m 2+m 3+m A )
3a’ (Cos[c+dx]?) 2 Hypergeometric2F1| s s , Sinfc+dx]?]
2 2 2
1 4+m
Sec[c+dx] (eTan[c+dx])""+ —————a® (Cos[c+dx]?) 2
de <1+m>
. 1+m 4+m 3+m . 2 3 1+m
Hypergeometric2Fi | , , , Sinfc+dx]?| Sec[c+dx] (eTan[c+dx])
2 2 2
Result (type 8, 25leaves):
J(a+a$ec[c+dx])3 (eTan[c+dx])"dx
Problem 210: Unable to integrate problem.
J(a+a$ec[c+dx])2 (eTan[c+dx])"dx
Optimal (type 5, 161 leaves, 7 steps):
a? (eTan[c+dx])*™" 1
+
de(1+m) de(1+m>
1 3
a’ Hypergeometric2Fi[1, +m, +m) ~Tan[c+dx]?] (eTan[c+dx] )"+
2 2
1 )
—————2a” (Cos[c+dx]?)z
de (1+m)
. 1+m 2+m 3+m . ) 1em
Hypergeometric2F1 | s s , Sinfc+dx]?| Sec[c+dx] (eTan[c+dx])

2 2 2
Result (type 8, 25leaves):

a+asSec[c+dx])? (eTan[c+dx])™dx
( )

Problem 211: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(a+a$ec[c+dx]) (eTan[c+dx])"dx

Optimal (type 5, 129leaves, 4 steps):
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a Hypergeometric2F1|1, B , ~Tan[c+dx]2?] (e Tan[c+dx})1+m

+

—a (Cos[c+dx}2);_
de <1+m)
X 1+m 2+m 3+m . 5 Lem
Hypergeometric2Fi | s s , Sin[c+dx]?| Sec[c+dx] (eTan[c+dx])
2 2 2

Result (type 6, 2548 leaves):

(a (1+secic+dx]) Tan[1 (c+dx)]

2
. 1+m 3+m 1 2 1 2\
(Hyper‘geometr‘1c2F1[—, 1+m, —, Tan[= (c+dx)| ] |Cos[c+dx] Sec{; (c+dx) ]| +
2 2 2
((3+m) AppellFl[lJr—m, m, 1, M, Tan[1 (c+dx)]2, —Tan[l (c+dx)]2]
2 2 2
Cos[l<c+dx)]2]/
2
3+m

((3+m) AppellFl[lﬂ, m,1, —, Tan[l (c+dx)]2, —Tan[l (c+dx)}2} -
2 2 2

m, m, 2, 5;m’ Tan[l (c+dx”2, —Tan[l (c+dx)]2} - mAppellF1|
2 2 2

3+
2 [AppellFl[

3+m 5+m

,1+m, 1,
3+m

1+m 1 2
(Hyper‘geometr‘icZFl[—, 1+m, —, Tan[= (c+dx)]|"]
2 2 2

s Tan[% (c+dxH2, —Tan[% <c+dx)]2} Tan{% (c+dx”2])

Tan[c+dx]" (eTan[c+dx])" d(1+m)

mSec[c+dx}2Tan[l (c+dx)]
1+m 2

1 2\M 1+m
Cos[c +dx] Sec[—(c+dx)]) +((3+m>Appe11F1[ ,m, 1,
2
3+m 1 2 1 2 1 2
, Tan[= (c+dx)]%, ~Tan[= (c+d Cos[= (c+d
A an[z(c+ XH an[2<c+ x)]} os[2<c+ x)])/

(<3+m) AppellFl{lﬂ, m, 1, 3+Tm, Tan[% (c+dx)]2, —Tan[% (c+dx”2] -
2 [AppellFl[M, m, 2, 5;m, Tan{l (c+dx”2, —Tan[l (c+dx)]2} -m
2 2 2

Appe11F1[3+—m, 1+m, 1, 5+_m) Tan| (c+dx)]2, —Tan[l (c+dx”2])
2 2

2

RN

Tan[

N |

2
d T dx] tme ———
(c+ x”)) an[c +dx] +2<1+m)

1 2 . 1+m 3+m 1 2
Sec[; (c+dx)] (Hyper‘geometrlczFl[T, 1+m, - Tan{g (c+dx)]7]

1+m

1 2\"
Cos[c+dx] Sec[ = (c+dx) ]| ] + [(3+m) AppellF1|
2

,mJ 1J

8 Tan[ > (cdx))7, -Tan[ (c-dx) |7 cos[ (c+dx))7) /

ﬂ, m, 1, M, Tan[1 (c+dx”2, —Tan[l (c+dx)]2] -
2

[ (3+m) AppellF1|
2 2
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3;m, m, 2, Sﬂ, Tan[l <c+dx)]2, —Tan{l (c+dxH2] -
2

2 (AppellFl[
2 2

3+m 5+m 1 2
mAppellFl[T, 1+m, 1, - Tan{g (c+dx)],

—Tan[1 (c+dx)]2]

1 2
Tan|— (c+dx)] ]] Tan[c+dx]™+
2 2

X 1+m +m 1 2
mHypergeometric2F1[~———, 1+m, ——, Tan|[ = (c+dx) ]|
2 2 2

1
Tan[= (c+d
- an[z(c+ x)}

Cos[c +dx] Sec[1 (c+dx)]

Py -1+m
; (e+ a0

N

—Sec[1 <c+dx)]zsin[c+dx] +Cos[c+dx] Sec[1 (c+dx) | Tan{l (c+dx)]]-
2 2 2

(c+dx)]?]

1+m 3+m 1 2
—\m, 1, —, Tan[f (c+dx” B —Tan[
2

2
3+m

—_—, Tan[% (c+dx)]2, —Tan[i (c+dx”2} -

[ (3+m) AppellF1]|

N | =

Cos[i (c+dx)] Sin[% (c+dx)]

1+m
(<3+m) AppellFl[—, m, 1,
2

3+7m, m, 2, 5+7m) Tan[E (c+dx”2, —Tan[l (c+dx)]2} -m
2

2 (AppellFl[
2 2

AppellFl[BJrTm, 1+m, 1, M, Tan[% (c+dx)]2, —Tan[i (c+dx”2]

(1+m) AppellF1[1+ tem

Tan[
3+m 2

N |

(c+dx)}2)+((3+m) Cos[%(c+dx)]2 .

m, 2, 1+ 3;m,Tan[§ (c+dx)]2, —Tan[i (c+dx”2} Sec[% (CerxH2
1+m 3+m

m(1+m) AppellF1|1 + ,1+m, 1,1+ s

2 3.em 2 2

Tan[ = (c+dx) | ,—Tan[l(c+dx)]2]5ec[l(c+dx)]2Tan{£(c+dxH J/
2 2 2
(<3+m) AppellFl{lﬂ, m, 1, 3+_m1 Tan[l(c+dx)]2,—Tan{l(c+dx”2}—
2 2 2
3+m 5+m 1 2
2 (AppellFl[—, m, 2, - Tan{; (c+dx)],
—Tan[1 (c+dx)]2] —mAppellFl[m, 1+m, 1, Sﬂ,
2 2 2
Tan[l(c+dx)]2,—Tan[l(c+dx)}2})Tan[1(c+dx)]2)+
2 2 2

N |

(1+m) Csc[% (c+dx)] Sec[i (c+dx)] |Cos[c+dx] Sec[1 (c+dx)]2)m

2

. 1+m 3+m 1 2
[—Hyper‘geometr‘1c2F1[—, 1+m, —, Tan[; (c+dx)]]+
2 2

1+m

(1—Tan[1 (c+dx) ]lem) - ((3+m) AppellF1] ,m, 1,

2

3;m, Tan[% (c+dx”2, —Tan[% <c+dx)]2} Cos[% <c+dx)]2
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(—2 (AppellFl[BJr—m, m, 2, 5;"', Tan[l (c+dx”2, —Tan[l (c+dx)]2} -
2 2 2
mAppellFl[M, 1+m, 1, M, Tan[l (c+dx>]2, —Tan[l (c+dx)]2]
2 2 2 2

(1+m) AppellF1[1+ 1em s

Sec[%(c+dx)]2Tan[§(c+dx>]+(3+m) o 5

m, 2, 1+ 3+m, Tan[1 (c+dx”2, —Tan[l (c+dx)]2] Sec[l (c+dx)]2
2 2

2
1 1 1+m 3+m
Tan[ = (c+dx) ]+ m(1+m) AppellF1[1+ ——, 1+m, 1, 1+ ’
2 3+m 2 2

Tan[1 (c+dx)]2, —Tan[l (c+dx”2} Sec[1 (CerxHZTan[1 <c+dx)] -
2 2 2 2
1 2 1 3+m 5+m
2Tan[ = (c+dx)|" |- 2 (3+m) AppellF1[1+ ——,m, 3, 1+ s
2 5+m 2 2

Tan[% (c+dx”2, 7Tan[§ (c+dx)]2] Sec[i (c+dx)]2Tan[§ (c+dx)]+

+m

3 5+m 1 2
m(3+m) AppellF1[1 + ,1l+m, 2,1+ , Tan[= (c+dx) ],
5+m 2 2 2

—Tan[% (c+dx”2} Sec[% (c+dxH2Tan[§ (c+dx)] -

1 3+m 5+m 1 2
m|- (3+m)AppellF1[1+ ,1+m, 2, 1+ ,Tan[7<c+dx>] ,
5+m 2 2 2
1 2 1 2 1
-T — d S — d T — d
an[z(c+ x)}} ec[z(c+ XH an[2<c+ X)]+5+m
3+m

5+m 1 2
,2+m, 1,1+ » Tan[ = (c+dx) ],

oo et/

m, m, 1, 3+_m) Tan[l (c+dx)]2, —Tan[l (c+dx”2] -
2 2 2

(1+m) (3+m) AppellF1 |1+

—Tan[% (c+dx)]2] Sec[% (c+dx)]2Tan[§ (c+dx)]

1+
( (3+m) AppellF1|

m) m, 2, S%m’ Tan[% <c+dx)]2, —Tan{% (c+dx)]2] -

3+
2 (AppellFl[

+m

3+m 5 1 2
mAppellFl[T, 1+m, 1, —, Tan{; (c+dx)],

—Tan[% (c+dx)]2] Tan[i (c+dx)]2]2] Tan[c+dx]"

Problem 212: Unable to integrate problem.

dx

J(eTan[Cerx])'"

a+aSec[c+dx]

Optimal (type 5, 130 leaves, 5steps):
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1 , 1 1+m , o
e Hypergeometric2F1[1, — (-1+m), , ~Tan[c+dx]?] (eTan[c+dx]) -
ad (1-m) 2 2
——— e (Cos[c+dx]2)"?
ad (1-m) < : )
X 1 m 1l+m A ) 1am
Hypergeometric2F1[ — (-1+m), —, , Sinfc+dx]?] Sec[c+dx] (eTan[c+dx])
2 2 2

Result (type 8, 25leaves):
J(eTan[c+dx])'"

a+aSec[c+dx]

dx

Problem 213: Unable to integrate problem.

(eTan[c+dx])"
J( dx

a+aSec[c+dx])?

Optimal (type 5, 169 leaves, 8 steps):

e3 (eTan[c+dx])’3+m 1
a’d (3-m) a’d (3-m)
e® Hypergeometric2Fi[1, : (-3+m), : (-1+m), -Tan[c+dx]?] (eTan[c+dx])’3*"’+ _r
2 2 a’d (3-m)
2e3 (Cos[c+dx}2>§(72+m) Hyper‘geometr‘iCZFl[1 (-3+m), 1 (-2+m), 1 (-1+m), Sin[c+dx]?]
2 2 2

Sec[c +dx] (eTan[c+dx])’3”"

Result (type 8, 25leaves):

(eTan[c+dx])"
J( dx

a+aSec[c+dx])?

Problem 214: Unable to integrate problem.

(eTan[c+dx])"
J( dx

a+aSec[c+dx])?

Optimal (type 5, 252 leaves, 9 steps):
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3e° (eTan[c+dx})’5+m 1
.
a*d (5-m) a®d (5-m)
S X 1 1 ) 5em 1
e’ Hypergeometric2F1[1, ~ (-5+m), — (-3+m), -Tan[c+dx]?] (eTan[c+dx]) e
2 2 ad (5-m)
5 2\ = (~4+m) : 1 1 1 : 2
3e® (Cos[c+dx]?): Hypergeometric2F1[ = (-5+m), — (-4+m), — (-3+m), Sin[c+dx]?]
2 2 2
-5+m 1
Sec[c+dx] (eTan[c+dx]) B —
ad (5-m)
5 21 = (~2+m) . 1 1 1 . "
e® (Cos[c+dx]?)2 Hypergeometric2F1[ = (-5+m), — (-2+m), — (-3+m), Sin[c+dx]?]
2 2 2

Sec[c+dx]3 (eTan[c+dx})’5+m

Result (type 8, 25leaves):

J (eTan[c+dx])"
(

a+aSec[c+dx])3

dx

Problem 215: Unable to integrate problem.

a+aSec[c+dx])*? (eTan[c+dx])™dx
( )

Optimal (type 6, 131 leaves, 1step):

1 5.m 1+m 3 3+m a-aSec[c+dx] a-aSec[c+dx]
22" AppellF1| ——, = +m, 1, , - s
de (1+m) 2 2 2 a+aSec[c+dx] a+aSec[c+dx]

! " (a+aSec[c+dx])3/2 (eTan[c+dx])1+m

1+Sec[c+dx]
Result (type 8, 27 leaves):

J(a+a5ec[c+dx])3/2 (eTan[c+dx])"dx

Problem 216: Unable to integrate problem.

J\/a+aSec[c+dx] (eTan[c+dx])"dx

Optimal (type 6, 131 leaves, 1step):

1 3em 1+m 1 3+m a-aSec[c+dx] a-aSec[c+dx]
22" AppellF1| ——, = +m, 1, s -

de (1+m) 2 2 2 a+aSec[c+dx]’a+aSec[c+dx}

3
( 1 ;+m
1+Sec[c+dx]

Va+asSec[c+dx] (eTan[c+dx])*"

Result (type 8, 27 leaves):

J\/a+a5ec[c+dx] (eTan[c+dx])"dx
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Problem 217: Unable to integrate problem.

dx

j (eTan[c+dx])"

va+aSec[c+dx]

Optimal (type 6, 131 leaves, 1step):

+m 1 3+m a-aSec[c+dx] a-aSec[c+dx]
)__+m)1) > = k)
2 2 2 a+aSec[c+dx] a+aSec[c+dx]

" 1
2:" AppellF1|

1
( 1 ;+m
1+Sec[c+dx]

(eTan[c+dx])1*"‘]/ (de (1+m) va+asec[c+dx] )

Result (type 8, 27 leaves):

J (eTan[c+dx])"

va+aSec[c+dx]

dx

Problem 218: Unable to integrate problem.

dx

j (eTan[c+dx])"
(

a+aSec[c+dx])>?

Optimal (type 6, 131 leaves, 1step):

1+m 3 3+m a-aSec[c+dx] a-aSec[c+dx]
, ——+m, 1, » ~

1
272" AppellF1| s
2 2 2 a+aSec[c+dx] a+aSec[c+dx]

1
1 7;+m

—_— 1+m 3/2
(1+Sec[c+dx] (eTan[c+dx]) ]/(de(1+m) (a+asec[c+dx]) )

Result (type 8, 27 leaves):

J (eTan[c+dx])"
(

a+aSec[c+dx])

3/2

Problem 219: Unable to integrate problem.

J(a+a$ec[c+dx])“Tan[c+dx]7dlx

Optimal (type 5, 123 leaves, 4 steps):

7 (a+asSec[c+dx])*" 1
+

a*d (4+n) a*d (4+n)
Hypergeometric2F1[1, 4+n, 5+n, 1+Sec[c+dx]] (a+aSec[c+dx])4+”—

5(a+aSec[c+dx])>" (a+aSec[c+dx])®"
+

a°d (5+n) a®d (6 +n)

Result (type 8, 23 leaves):
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J(a+a$ec[c+dx])“Tan[c+dx]7d1x

Problem 220: Unable to integrate problem.

J(a+a$ec[c+dx])"Tan[c+dx]5dlx

Optimal (type 5, 97 leaves, 4 steps):

3(a+aSec[c+dx])3*n 1

a3d(3+n) a3d(3+n)

(a+asec[c+dx])*"

Hypergeometric2F1[1, 3+n, 4+n, 1+Sec[c+dx]] (a+aSec[c+dx])3*“+
a*d (4 +n)

Result (type 8, 23 leaves):

J(a+a5ec[c+dx])"Tan[c+dx]5dlx

Problem 221: Unable to integrate problem.

J(a+a5ec[c+dx])"Tan[c+dx]3dlx

Optimal (type 5, 69 leaves, 3 steps):
(a+aSec[c+dx})2*” 1
a?d (2+n) +azd(2+n)
Hypergeometric2F1[1, 2+n, 3+n, 1+Sec[c+dx]] (a+aSec[c+dx])

2+n

Result (type 8, 23 leaves):

J(a+a5ec[c+dx])"Tan[c+dx]3dlx

Problem 223: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

jCot[c+dx1 (a+asec[c+dx])"dx

Optimal (type 5, 74 leaves, 4 steps):

1 1
- Hypergeometric2F1[1, n, 1+n, = (1+Sec[c+dx])]| (a+aSec[c+dx])"+
2dn 2

1
—Hypergeometric2F1[1, n, 1+n, 1+Sec[c+dx]] (a+aSec[c+dx])"
dn

Result (type 6, 2553 leaves):
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272" Cos[c +d x] Sec[l (c:+dx”2
2

n

1

(a (1-Secicdx1))" [71[17Cot[1(c+dx)]2)n

n 2

1—Tan[§(c+dx”2
. 1 2 1 2
Hypergeometric2F1[n, n, 1+n, Cot[ =~ (c+dx)]| ] (1+Tan[; (c+dx)] )+
2
(4Appe11F1[1, n, 1, 2, Tan[1 (c+dx)]2, 7Tan[1 (c+dx)]2] Tan[1 (c+dx)]2)/
2 2 2

(72Appe11F1[1, n, 1, 2, Tan[1 (c+dx)]2, 7Tan[1 (c+dx)]2] +
2 2

(AppellFl[z, n, 2, 3, Tan[1 (c+dx) ]2, —Tan[l (c+dx”2] - nAppellFi[2,
2 2

1+n,1, 3, Tan[1 (c+dx”2, —Tan[1 (c+dx)]2]] Tan[1 (c+dx”2])]/

2 2

1

(Cerx)]JrTan[l(c+dxH3 {— 5
2 ] (Tan[§<c+dx)]+Tan[§(c+dx”3)

n

d [Tan[

N |

2’1*"Tan[l (c+dx” 1
2

1 1 2
[;Sec[g (c+dx) ]+

1—Tan[i(c+dx”2
3 1 2 1 2 1 1 2\"
) - d T — d -—|1-Cot|— d
A ec[z(c+ x) ] an[z(c+ XH]( n[ 0[2(c+ x)}]
Hypergeometric2F1[n, n, 1+n, Cot[l (c+dx”2] [1+Tan[l (c+dx”2] +
2 2
(4Appe11F1[1, n, 1, 2, Tan[l(c+dx)]2,—Tan[l(c+dx”2} Tan[l(c+dx”2]/
2 2 2
1 2 1 2
[—ZAppellFl[l, n, 1,2, Tan|[ - (c+dx)] , —Tan[; (c+dx” |+
2
[AppellFl[Z, n, 2, 3, Tan[l (c+dx”2, —Tan[l (c+dx) ]2} - nAppellFi[2,
2 2

Tan[% (c+dx)]2)] +

1+n,1, 3, Tan[1 (c+dx)]2, —Tan[l (c+dx”2]
2 2

n

1 1 1

2

(c+dx)]2 [—l[l—Cot[

n

(c+dx)]2)n

N

[22*” Sec|

1—Tan{%(c+dx”2
. 1 2 1 2
Hypergeometric2F1[n, n, 1+n, Cot[g (c+dx)]7] [1+Tan[; (c+dx)] ]+

(4Appe11F1[1, n, 1, 2, Tan[% (c+dx)]2, —Tan[% (c+dx)}2} Tan[% (c+dx)}2]/

[—ZAppellFl[l, n, 1, 2, Tan[1 (c+dx)]2, —Tan[l (c+dx”2] +
2 2
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[AppellFl[Z, n, 2, 3, Tan[l (c+dx”2, —Tan[l (c+dx) ]2} - nAppellF1][2,
2 2

1+n,1, 3, Tan{% (c+dx)]2, —Tan[% (c+dx”2] Tan[% (c+dx)]2)]]/

(Tan[% (c+dx)] +Tan[§ (c+dx)]3) + {21*”n5ec[§ (c+dx)]2Tan[§ (c+dx”2

1—Tan[§1(c+dx)]2} (’%(17Cot[§(cﬂjx>}z]n

Hypergeometric2F1[n, n, 1+n, Cot[l (c+dx”2] [1+Tan[l (c+dx”2] +
2 2
(4Appe11F1[1, n, 1, 2, Tan[1 (c+dx)]2, —Tan[1 (c+dx”2} Tan[1 (c+dx”2]/
2 2 2

[—ZAppellFl[l, n, 1, 2, Tan[1 (c+dx)]2, —Tan[E (c+dx”2] +
2 2

[AppellFl[Z, n, 2, 3, Tan[l (c+dx”2, —Tan[l (c+dx) ]2} - nAppellFi[2,
2 2

2 2 2

10, 1,3, Tan[ > (cvdx)]%, Tan[ (cvdx)]’] Tan[1<c+dX”2J]J/

1

Tan[l(c+dx }+Ta”[1 cdx) ') -
il (el e a2 e o

n

1

271 Tan[l (c +dx)]
2

1—Tan[i (c+dx)]2

1 1 2\ " . 1 2
([1Cot[ (c+dx)] ) Hypergeometric2F1[n, n, 1+n, Co‘t[g (c+dx)]7]
n 2

Sec[% (C+dx”2Tan[§ (c+dx)] 7Cot[§ (c+dx)] (1—Cot[§ (c+dXH2]1+n

1 2 . 1 2
Csc[; (c+dx)|” Hypergeometric2Fi[n, n, 1+n, Cot[; (c+dx)]"]

(1+Tan[§(c+dx)]2 + 1—Cot[§(c+dx”2]nCsc[§(c+dx)]
((I—Cot[i (c+dx)}2]%1—Hyper*geometr*icZFl[n, n,1+n, Cot[% (c+dx) ]2])
Sec[§<c+dx)] (1+Tan[§(c+dx)]2 +

[4APP911F1[1, n, 1, 2, Tan[l (c+dx)]2, 7Tan[1 (c+dx)]2] Sec[1 (c+dx)]2Tan[
2 2 2

1 <C+dx)]

/ [—ZAppellFl[l, n, 1, 2, Tan[1 (c+dx)]2, —Tan[l (c+dx”2] +
2 2

2

(AppellFl[Z, n, 2, 3, Tan[1 (c+dx) ]2, —Tan[l (c+dx”2] - nAppellFi[2,
2 2
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1+n,1, 3, Tan[% (c+dx”2, —Tan[% <c+dx)]2] Tan{% (c+dxH2] +

[4Tan{l (c+dx)]2 —lAppellFl[Z, n, 2, 3, Tan[l (c+dx”2, —Tan[l (c+dx)]2}
2 2 2 2

1 2 1 1
Sec[g (c+dx)] Tan[; (c+dx)] +;nAppe11F1[2, 1+n,1, 3,
2

Tan[i (c+dx)]2, 7Tan[§ (c+dx)] ]Sec[i (Cerx)]zTan[l (c+dx)}))/

2
1 2 1 2
(—ZAppellFl[l, n, 1, 2, Tan[; (c+dx” , —Tan[g <c+dx)] |+
(AppellFl[Z, n, 2, 3, Tan[1 (c+dx) ]2, —Tan[l (c+dx”2] - nAppellFi[2,
2 2

1+n,1, 3, Tan[1 (c+dx”2, —Tan[l <c+dx)]2]
2 2

Tan[% (c+dx)}2] -

2

[4AppellF1[1, n, 1, 2, Tan| (c+dx>]2, —Tan[l <c+dx)]2] Tan[1 (c+dx)]
2 2

N |

2 2

((AppellFl[Z, n, 2, 3, Tan[1 (c+dx” , ~Tan| <c+dx)] | -nAppellF1[2, 1+n,
2

N |

1 2 1

S — d T —
ec[z(c+ XH an[2
1 1 2
- = AppellF1[2, n, 2, 3, Tan| - (c+dx 1%
2

1, 3, Tan[E (c+dx”2, ~Tan|

A (c+dx)]2}

N |

(c+dx”—2 —Tan[l(c+dx”2}

2

N

Sec[1 <C+dXH2Tan[1 (c+dx)] +lnAppellF1[2, 1+n, 1, 3,
2 2 2

Tan[l (c+dx)]2, —Tan[1 (c+dx”2} Sec[1 (c+dx”2Tan[l (c+dx) ]|+
2 2 2 2

Tan[1 (c+dx)]2 [—iAppellFl[B, n, 3, 4, Tan[l (c+dx)]2,
2 3 2

—Tan[% (c+dxH2} Sec[% (c+dxH2Tan[§ (c+dx)]+

EnAppellFl[B, 1+n, 2,4, Tan[1 (c+dx>]2, —Tan[1 (c+dx)]2]
3 2 2

(c+dx”2Tan[1 (c+dx)

S
ec| A

N |

2
]—n —prpe11F1[3, 1+n, 2,
3
4, Tan| 1(Certz}Sec[l(Cerxﬂz
2 2

N |

(c+dx)]2, ~Tan|

Tan[ > (c+dx] ]+ > (1+n) AppellF1[3, 2+n, 1, 4, Tan[ > (c+dx)]’,
2 3 2
~Tan| <c+dx)]2]5ec[1

N |

(—ZAppellFl[l, n, 1, 2, Tan[l (c+dx
2
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bens 3, Ton [ (erdx) % Tanl (e o)) Tan[§<c+dx>12f]}]

Problem 224: Unable to integrate problem.

JCot[c+dx13 (a+asec[c+dx])"dx

Optimal (type 5, 127 leaves, 5 steps):

1
-—a (4-n) Hyper‘geometr‘icZFl[l, -1+n,n,

1+Sec[c+dx a+aSec[c+dx]) "
T (1 seciedx]) ] (a+asecic-dx]) 7

N |

( >aHyper~geometr‘ic2F1[1, -1+n,n,1+Sec[c+dx]] (a+aSec[c+dx])'1+”+
d(1-n

a (a+aSec[c+dx})’1+"

2d (1-Sec[c+dx])

Result (type 8, 23 leaves):

JCot[c+dx}3 (a+asec[c+dx])"dx

Problem 225: Unable to integrate problem.

J(a+a$ec[c+dx])"Tan[c+dx]4dlx

Optimal (type 6, 106 leaves, 1step):

1 5 7 a-aSec[c+dx] a-aSec[c+dx]
——2%" AppellF1|[ =, 4+n, 1, —, - s
5d 2 2 a+aSec[c+dx] a+aSec[c+dx]

1 5+n
(— (a+asec[c+dx])"Tan[c+dx]®
1+Sec[c+dx]

Result (type 8, 23 leaves):

J(a+a$ec[c+dx])"Tan[c+dx]4d1x

Problem 226: Result more than twice size of optimal antiderivative.

j(a+a$ec[c+dx])“Tan[c+dx]2d1x

Optimal (type 6, 106 leaves, 1step):

1 5 3 5 a-aSec[c+dx] a-aSec[c+dX]
—23" pppellFl| =, 2+n, 1, —, - B
3d 2 2 a+aSec[c+dx] a+aSec[c+dx]

1 3+n

(— (a+asec[c+dx])"Tan[c+dx]>
1+Sec[c+dx]
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Result (type 6, 2419 leaves):

(23*"Cos[l (c+dx)]secic+dx]?
2

n

(Cos[1 (c+dx)]25ec[c+dx] (a (1+Sec[c+dx1))”sin[1 (c+dx)]3
2 2

2
(c+dx)]"] - 2Hypergeometric2F1|

N =

1 3
(— (Hyper‘geometr‘iCZFl[f, 1+n, —, Tan[
2 2

1 3 1 2 1 2\"
— 2 , —5 T — d C d S — d
) +n ) an[2<c+ x)]7] os[c+dx] ec[2<c+ x)]) +
1 3 1 2 1 2 1 2
3 AppellFl|[=, n, 1, =, Tan[= (c+d , —Tan|= d Cos[= d /
( ppe [2 n A an[2 (c+dx)] an[2 (c+dx)]] os[2 (c+ x)}]

(—BAppellFl[l, n, 1, i, Tan[1 (c+dx)]2, —Tan[l (c+dx”2] +
2 2 2 2

3 5 1 2 1 2 3
2 (AppellFl[fJ n, 2, —, Tan[~ (c+dxH , -Tan| = (c+dx)] | - nAppellF1| =,
2 2 2 2 2

5 1 2 1 2 1 2
1+n,1, >, Tan|[= (c+d , ~Tan|[= (c+d Tan[= (c+d /
+n 5 an[z(c+ X)] an[z(c+ x)]]) an[z(c+ x)]])
1 2 1 2 n
(d [Z“Sec[—(c+dx” Cos{;(c+dx” Sec[c +d x]
2
. 1 3 1 2 .
(— (Hyper‘geometr‘1c2F1[;, 1+n, S’ Tan{; (c+dx)]"] - 2Hypergeometric2Fi|
1 3 1 2 1 2\ "
— 2 > = T - d C d S — d
A +n A an[z(c+ x)]7] os[c +dx] ec[z(c+ XH) +
1 3 1 2 1 2 1 2
3A 11F1|{—, n, 1, —, T — d , =T — d C — d /
( ppe [2 n A an[z(c+ x) | an[z(c+ x)|"] os[2<c+ x)])

[—3Appe11F1[§, n, 1, z, Tan{% (c+dx”2, —Tan[% (c+dx)]2} +

2 (AppellFl[E, n, 2, E, Tan[1 (c+dx)]2, —Tan{l (c+dx”2] —nAppellFl[E,
2 2 2 2 2
1+n,1, 5, Tan{1 (c+dx)]2, —Tan[1 (c+dx)}2}) Tan{1 (c+dx)]2)] +
2 2 2 2

Cos[1 (CertzSec[c+dx])nTan[1 (c+dx)]
2 2

21+n

, 1 3 1 2 .
{—n [Hyper‘geometr‘1c2F1 [=,1+n, =, Tan|~ (c+dx)]"| - 2 Hypergeometric2F1|

2 2 2
1 3 1 2 1 2\ 1+
—5 2 , =5 T - d C d S — d
A +n A an[2<c+ x)]]] os[c+dx] ec[z(c+ x)])
1 2, 1 2 1
—Sec{;(c+dx” Sln[c+dx1+Cos[c+dx]Sec[;(c+dxH Tan[;(c+dx)] -
1 3 1 2 1 2 1
3 AppellFi| =, n, 1, =, Tan| = d , —Tan|= d Cos[= dx)] si
( ppe [2 n A an[z(c+ x) | an[2<c+ x)]7] os[z(c+ x) | sin]
1 1 3 1 2 1 2
= d /(—BA 11F1][=, n, 1, =, Tan[ = d , —Tan[= (c+d
2(c+ XH) ppe [2 n 5 an[z(c+ x)] an[z(c+ x)]]+
3 5 1 2 1 2
2 (AppellFl[f, n, 2, —, Tan[g (c+dx)] s —Tan[; (c+dx)} ] —nAppellFl[
2 2
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5

z, 1+n,1, >’ Tan[% (c+dx)]2, —Tan[% (c+dx)}2] Tan[% <c+dx)]2) +

3Cos[§ (c+dx”2 —§AppellF1[§, n, 2, 3, Tan{% (c+dx)]2, —Tan[% (c+dxH2}

1 2 1 1 3
Sec[~ (c+dx)| Tan[= (c+dx) ]+ = nAppellF1[ =, 1+n, 1,
2 2 3 2

)

= N |un

Tan[% (c+dx)}2, 7Tan[§ (c+dx”2} Sec[% (c+dx”2Tan[g (c+dx)]

|/

[—3Appe11F1[§, n, 1, 3, Tan[% (c+dx”2, —Tan[i (c+dx)]2} +

3 5 1 2 1 2 3
2 (AppellFl[f, n, 2, —, Tan|[ = <c+dx)] , -Tan[ = (c+dx)} | - nAppellFi[ =,
2 2 2 2 2
1+n,1, E, Tan[1 (c+dx)]2, —Tan[l (c+dx)}2}) Tan[1 (c+dx)]2) -
2 2 2
1 3
(3 AppellFl[f, n, 1, —, Tan[
2 2

[z

N

(c+dx>}2, ~Tan]|

N |

2 1 2
(c+dx)] }Cos[g (c+dx)]

N |

3 5 1 2 1 2 3
AppellFl[;, n, 2, S’ Tan|— (c+dx)} , -Tan| = <c+dx)] ] —nAppellFl[;,

2 2
1+n, 1, 3, Tan[% (c+dx)]2, —Tan[i (c+dx”2} Sec[% (c+dx)]2Tan[§
(c+dx)] -3 —iAppellFl[z, n, 2, 3, Tan[% <c+dx)]2, —Tan[% (c+dx”2]

1 2 1 1 3
Sec|= (c+d Tan| = d = nAppellFi[ =, 1 1,
ec[z(c+ x) | an[z(c+ x”+3n ppe [2 +n,

)

N U

Tan[1 (c+dx”2, —Tan[l (c+dx)]2] Sec[l (Cerx)]zTan[l (c+dx)]]|+
2 2 2 2
6 5 7 1 2
- — AppellF1[ =, n, 3, —, Tan[ = (c+dx) ]|,
5 2 2

—Tan[% (c+dx)]2] Sec[% (c+dx)]2Tan[§ (c+dx)]+

2Tan[§ (c+dx”2

N

znAppellFl[z, 1+n, 2, z, Tan[% (c+dx”2, —Tan[i (c+dx)]2}

| =

Sec[1 (c+dx)]2Tan[ (c+dx)]-n —iAppellFl[E, 1+n, 2,
5 2

2
%, Tan[% (c+dx ]2, —Tan[% (c+dx)]2] Sec[% c+dx)]2

(
1 5 7 1 2
Tan| = d 1+n) AppellF1[2>, 2+n, 1, —, Tan| = d ,
an[z(c+ x) |+ = (1+n) Appe [2 +n 5 an[z(c+ x) |
1
— d

; teranl])])/

[—BAppellFl[l, n, 1, i, Tan{l (c+dx”2, —Tan[l (c+dx)]2} +
2 2 2 2

vuw S

wn
()
(g}

—Tan[%(c+dx” [%(c+dx”2Tan[

3 5 1 2 1 2 3
2 (AppellFl{;, n, 2, >’ Tan{; (c+dx)], —Tan[; (c+dx)]"] —nAppellFl{;,
1

1+n,1, 3, Tan[% (c+dx>]2, —Tan[2 (c+dx)]2]] Tan[% (c+dx”2]2—
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(c+dx)} Sec| (c+dx>]

Cos[c+dx] Sec[1 (c+dx)]2)n (Csc[
2

N |
N |

N
[E—

, 1 3 1
[—Hyper‘geometr‘1c2F1[—, 2+n, =, Tan|[= (c+dx) || +

2 2 2
(1—Tan[§ <c+dx)]2]2n) +
1

ngc[i (c+dx)] Sec[i (c+dx)]

1
~Hypergeometric2F1] =, 1+n,
2

3 Tan[l (c+dx)ﬁ + (LTan[1 (C+dx)]2]_1_n)]J i

2 2 2

-1+n 1
21 n Tan{—(c+dx”

1 2
Cos[ = (c+dx)| sec[c+dx] A

2

1 3
(— (Hyper‘geometr‘icZFl[f, 1+n, —, Tan[

(c+dx) }2] - 2 Hypergeometric2F1|
2 2

N |

1 3 1 2 1 2\"
— 2 > = T - d C d S — d
5 +n A an[z(c+ x”] os[c+dxX] ec[z(c+ XH ) +
1 3 1 2 1 2 1 2
3 AppellFl|=, n, 1, =, Tan|= (c+d , —Tan|= (c+d Cos[= (c+d /
( ppe [2 n A an[z(c+ x) | an[z(c+ x)]7] os[2<c+ x)])

(73Appe11F1[l, n, 1, i, Tan[l (c+dx”2, 7Tan[l (c+dx)]2} +
2 2 2 2

3 5 1 2 1 2 3
2 (AppellFl[—, n,2, =, Tan[= (c+dx)|", -Tan[= (c+dx) | | - nAppellF1| -,
2 2 2 2 2
5 1

1+n,1, =, Tan[; (c+dx)]2, —Tan[% (c+dx”2} Tan[% (c+dx)]2)]

N

—Cos[1 (c+dx) ] secic+dx] Sin[1 (c+dx)] +Cos[l (c+dx”2
2 2 2

|

Problem 227: Result more than twice size of optimal antiderivative.

Sec[c +dX] Tan[c+dx])

JCO‘t[C+dX}2 (a+asec[c+dx])"dx

Optimal (type 6, 102 leaves, 1step):
1_ ., 1 1 a-aSec[c+dx] a-aSec[c+dx]
-=2""pppellFl[- =, -2+n, 1, —, - ,
d 2 2 a+aSec[c+dx] a+aSec[c+dx]
-1+n
(a+asec[c+dx])"

1
Cot[c+dx]

1+Sec[c+dx]
Result (type 6, 2492 leaves):

2’3*”Cos[c+dx]2Csc[1 (c+dx”3
2

Cos[l (c+dx)}25ec[c+dx] " (a (1+secfc+dx]))"

Sec[l(c+dx)} A

2
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((12AppellF1[§, n, 1, z, Tan{% (c+dxH2, —Tan[% (c+dx”2} Sin[% (c+dx”2]/
1 <c+dx)]2, —Tan[l (c+dxH2] +

1 3
(—BAppellFl[—, n, 1, =, Tan|
2 2 2 2

3 5 1 2 1 2 3
2 (AppellFl[—, n,2, =, Tan[= (c+dx)|", -Tan[ = (c+dx) | | - nAppellF1] -,
2 2 2 2 2

5 1 2 1 2 1 2
1+n,1, —, Tan|— (c+dx , —Tan|— (c+dx Tan|— (c+dx
en 1, Tan | (exdx) % <Tan [~ (e -dx) )] Tan [~ (e -ax))7) -
1 2\" . 1 1 1 2
(Cos[c+dx] Sec[~ (c+dx) | J (—Hyper‘geometr‘1c2F1[—;, n, S’ Tan[g (c+dx)]|"] +
2
Hyper‘geometr‘icZFl{l, n, i, Tan{1 (c+dx) ]2] Tan{1 (c+dx) ]2)]]/
2 2 2 2

n

1 2
Cos[~ (c+dx) | sec[c+dx]
2

(d [—22+nCSC[§ (c+dx)]”

1 3 1 2 1 2 1 2
12 AppellF1[ =, n, 1, =, Tan[— d , —Tan|[= (c+d sin[= (c+d /
(( ppe [2 n A an[z(c+ x) | an[z(c+ x)]7] 1n[2(c+ x)])
1 3 1 2 1 2
_3AppellF1|[=, n, 1, =, Tan[— d , —Tan| = d
[ ppe [2 n A an[z(c+ x) | an[z(c+ x) 7]+

3 5 1 2 1 2 3
2 (AppellFl[—, n,2, =, Tan[= (c+dx)]|", —Tan[; (c+dx)]7] —nAppellFl[;,
2 2 2

1+n,1, E, Tan[1 (c+dx)]2, —Tan[1 (c+dx)
2 2

+

2})Tan[§ (c+dx)]2

N

]
1 2\" . 1 1 1 2
Cos[c+dx] Sec| =~ (c+dx)] ) (—Hyper‘geometchFl[—;, n, >’ Tan[; (c+dx)]7] +
2
1
2

Hyper‘geometr‘icZFl[l, n, i, Tan[1 (c+dx) }2} Tan[ = (c+dx) }2]) +
2 2 2

n

2’1*“Cot[l (c+dx)] (Cos[l (c+dx)]25ec[c+dx]
2 2

{(12AppellF1[1, n, 1, i, Tan[1 (c+dx>]2, —Tan[l <c+dx)]2] Cos[1 (c+dx)] Sin|
2 2 2 2 2

1 1 3 1 2 1 2

= d /(—3A 11F1[=, n, 1, =, Tan[ = d , ~Tan[= (c+d

2(c+ x)} ppe [2 n X an[2<c+ x)] an[z(c+ x)]]+
3 5 1 2 1 2

2 (AppellFl[f, n, 2, —, Tan[f <c+dx)] s —Tan[g (c+dxH ] —nAppellFl[
2 2 2

(c+dx)}2] Tan[ <c+dx)]2J +

N |
N |

3 5 1 2
~,1+n,1, =, Tan[ = <c+dx)] , ~Tan|
2 2 2

1 2 1 3 5 1 2 1 2
12sin[= (c+d ~ = AppellFi[=, n, 2, 2, Tan[= (c+d , —Tan[= (c+d
( 1n[2(c+ x)] ( ; ppe [2 n X an[z(c+ X)] an[z(c+ x)]]
Sec[l(c+dx)]2Tan[1(c+dx)]+lnAppellF1[§,1+n, 1, E,
2 2 3 2 2
Tan[l(c+dxH2,—Tan[l(c+dxH2} Sec[l(c+dxH2Tan[l(c+dx)] ]/
2 2 2 2

[—BAppellFl[l, n, 1, i, Tan[l (c+dx”2, —Tan[1 (c+dx)]2} +
2 2 2 2

3 5 1 2 1 2 3
2 (AppellFl[;, n, 2, >’ Tan[; (c+dx)]7, —Tan[; (c+dx)]7] —nAppellFl[;,
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1+n,1, g, Tan{% (c+dx)]2, —Tan[% (c+dx”2})Tan[§ (c+dx)]2 +

—Sec[l (c+dx)]ZSin[c+dx] +

1 2 1+n
n|Cos[c+dx] Sec|~ (c+dx)] )
2

2

Cos[c +dx] Sec[1 <c+dx)]2Tan[l (c+dx)]
2 2

_ 1 1 1 2
[—Hyper‘geometr‘1c2F1[—f, n, =, Tan[= (c+dx)]| | +
2 2

N

Hyper‘geometr‘1c2F1[1 n, —, Tan[1 (c+dx) }2} Tan[1 (c+dx) }2] -
2

2
3, Tan| = (c+dx)]2, —Tan[l (c+dx”2] Sin[l (CerxH2

1
[12 AppellF1l[ =, n, 1,
2 2 2

[22

3 5 1 2 1 2 3
AppellFl[;, n, 2, >’ Tan[; (c+dx)]7, 7Tan[; (c+dx)]7] 7nAppe11F1[;,

Sec[1 (Cerx)]zTan[1

5 1 2 1 2
1+n,1, >, Tan[= (c+d , —Tan| = d
+n A an| (c+ x)] an| (c+ XH ] A A

2 2

1 3 5 1 2 1 2
dx)] -3 [-=appellF1|[=, n, 2, =, Tan|= (c+d , —Tan|[= (c+d
(c+dx)] ; ppe [2 n A an[2 (c+dx)] an[2 (c+dx)]7]
Sec[l(c+dx)]2Tan[l(c+dx”+1nAppe11F1[z,1+n, 1, E,
2 2 3 2 2
Tan[l(c+dx”2,—Tan[l(c+dx)]2] [1(c+dx)]2Tan[l(c+dxH +
2 2 2 2
1 6 5 7 1
2Tan[;(c+dx”2 —;AppellFl[;, n, 3,; [—(c+dx)]2,

—Tan{% (c+dx)]2] Sec[% (c+dx)] Tan[% (c+dxH +

znAppellFl[g, 1+n, 2, %, Tan[% (c+dx”2, —Tan[i (c+dx)]2}

1 1 3 5
Sec[g (c+dx)]2Tan[; (c+dx” -n —;AppellFl[;, 1+n, 2,
2, Tan[% <c+dx)]2, 7Tan[§ (c+dx)]2] Sec[% c+dx)]2

(
Tan[1 (c+dx)] +z (1+n>Appe11F1[E, 2+n, 1, 7
2 5 2 2 2
—Tan[1 (c+dxH2} Sec[1 (c+dxH2Tan[l (c+dx) |
2 2 2

1 3 1 2 1 2
_3AppellF1[=, n, 1, =, Tan| = d , —Tan| = d
[ ppe [2 n A an[z(c+ XH an[z(c+ x) ||+

3 5 1 2 1 2 3
2 (AppellFl[f, n, 2, —, Tan[; (c+dx)], —Tan[; (c+dx)]"] —nAppellFl{;,
2

, Tan| = (c+dx>]2, —Tan[% (c+dx)]2 ]Tan[% (c+dxH2J2+

,Tan[l (c+dx”2]

]
3
2 2

1 2\ " . 1
Cos[c+dx] Sec| =~ (c+dx)] ) (Hyper‘geometr‘1c2F1 (=, n,
2 2

Sec[% (c+dx)]2Tan[§ (c+dx)] —§Csc[§ (c+dx)] Sec[% (c+dx)]
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n, l, Tan[l (c+dx)]2] - (1—Tan[l (c+dx)}2]7n] +

(Hyper‘geometr‘icZFl [-
2 2 2

[ N
-

lSec[l (c+dx”2Tan[

A A (c+dx)]

N TRy

- ypergeonetricara [ 2, n, 2, tan[ 2 (cvax) )]+ [1-Tan [ (eax ) )|

-1+n

2’1*“nCo‘c[1 (c+dx)] Cos[l (c+dx)}25ec[c+dx}

2 2
2 1 2. . 1 2
(c+dx)]", —Tan[;(c+dx)] ]Sln[;(c+dx)] )/

1 3
[(12AppellF1[7, n, 1, =, Tan|
2 2

N |

(—SAppellFl[l, n, 1, i, Tan[l (c+dx”2, —Tan[1 (c+dx>]2} +
2 2 2 2

3 5 1 2 1 2 3
2 (AppellFl[f, n, 2, —, Tan[ = <c+dx)] , ~Tan[ = (c+dx)] | - nAppellFi[ =,

2 2 2 2 2
1

2})Tan[; (c+dx)]2

1+n,1, E, Tan[1 (c+dx)]2, —Tan[l (c+dx)
2 2

+

N

]
1 2\" . 1 1 1 2
Cos[c+dx] Sec[ =~ (c+dx)] ) (—Hyper‘geometr‘1c2F1[—£, n, >’ Tan[; (c+dx)]7] +
2
1
2

13 1 2
Hypergeometric2F1[ =, n, =, Tan[ = (c+dx)| | Tan|
2 2 2

<C+dx>] +COS[l (CerXH2

7Cos[1 (c+dx) | secic+dx] Sin|
2

2 |

Problem 228: Unable to integrate problem.

N |

Sec[c+dx] Tan[c +d X]

JCot[c+dx}4 (a+asec[c+dx])"dx

Optimal (type 6, 106 leaves, 1step):

1 _ 5. 3 1 a-aSec[c+dx] a-aSec[c+dx]
- ——273"AppellF1[- =, -4+n, 1, - —, - s
3d 2 2 a+aSec[c+dx] a+aSec[c+dx]
1 -3+n
Cot[c+dx]®|———— (a+asec[c+dx])"
1+Sec[c+dx]

Result (type 8, 23 leaves):

JCot[c+dx}4 (a+asec[c+dx])"dx

Problem 229: Result more than twice size of optimal antiderivative.

J(a+a5ec[c+dx])"Tan[c+dx]3/2d1x

Optimal (type 6, 114 leaves, 1step):
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1 7., 5 3 9 a-aSec[c+dx] a-aSec[c+dx]
22" AppellF1[ =, = +n, 1, —, - s
5d 2 4 a+aSec[c+dx] a+aSec[c+dx]

IN

5
1 ot
’ (aJraSec[Cerx])”Tan[c+dx]5/2

1+Sec[c+dx]

Result (type 6, 11753 leaves):

(a(1+sec[c+dx]))"

3 Z%nAppellFl[l, l+n, i+n, i, Tan{l (c+dx)], —Tan{l (c+dx)]]
2 2 2 2 2 2

Tan[% (c+dx)]

_ )]2 (—1+Tan[§(c+dx”2]z+n/

—1+Tan[i (c+dx

3AppellF1[§, %Jrn, §+n, S, Tan[% (c+dx)], —Tan[% <c+dx)H - (3+2n)
3 1 5 5
AppellFl[ =, =+n, —+n, =
2 2 2 2 2 2 2
{

[1+\/Tan[2 (c+dx)]

(1+2n) HypergeometricPFQ|

27 [1+\/Tan[; (c+dx)]

1 " Tan[i(c+dx)]
1—Tan[§(c+dx)]2 —1+Tan[§<c+dx)]2
1 3 1 3 1 1
3AppellF1[=, ~in, Z+n, =, Tan[= (c+dx)], -Tan[= (c+d
ppe [2 2+n 2+n A an[z(c+ x) | an[z(c+ x) ]|

1

[ym[l (crax)]’] "

" (—1+Tan[l(c+dx” N

2

[71+Tan[— (c+dx)]2Jl+n [1+Tan[— (c+dx”2]]/ (3Appe11F1[%, §+n, §+

3 1 1 3 5
> 7o Tan| — dx)|, -Tan| — d 3+2n) AppellF1[ =, =
n A an[z(c+ x) | an[z(c+ x)] ]+ (3+2n) Appe [2 2+
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n, §+n, Z, Tan{% (c+dx)], —Tan[% (c+dx)HTan[% (c+dx)]-(1+2n)

HypergeometricPFQ| {

B

+n}, {z}, Tan[% <c+dx)]2] Tan[% (c+dx)]|-

Aw
N W

(c+dx)]?]

10 AppellF1|

)

\/1+Tan[i (CerxH2

1 2 5 1 9 1 2
_Tan[= d 2 [2AppellF1|=, =+n, 2, =, Tan|[ = d s
an[z(c+ x)]}+ { ppe [4 2+n . an[z(c+ x)}

N |

+n, 1, 45, Tan[% (c+dx”2, -Tan]

AR
N R

1 1 5 1 2
/(—SAppellFl[f, ~+n, 1, -, Tan[; (c+dx)] ,
4 2 4

2 +n) 1) 3

—Tan[% (c+dx)]2] - (1+2n) AppellF1]|

N W

FNRY
ENRC

Tan[i (c+dx>]2, —Tan[i (c+dx)]2] Tan[1 (c+dx”2] /

2

<c+dx)]2+

N |

(CerxH2 (—1+Tan[

N |

(c+dx” - Tan|

N |

[\/1+Tan[

Tan[l <c+dx)]3J

Tan[c+dx]32 /
2

3

s (1 11 3
d||3 2: (—+n] AppellFi|—,
2

3
~+n, —+n, —, Tan|
2 2 2 2

N |

(c+dx)], -Tan|

N |

(c+dx)]]

7LnTan[l (c+dx) |

Sec[l<c+dx)]2[—1+Tan[l<c+dx)] N

2 2

Tan[i (c+dx)}

_ [1+Tan[;(c+dx”2]im/

—1+Tan[% (c+dx)]2

1 1 3 3 1 1
3 AppellFl[=, =+n, —+n, =, Tan| = dx)], -Tan[= d ~ (342
ppe [2 2+n 2+n A an[z(c+ x)] an[2<c+ X)H (3+2n)
3 1 5 5
AppellFl[ =, ~+n, —+n, —
2 2 2 2 2 2 2
{

(1+2n) HypergeometricPFQ|
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3 27”( S*n) AppellFl[—, ;Jrn, 2+n, 3, Tan[; <c+dx)], —Tan[; (c+dx)H
Sec[§<c+dx)]2[71+Tan[§<c+dx)] E (1+Tan[§(c+dx)] o
1 ! Tan[2 (c+dx) ] ) e
- ! —1+Tan[f c+dx} :
1Tan[i(c+dx)]2J —1+Tan[§<c+dx)]2 ( 2( ) ) /

(3AppellF1[1, E+n, i+n, i, Tan[1 (c+dx)], 7Tan[1 (c+dx)]]-(3+2n)
2

2 2 2 2 2
3 1 5 5
AppellF1[ =, =+n, Z+n, 2, Tan[= (c+dx)], -Tan[ = (c+d Tan[~ (c+d
ppe [2 2+n 2+n A an[z(c+ x) | an[z(c+ x) ] an[z(c+ x) ] +
(1+2n) Hyper‘geometr‘icPFQHz, —~+n}, {Z}, Tan[= (c+dx) | | Tan[= (c+dx) ]|+
4 4
3 2:" (—l—nJAppellFl[l,l+n,i+n, E,Tan[l(c+dx)],—Tan{f(c+dx)H
2 2 2 2 2 2 2
Sec[l<c+dx)]2[—1+Tan[l<c+dx)] E (1+Tan[l(c+dx)] E
2 2 2
" Tan[Y (c+dx L,
= - [2< )] (—1+Tan[l(c+dx”2)2n/
1—Tan[l(c+dx)]2 —1+Tan[l<c+dx)]2 2
2 2

(SAppellFl[i, %+n, §+n, 3, Tan[i (c+dx)], —Tan[i <c+dx)H - (3+2n)

3 1 5 5 1 1 1
AppellF1[ =, ~4n, > +n, 2, Tan[= (c+dx)], -Tan[ = (c+d Tan[ = (c+d
ppe [2 2+n 2+n A an[z(c+ x) | an[z(c+ x) ]| an[z(c+ x) ]+
(1+2n) Hyper‘geometricPFQHi, iJrn}, {Z}, Tan[1 (c+dx)]2] Tan[1 (c+dx)] +
4 2 4 2 2
3in 1 /3 3 1 5 5 1
322 (7— (—+n] AppellF1[=, —+n, —+n, =, Tan| = (c+dx)],
6 \2 2 2 2 2 2
7Tan[£(c+dx)HSec[1(c+dx)]2+
2 2
1/1 3 3 7 1 2 1 2
== 4n|H tricPFQ[{ >, ~+nl, {=}, Tan[= (c+d sec[= (c+d
6[2+n) ypergeometric QH4 2+n} {4} an[z(c+ x)]7] ec[z(c+ x) |
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Tan[i (c+dx)}

_ 1+Tan[;(c+dx”2]im/

—1+Tan[i (c+dx)]2

3Appe11F1[§, §+n, §+n, 3, Tan[% (c+dx)], —Tan[% (c+dx)]]-(3+2n)
, = +n, 5+n, s Tan[l (c+dx)], —Tan[l (c+dx)HTan[l (c+dx)]+

AppellF1| >
2 2 2 2 2 2
{

N W

(1+2n) HypergeometricPFQ| i, i+n}, {Z}, Tan[1 (c+dx)]2] Tan[1 (c+dx)]
4 2 4 2 2

+

"nAppellFl[%, %Jrn, §+n, z, Tan[i (c+dx>], —Tan[i (c+dx)H

+

3
322

3
-Z-n

Sec| <c+dx)]2[—1+Tan[ <c+dx)] 77nTan[£(c+dx>](1+Tan[1<c+dx)]

2 2

N |
N |

1+n

1 Tan[%(c+dx)]

- (—1+Tan{l(c+dx”2]im/

—1+Tan[i (c+dx)]2

1—Tan[§ (c+dx)]2

1 1 3 3 1
(3AppellF1[;, ~+n, —+n, =, Tan[ = (c+dx) ]|, -Tan|

A X X " (c+dx)H—(3+2n>

N |

AppellFl[i, %Jrn, §+n, 3, Tan[% (c+dx”, —Tan[% (c+dx)H Tan[% (c+dx” +
{

N

(1+2n) HypergeometricPFQ| z, i+n}, {Z}, Tan[1 (c+dx)]2] Tan[1 (c+dx) ]|+
4 2 4 2 2

{3 2§+nAppe11F1[l, l+n, i+n, i, Tan[l (c+dx)], —Tan[1 (c+dx)]]
2 2 2 2 2 2

(—1+Tan[§ (c+dx)]

1

1_Tan[§ (c+dx>]2] (—1+Tan[— (c+dX)]2)z+

Sec[i(c+dx”2Tan[i(c+dx)]2 Sec[%(c+dx)]2

o sl

(71+Tan[§ (c+dx)] )

i+n, i, Tan[l (c+dx)], 7Tan[1 (c+dx)]]-(3+2n)

1 1
(3 AppellFl[ =, = +n,
2 2 2 2 2 2

AppellFl[z, %Jrn, §+n, 3, Tan[% (c+dx)], 7Tan[§ (c+dx)HTan[§ (c+dx)]+
{=, i+n}, {Z},Tan{l (c+dx)]2]Tan{l (c+dx)]

3
(1+2n) HypergeometricPFQ|{ =
4 2 4 2 2
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) Tan[ > (c+dx)]
—1+Tan[i (c+dx)]2

[

N =

—1+Tan[§ <c+dx)]2

1—Tan[i (c+dx)]

Sec[1 (c+dx)]2Tan[l (c+dx)] JrESec[1 (c+dx)]2Tan[; (c+dx)] ]

2 2 2 2
3AppellF1[%, §+n, %Jrn, 3, Tan[% (c+dx”, —Tan[; (c+dx)H

[l—Tan[i (c+dx” :

[—1+Tan[§ (c+dx)]2J1+n [1+Tan[E (c+dx”2]]/ (BAppellFl[i, §+n, §+
[

[1—Tan[§ (c+dx”2)

(—1+Tan[% (c+dx” ’

2

3 1 1 3 5
» —» Tan|— dx) |, -Tan| — d 3+2n) AppellFl| =, =
n A an[z(c+ x) ] an[z(c+ x)]]+ (3+2n) Appe A 2+
n ! n > Tan[1 (c dx” Tan[1 (c dx)HTan[ (c dx)] (1+2n)
> N, —, - + > = N + N + - +
2 2 2 2 2
3 3 7 1 2
H tricPFQ[{ =, Z+nl, [=}, Tan[ = (c+d Tan[~ (c+d -
ypergeometric Q[{4 2Jrn} {4} an[2 (c+dx)]7] an[2 (c+dx)]

10AppellF1[i, §+n, 1, Z, Tan[% (c+dx”2, 7Tan[; (c+dx)]7]

2

2 1 1 5 1
/(—SAppellFl[—, —+n, 1, =, Tan[ =~ (c+dx) ],
4’ 2 4 2

\/—1+Tan[§ (c+dx)]

E, l+n, 2, g, Tan[l (c+dx”2,

_Tan[%(c+dx>]2}+2[2AppellF1[4 5 . N
—Tan[%(c+dx)]2]—<1+2n) AppellFl[Z, §+n, 1, %:
Tan| > (cvdx) ", <Tan[ fcodx]*] | Tan[ (e dx) ]| ]/

[\/1+Tan[1 (c+dx)}2 (—1+Tan[§ (c+dx)] —Tan[% (c+dx)]2+Tan[§ (c+dx”3]2} +
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1 Tan[i(c+dx)]

Tan[% (c+dx)]

1—Tan[§(c+dx)]2 —1+Tan[%(c+dx)]2

3Appe11F1[§, §+n, §+n, S, Tan[% (c+dx)], —Tan[% (c+dx)]]

[17Tan[l (c+dx)]

A " (71+Tan[l(c+dx”

2

1+
[—1+Tan[l(c+dx)]2J n{1+Tan[l(c+dxH2]
2 2
[3AppellF1[1,§+n,1+n, E,Tan[l(cmx)],—Tan[l(c+dx)]]+
2 2 2 2 2 2
(3+2n)AppellF1[§,§+n,§+n, 3,Tan[§(c+dx”,—Tan[%(c+dx)“
Tan[l(c dx) | - (1+2n) Hyper eometr‘icPFQ[{3 3 n} {7}
- + - + —y — t k) B
2 ypers 4 2 4
1 1 1 1 5
Tan{g(c+dxH2]Tan{E(c+dxH - 10Appe11F1[Z,E+n, 1, 2

/

1 1 5 1 2 1 2
[—SAppellFl[Z, ;Jrn, 1, Z, Tan[; <c+dx)] s —Tan[; (c+dx” |+

2 2 2

Tan[1 (c+dx)]2, —Tan[1 (c+dx)]2] \/—1+Tan[1 (c+dx)]2

5 1 9 1 2 1 2
2 (ZAppellFl[—, ~+n, 2, =, Tan| = (c+dx) ]|, 7Tan[; (c+dx)]] -
4 2 4 2

(1+2n) AppellF1|[ =, = +n, 1, =, Tan[ = (c+dx)]|", -Tan[ = (c+dx) ]| ]

5 3 9 1 2 1 2)
4 2 4 2 2

71+Tan[§ (c+dx)] —Tan[% (c+dx)]2+Tan[§ (c+dx>]3)J _

2 1+\/Tan[i(c+dx”

Tan[% (c+dx)]

1

275 Sec[l (c+dx)]
2

l—Tan[i (c+dx)]2

—1+Tan[§ (C+dx)]2
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3Appe11F1[§, §+n, %Jrn, 3, Tan[% (c+dx”, —Tan[% (c+dx)H
1 =+n 1 ->-n 1 —%—n
[1—Tan[7(c+dx” (—1+Tan[;(c+dx” [1—Tan[;(c+dx”
2

[BAppellFl[f, = +n, 1+n, 3, Tan[1 (c+dx)], —Tan[l (c+dx)]] +
2 2 2

3 5 1 5 1 1

3+2 A 11F1 ER » s = T - d , =T — d
( + n) ppe [2 2+n 2+n A an[2 (c+ x” an[2 (c+ X)H
Tan[1 (c+dx)]-(1+2n) Hyper‘geometrﬂichQ[{i, EH]}, {
2

IS
N
5N

1 1 5

Tan[l (c+dx”2] Tan[l (c+dx)] 10 AppellF1[ =, =~ +n, 1, =,
2 4

2 2
(c+dx)]2]\/—1+Tan[ /

c+dx)]2, —Tan[% (c+dx”2] +

I

(c+dx)]2

N |

Tan[% (c+dx)]2, -Tan|

N |

—

1 1 5
[fSAppellFl{f, —+n, 1, —, Tan[
4 2 4

N |

5 1 9 1 2 1 2
2 (ZAppellFl[f, =+n, 2, =, Tan[ (c+dx” , -Tan| = (c+dx)] | -
4 2 4 2 2
(1+2n) AppellFl[z, §+n, 1, 3, Tan[% (c+dx)]2, —Tan[i (c+dx”2})

Tan[i(c+dx)]2JJ /{\/Tan[i(c+dx)] \/1+Tan[§(c+dx)]2

2 2 2

2 1+\/Tan[§ <C+dx>]

Tan[% (c+dx)}

,1+Tan[l (c+dx)] *Ta”[l (C*dx)]2+Tan[l <C+dx>]3JJ 7

. 1
272" Sec[— (c+dx”
2

—1+Tan[§ (c+dx)]2

3AppellF1[%, §+n, %Jrn, 3, Tan[% (c+dx”, —Tan[% (c+dx)H
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[1—Tan[l (c+dx)]

A " (—1+Tan[l(c+dx”

2

1+
[—1+Tan[l(c+dx)]2J n{1+Tan[l(c+dxH2]
2 2
[3AppellF1[1,i+n,1+n, E,Tan[l(Cerx)],—Tan[l(c+dx)]]+
2 2 2 2 2 2
(3+2n)AppellF1[3,§+n,§+n, E,Tan[g(c+dx)},7Tan[§(c+dx)H
Tan[l(c dx) | - (1+2n) Hyper eometr‘icPFQ[{3 3 n} {7}
- + - + —y — t k) B
2 ypers 4’ 2 4

Tan{% (c+dxH2]Tan{% (c+dx)]

11 5
10 AppellF1[~, = +n, 1, =,
4’ 2 4

2 2

Tan[1 (c+dx)]2, —Tan[l (c+dx)]2] \/1+Tan[ (c+dx)]

[75Appe11F1[l, 1+n, 1, E, Tan[1 (c+dx)]2, 7Tan[l (c+dx”2] +
4 2 4 2

2
5 1 9 1 2 1 2
2 [2AppellF1[2, = +n, 2, =, Tan| = d , —Tan|[= (c+d -
( ppe [4 2+n . an[z(c+ x) | an[z(c+ x)]7]
5 3 9 1 2 1 2
1+2n) AppellF1|[>, Z+n, 1, =, Tan[= (c+d , —Tan| = d
(1+2n) Appe [4 2+n . an[2 (c+dx)] an[2 (c+dx)] }J

2 2

23*"n5ec[l (c+dx)]2 [1+\/Tan[1 (c+dx)]

1+n

1

Tan[% (c+dx)]

1—Tan[§ <c+dx)]2

1 3 1 3 1 1
3AppellFl[ =, =+n, —+n, =, Tan|[ = (c+dx”, ~Tan| = (c+dx)H
2 2 2 2 2 2
1 4n 1 2 1 5 L
[1—Tan[7(c+dx” (—1+Tan[7(c+dx” [1—Tan[7(c+dx”
2 2 2
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2
[BAppellFl[z, §+n, §+n, 3, Tan[1 (c+dx)], ~Tan| = (c+dx)]] +
(3+2n) AppellFl[z, §+n, %Jrn, 3, Tan[% (c+dx”, —Tan[i (c+dx)H
3 7
Tan[; (c+dx)] - (1+2n) Hyper‘geometr‘icPFQ[{Z, ;+n}, {Z},

Tan[i (c+dxH2]Tan[§ (c+dx)]

iy
%]

1
10 AppellFi[~, = +n, 1, =,

4 2 4
(c+dx)]2]\/—1+Tan[ /

[fSAppellFl[%, %Jrn, 1, Z, Tan[% (c+dx)]2, —Tan[% (c+dx”2] +
5

9 1 2 1 2
N )2) 7JT - d 17T - d -
. 2+n . an[ (c+ XH an[z(c+ x)]]

Tan[% (c+dx)]2, -Tan|

N |
N |

(c+dx)]2

2 (2 AppellF1]
2

(9,

3 9 1 2
(1+2n) AppellFl[ =, =+n, 1, =, Tan|[— (c+dx)] ,
4 2 4 2

_Tan[i (c+dx)]2]] Tan[% (c+dX)]2JJ /

[\/1+Tan[; (c+dxH2 (—1+Tan[% (c+dx” —Tan[l (c+dx)]2+Tan[l (c+dx>}3]] -

2 2
[21+n —1+\/Tan[§(c+dx” 1+\/Tan[§(c+dx”

Sec[i (c+dx)}2Tan[i <c+dx)]2

(—1+Tan{% (c+dx”2>2

1 ]
1—Tan[§ (c+dx)]2
Sec[i(c+dx>]2 ]

2 (—1+Tan[§ (c+dx)]2)

3Appe11F1[§, Z+n, §+n, Z, Tan{% (c+dx)], —Tan[l (c+dx)]]

[1—Tan[l (crdx)]|”

, o (—1+Tan[§ (c+dx)] T [1—Tan[§ (c+dx”2 a
[—1+Tan[§(c+dx)]2Jl+n [1+Tan[§(c+dx”2]/
[3Appe11F1[§, §+n, §+n, 3, Tan[; (c+dx)], -Tan[= (c+dx) ]+
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1+n, 5, Tan{l (c+dx)], _Tan[l (c+dx]]]

3 5
(3+2n) AppellF1[ =, = +n,
2 2 2 2 2 2

1 3 3 7
Tan[; (c+dx)]-(1+2n) Hyper‘geometr‘icPFQ[{Z, ;+n}, {Z},
Tan[l(c+dx)}2]Tan[l(c+dxH - 10AppellF1[l,l+n, 1, E,
2 2 4 2 4

/

2 2 2

Tan[l(c+dx)]2,Tan[l(c+dx)]2]\/1+Tan[1(c+dx)]2

[—SAppellFl[i, %+n, 1, %, Tan[% (c+dx)]2, —Tan[% (c+dx”2] +
2 (ZAppellFl{E, l+n, 2, g, Tan[l (c+dx”2, —Tan[l (c+dx)]2] -

4 2 4 2 2
5 3 9 1 2
(1+2n) AppellF1[ =, =+n, 1, =, Tan| = (c+dx) ],

4 2 4 2

Tan[l(c+dx)]2]]Tan[1(c+dx)]2]]]/
2 2

__Tanl (erd9)] \/1+Tan[1(c+dXH2 [71+Tan[l(c+dXH*

71+Tan[§(c+dx)]2 2

Tan[l<c+dx)]2+Tan[1(c+dx”3] -
2 2
3 1 1 3 3 1 1
322" AppellF1[=, = +n, =+n, =, Tan|[ = d , -Tan| = d
ppe [2 2+n 2+n X an[z(c+ x) | an[z(c+ x) ] ]
s 1
(—1+Tan[7(c+dx” [1+Tan[7(c+dx”
2 2
1 " Tan[l(c+dx)]
1—Tan[§(c+dx)]2 —1+Tan[§<c+dx)]2

1
]

(—1+Tan[% (c+dx”2]

§(3+2n>AppellF1[§, §+n, §+n, 3, Tan[% (c+dx”, —Tan[% (c+dx)H

1 2 1 3 3 7
sec[~ (c+d = (1+2n)H tricPFQ[{ >, ~+nl, { =],
ec{2 (c+dx) ]+ A (1+2n) Hypergeometric Q[{4 A +n} {4}
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1 2 1 2 1/(3 3 1 5
Tan[ = (c+dx)| ] Sec[= (c+dx)] +3 (—— [—+n) AppellF1[=, = +n, —+
2 2 6 \2 2 2 2
n, 3, Tan[%(c+dx)],—Tan[%(c+dx)]]5ec[%<c+dx)]2+§(%+n)
Hyper‘geometr‘icPFQ[{Z, §+n}, {2}, Tan[% (c+dx)]2] Sec[% (c+dx)]2) -
3 5 5 1 7 7 1
(3+2n) (—— (—+n) AppellFl|[ =, —+n, —+n, —, Tan[ = (c+dx)],
10 \ 2 2 2 2 2 2
1 1 2 3 1 5 3 5
~Tan[ = (c+dx)|]Sec[= (c+dx)| +— 7+n) AppellF1[=, =+n, = +n,
2 2 10 \ 2 2 2

z, Tan[% (c+dx) ], —Tan{% (c+dx)H Sec[i (c+dx)]2] Tan[i (c+dx) ]+

3 (1+2n) Sec[l (c+dx)]2

- HypergeometricPFQ| {
4 2

)
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z+n}, {Z}, Tan[l (c+dxH2} Tan[l (c+dxH) +

2 4 2 2
1 3 1 3 1 1
3 (1+n) AppellF1|=, = +n, —+n, =, Tan[ = dx)], -Tan[= d
[ (1+n) Appe [2 2+n 2+n A an[2 (c+dx)] an[2 (c+dx)]]
Sec[l(c+dx”2(1—Tan[1(c+dx)] 2" [—1+Tan[1(c+dx)] e
2 2 2
Tan{l (c+dx)] (1—Tan[l (c+dx)}2]77n (—1+Tan[l (c+dx)]2)n
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1+Tan[= (c+dx) | ]]/(BAppellFl[—, ~+n, —+n, —, Tan|
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- d , =T - d 3+2n) AppellFl|—, —+n, —
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5 1 1 1
)_:T - d ,—T - d T - d - (1+2
n A an[z(c+ x) ] an{z(c+ x)]] an[2<c+ x)] - (1+2n)
3 3 7 1 2 1
H tricPFQ[{ =, ~+n}, {=}, Tan[ = (c+d Tan[ = (c+d -
ypergeometric Q[{4 2+n} {4} an[2 (c+dx)]7] an[2 (c+dx)]
[3 (—l—n)AppellFl[l,z+n,l+n, i, Tan[l(c+dx)],—Tan{l(c+dx)]]
2 2 2 2 2 2 2

1 3
—+n -—n

[—1+Tan[% (c+dx) |

Sec{% (c+dx”2 (1—Tan[% (c+dx) |

Tan[l (c+dx)] (1—Tan[1 (c+dx”2]i?n (—1+Tan[1 (c+dx)]2)lm
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1 2 1 3 1 3
1+Tan|[~ (c+dx” ]]/ (BAppellFl[f, ~+n, —+n, —, Tan|
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%(c+dx”,—Tan[%(c+dx)H+(3+2n) AppellFl[Z, §+n, §+
n > Tan[l(c dx)] Tan[l(c dx)]]Tan[1<c dx)] (1+2n)
- = (c+ - — (c+ — (c+ - (1+
T2’ 2 ’ 2 2
Hyper‘geometr‘icPFQ[{i, §+n}, {2}, Tan[% (c+dx)]2] Tan[% (c+dx)] +
[3 (—E—n) AppellFl[l, i+n, 1+n, i, Tan[1 (c+dx)], —Tan[l (c+dx)]]
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1 5
—+n -—-n

[—1+Tan[§ (c+dx)]

Sec[% (C+dXH2 (17Tan[§ (c+dx)]

1

rorenl (ena ) (manl S fera) ) (1o (e ]|/

2 2

1 3 1 3 1 1
[2 [BAppellFl[—, —+n, —+n, =, Tan[ = (c+dx)], -Tan[= (c+dx)]|] +
2 2 2 2 2 2

(3+2n>AppellF1{§, §+n, %+n, 3, Tan{% (c+dx)], —Tan[% (c+dx)]]

1
Tan[; (c+dx)] - (1+2n) HypergeometricPFQ|



124 | Mathematica 11.3 Integration Test Results for 4.5.1.4 (d tan)”n (a+b sec)™~m.nb

3 3 7 1 2 1
2, 2 n), (51, Tan[= (c+d Tan[= (c+d -
(5o ~=nb (2] Tan| (cdx] | *] Tan[ > (c-dx)] ||
[3(l+n]Appe11F1[l,i+n,l+n, i, Tan[l(c+dx>],—Tan[l(c+dx)H
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Sec[l(c+dx”2(1—Tan[1(c+dx)] Tm( 1+Tan[1(c+dx)] B
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S 1+
[1—Tan{l(c+dx”2] ’ n(—1+Tan{l(c+dx)]2) n(1+Tan[l(c+dxH2]J/
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[2 (3AppellF1[1,§+n,1+n, E, Tan[l(c+dx)],—Tan[l(c+dx)H+
2 2 2 2 2 2
3 5 1 5 1 1
3:+2n) AppellFi|[=, Z4n, —+n, 2, Tan|= (c+dx)], -Tan| = d
(3+2n) Appe [2 2+n 2+n , an[2 (c+ XH an[2 (c+ X)H
Tan[1 (c+dx)] - (1+2n) Hyper eometr‘icPFQ[{3 3 n} {7}
- + - + — — t k) )
2 ypere 4 2 4
1 2 1 1 /3 3 5
Tan|[= (c+d Tan[ = d 3= [Z4n|AppellF1[2, 2 +n,
an[z(c+ x)]7] an[z(c+ x) ] ]+ (6(2+n] ppe [2 2+n
5 1 1 1 2 1 /(1
Zin, 2, Tan[= (c+dx)], -Tan[= (c+dx]]]sec[= (cvdx)]*-=[=
2+n A an[z(c+ x)] an[z(c+ X)H ec[2<c+ x)] ; 2+n)
3 3 7 1 2 1 2
H tricPFQ[{ >, = - ~ (c+d Sec[~ (c+d
ypergeometric Q[{4 2Jrn} {4} [2 (c+dx)]7] ec[2 (c+dx)] )
[17Tan[l(c+dx) ( +Tan[l(c+dx” B [17Tan[l(c+dx”2)irn
2 2 2
1+
[71+Tan[1(c+dx) J n[ +Tan[l(c+dx”2]/
2 2
1 3 1 3 1 1
3AppellFl|[=, Z4n, Z4n, =, Tan[= (c+dx)], -Tan[= (c+d
[ ppe [2 2+n 2+n A an[2 (c+ x)] an[2 (c+ x)]]+
3 5 1 5 1 1
3:2n) AppellFi|=, Z4n, Z+n, 2, Tan|= (c+dx)], -Tan[= (c+d
(3+2n) Appe [2 2+n 2+n A an[2 (c+ XH an[2 (c+ X)H
Tan[1 (c+dx)]-(1+2n) Hyper‘geometr‘lcPFQ[{i
2 4
3 7 1 2 1
Zinl, (51, Tan[= (c+d Tan[= (c+d
2+n} {4} an[z(c+ x)]7] an[z(c+ x) |
1 1 5 1 2 1 2
5 AppellF1[=, =+n, 1, =, Tan|= (c+d , —Tan[= d
ppe [4 2+n . an[z(c+ x) | an[z(c+ x)]7]
Sec[l(c+dx”2Tan[1(c+dx)] / \/1+Tan[1(c+dx”2 (—BAppellFl[l,
2 2 2 4
1 5 1 2 1 2 1
Zin,1, 5, T = d , -Tan| — d 2 AppellF1 —+n,
2+n . an[z(c+ x) | an[z(c+ x) 7]+ ( ppe [=, 2+n

>

4
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4 2 2
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§+n, 1, 3, Tan{% (c+dx”2, —Tan[% (c+dx”2})Tan[% (c+dx)]2)] -

1 5 1 9 1 2 1 2
10 {——AppellFl{—, —+n, 2, =, Tan[ = (c+dx) ], -Tan[ = (c+dx) ||
5 4’ 2 4 2 2
1 2 1 1 /1
sec[= (c+dx)]’Tan[= (c+d i
ec[z(c+ x) | an[z(c+ x)]+5(2+nJ
AppellFl[Z, §+n, 1, 3, Tan{%(c+dx)]2,—Tan[%(c+dx”2}

2

/

(c+dx)]’] +

<c+dx)]

N |

(c+dx)]2Tan[1 (c+dx)]

S
ec[ 5

\/1+Tan[

1 1 5 1 2 1
{—SAppellFl[—, —+n, 1, =, Tan[ = (c+dx) ], —Tan[;
4 2 4

N | R

2
2 (ZAppellFl[Z, §+n, 2, 3, Tan[% (c+dx”2, —Tan[% (c+dx)]2] -

(1+2n) AppellFl[E, i+n, 1, g, Tan{l (c+dx)]2, —Tan[l (c+dx)}2})
2 4 2 2

4
1 2 1 1 5 1 2
Tan[ = (c+dXx) | J+ 10 AppellF1[ =, —+n, 1, =, Tan|[= (c+dx) ],
2 4’ 2 4 2
—Tan[l(c+dx)]2]\/—1+Tan[1(c+dx)]2
2 2
[2 (ZAppellFl[E,lJrn, 2, g,Tan[l(CerxHZ, —Tan[l(c+dx”2}f
4 2 4 2 2
(1+2n)AppellF1[Z,§+n, 1, 3,Tan[%(c+dx)]2, —Tan[%(CerxHZ}
Sec[l(c+dx)]2Tan[1(c+dx)]—5 lAppellFl[E 1+n, 2, g,
2 2 5 4 2 4
Tan[l(c+dx”2,—Tan[l<c+dx)]2]5ec[1(c+dx)]2Tan[E(c+dx”+
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1 l+n)AppellF1[E i+n, 1, g,Tan[l(c+dx”2,—Tan[l(c+dx)]2}
512 4 2 4 2 2
1 2 1 1 2
Sec[~ (c+dx) | Tan[;(c+dx” +2Tan[;(c+dx)]
2

10 9 1 13 1 2 1 2
(2 (——AppellFl[— —~+n, 3, —, Tan[= (c+dx)]|", -Tan[= (c+dx)]| ]
9 4’ 2 4 2 2
1 2 1 9 3
Sec[~ (c+dx)| Tan[= (c+dx)] +—(—+n) ppellF1[ =, = +n,
2 2 4 2
2, E, Tan[l(c+dx)] —Tan[ (c+dx”2]5ec{ (c+dx”2
4 2

1 3 3
Tan[f(c+dx”)—(1+2n) ( prpellFl[ ~+n, 2, —,
2 9 4’ 2 4
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Tan[; (c+dx)]2, —Tan[% (c+dx”2] Sec{% (c+dxH2Tan[

1 5 /(3 9 5 13 1 2
= (c+dx) |+ = (7+n] AppellF1[ =, =+n, 1, =, Tan[ = (c+dx) ],
2 9 |2 4’ 2 4 2

[—SAppellFl[%, %+n, 1, Z, Tan[l (c+dx)]2, —Tan{l (c+dx”2] +2

—Tan[% (c+dx)}2} Sec[% (c+dx)}2Tan[ (c+dx)]

1
2

2 2
[ZAppellFl[E,EJrn, 2, g,Tan{l(c+dx”2,—Tan[l(c+dx)]2}—
4 2 4 2 2

5 3 9 1 2
(1+2n>AppellF1[f, ~+n,1, =, Tan[ - (c+dx” ,
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7Tan[§ (c+dx”2}) Tan[% (c+dx)]2)2

1 3

;+n, S’ Tan[% (c+dx)], —Tan[% (c+dx)]]

1 3
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2 2
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2
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(3+2n) AppellFl[%, §+n, §+n, 3, Tan[% (c+dx)], —Tan[% (c+dx)]]

Tan[1 (c+dx)] - (1+2n) Hyper‘geometr‘icPFQHi, 3+n},
2 4 2

Problem 230: Result more than twice size of optimal antiderivative.

J(a+a5ec[c+dx])"\/Tan[c+dx] dx

Optimal (type 6, 114 leaves, 1step):

1 5., 3 1 7 a-aSec[c+dx] a-aSec[c+dx]
—2:" AppellF1[ =, —+n, 1, —, -
3d 4

bl

2 4 a+aSec[c+dx},a+aSec[c+dx}
3
—+N

( 1
1+Sec[c+dx]

(a+asec[c+dx])"Tan[c+dx]>?

Result (type 6, 2079 leaves):

[7 21*”Appe11F1[i, l+n, 1, Z, Tan{l (c+dx)]2, —Tan[l (c+dxH2}
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1 2 n .
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N
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2 4 2
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2

N
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4

1 2
T — d
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2

([7 21*”Appe11F1[z, l+n, 1, Z, Tan[l (c+dx)]2, —Tan[1 (c+dx”2}
4 2 4 2 2
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6 (—ZAppellFl[Z, 1+n, 2, —, Tan[l (c+dx)]2, —Tan[1 (c+dx”2} +
4 2 4 2 2

n

1 2
Cos[c +dx] (Cos[f(c+dx)] Sec[c+dx]| vTan[c+dx]
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(1+2n) AppellFl{%, §+n, 1, 14—1, Tan{% (c+dx”2, —Tan[% (c+dx>]2})
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2 4’ 2 4 2

n

1 2 2
~Tan| = (c+dx) ] ] sec[c+dx] (Cos[ (c+dx)] sec[c+dx]| /Tan[c+dx]
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n
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[
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2
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N
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Tan[%(c+dx>]2,—Tan[%(c+dx)]2]5ec[§(c+dx)]2Tan[§(c+dx”)+
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2 2 2
3 1 7 1 2 1 2
v/Tan[c +dx] /[ZlAppellFl[f —+n, 1, —, Tan| = (c+dx) ], -Tan[ = (c+dx) ]| | +
4 2 4 2 2
6(—2AppellF1[z, l+n‘, 2, E, Tan[l(c+dx)]2,—Tan[l(c+dx)]2]+
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3
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2
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1 -1+n
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2

2
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2
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3 11 1
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2

2
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Problem 231: Result more than twice size of optimal antiderivative.

(a+asec[c+dx])"
J dx

v Tan[c +dx]

Optimal (type 6, 111 leaves, 1step):
1 3., 1 1 5 a-aSec[c+dx] a-aSec[c+dx]
=2:" AppellF1[ =, - = +n, 1 -

> T

2 4 a+aSec[c+dx]’a+aSec[c+dx]
1 %m

_ (a+asec[c+dx])"vTan[c+dx]
1+Sec[c+dx]

Result (type 6, 2073 leaves):
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[5 21*”AppellF1[1,—1+n, 1, E, Tan[l(c+dx”2,—Tan[1<c+dx)]2]
4 2 4 2 2
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s Tan[% (c+dx)]2, —Tan{% (c+dx)]2]J

5 1 9
2 [2Appe11F1[—, -~4+n, 2, =, Tan
4’ 2 4

5 1
(1-2n) AppellF1[=, = +n, 1,
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7 1 11 1 2 1 2
(—11Appe11F1[—, -=+n, 1, —, Tan[= (c+dx)|", -Tan[= (c+dx)]| ] +
4 2 4 2 2
2 (ZAppellFl[E, —l+n, 2, E, Tan[1 (c+dx”2, —Tan[l (c+dx)]2] +
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4 2 4 2 2

2

Sec[i (c+dx)]2Tan[% (c+dx)]3)/ ([1+Tan[i (C+dXH2

3 1 7 1 2 1 2
~7AppellF1[ =, -~ +n, 1, =, Tan[ = (c+dx)]", -Tan[= (c+d
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2 4 2

7
a’
]
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15 | 2 4’ 2 4 2
1 2 1 2 1
—Tan[;(c+dx)] | sec ;(c+dx)] Tan{;(c+dx” +
11 15 1 19 1 2
(1-2n) [——AppellFl[—, —+n, 2, —, Tan[= (c+dx) ],
15 4’ 2 4 2
1 2 1 2 1
-Tan|= (c+dx) ] ] sec|= (c+dx)] Tan[= (c+dx) ]+
2 2 2
11 (1 15 3 19 1 2
— (7+n) AppellFl[~—~, =+n, 1, —, Tan|[~ (c+dx)] ,
15 |2 4’2 4 2
[

7Tan[§ (c+dx)]2] Sec %(c+dx)]2Tan[§ (c+dx)]

%
( > 1. m

1 2
-11AppellF1|[—, -=+n, 1, —, Tan[ = (c+dXx) ]|,
4 2 4 2

11 1 15 1 2
[ZAppellFl[—, -=+n, 2, —, Tan[= (c+dx)]|",
4 4 2

5

((1+Tan[§ (c+dx”2

1 2
-T — d 2
an[2 (c+dx)]7] + A
—Tan[l(c+dx)]2]+<1—2n) AppellFl{E, l+n, 1, —,
2 4’ 2 4

Tan[% (c+dx”2, —Tan[% <c+dx)]2] Tan[% (c+dx) 2]2] +

1
-Z4n

7 1—Tan[7(c+dx”2J ’ !

3 1
Hypergeometric2F1[ =, - = +n, —,
4 2 4

RN R

Tan|— (c+dx>]2} Sec| (c+dx)]2Tan[ (c+dx)] +

=N
N |
N |

5Csc[— (c+dx)] Sec[1 (c+dx)]

Hypergeometric2F1 |-
4 2 2

)

1
4

-=+n, =, Tan|[ = (c+dx)] | -

1 3 1 2 (
2 4 2

1—Tan[§ (c+dx”2]2—_n] +

3 1
-Hypergeometric2F1| =, - = +n,

Zsec| (cvdx] | Tan[ > (cvdx]] 4 2

4 2 2

Z, Tan[l <c+dx)]2] + [1—Tan[l (c+dx”2)in]J Tan[c +dx]3?

4 2 2

Problem 233: Result unnecessarily involves imaginary or complex numbers.

J(eCot[c+dx])5/2 (a+aSec[c+dx]) dx

Optimal (type 4, 320leaves, 17 steps):
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2(eCot[c+dx])5/2(a+aSec[c+dx})Tan[c+dx] 1

3d 3d

5/2 Lo T : 2
a (eCot[c+dx])*?EllipticF[c- —+dx, 2| Sec[c+dx] +/Sin[2c+2dx] Tan[c+dx]
4

aArcTan[1-+/2 /Tan[c+dx] | (eCot[c+dx])*?Tan[c+dx]52

V2 d
aArcTan[1++/2 V/Tan[c+dx] | (e Cot[ c+dx]>5/2Tan[c+dx]5/2 1
.
V2 d 2+/2 d

a(eCot[c+dx])*?Log[1-V2 VTan[c+dx] +Tan[c+dx]|Tan[c+dx]*?-
a(eCot[c+dx])5/2Log[1+\/7\/Tan[c+dx] +Tan[c+dx] | Tan[c +dx]>/?

2+/2 d

Result (type 4, 185leaves):
1
6dCot[c+dx]®?

v/ Cot[c+dx]

a(eCot[c+dx])>?Sec[c+dx]

(4 (1+Cos[c+dx]) Cot[c+dx]-3ArcSin[Cos[c+dx] -Sin[c+dx]] \/Sin[z (c+dx” +

3Log[Cos[c+dx] +Sin[c+dxX] \/Sln (c+dx)] ]\/Sin[z (c+dx) | )+

2 (-1)"*+/Csclc+dx]? EllipticF[iArcSinh|(-1)**~/Cot[c+dx] |, -1]Sin[2 (c+dx)]

Problem 234: Result unnecessarily involves imaginary or complex numbers.
J(eCo‘c[c+dx])3/2 (a+aSec[c+dx]) dx
Optimal (type 4, 346 leaves, 18 steps):

2 (eCot[c+dx])*? (a+aSec[c+dx]) Tan[c +dx]

d

/

aArcTan[1-+/2 V/Tan[c+dx] | (ecCot( c+dx])3/2Tan[c+dx]3/2
(d\/Sin[2c+2dx] )+ -
V2 d
aArcTan[1++/2 V/Tan[c+dx] | (eCot[c+dx])*?Tan[c+dx]32 1
V2 d 2+/2 d
a(eCot[c+dx])3/2Log[ ~-V2 +/Tan[c+dx] +Tan[c+dx]]| Tan[c+dx]*?+

a(ecCot[c+dx])*?Log[1++/2 VTan[c+dx] +Tan[c+dx]] Tan[c+dx]>?+

3/2 s s T .
(Za (ecCot[c+dx])*?EllipticE[c- —+dx, 2] Sin[c+dx] Tan[c +d X]
4

2+/2 d

a(eCot[c+dx])*?sin[c+dx] Tan[c+dx]2

d

Result (type 4, 210leaves):
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1

eveCot[c+dx] Sec[c+dX]

2d+/Csc[c+dx]?
[4 (-1)**+/Cot[c+dx] EllipticE[iArcSinh[(-1)"*+/Cot[c+dx] |, -1] -
4 (-1)¥*+/Cot[c+dx] EllipticF[iArcSinh[(-1)"*+/Cot[c+dx] |, -1]+

Csc[c+dx]? (—4Cos[c+dx]+Ar‘cSin[Cos[c+dx]—Sln [c+dX] \/Sln 2 c+dx ] +

Log[Cos[c+dx] +Sin[c+dx] \/Sln (c+dx) | ]\/Sin[z (c+dx)] ))

Problem 235: Result unnecessarily involves imaginary or complex numbers.

j\/eCot[Cerx} (a+asec[c+dx]) dx

Optimal (type 4, 274 leaves, 16 steps):
aveCot[c+dx] EllipticF|c T idx, 2| Sec[c+dx] v/Sin[2c+2dx] -
4

aAr‘cTan{l—\/—\/Tan c+dx] | VeCot[c+dx] VTan[c+dx]

+

V2 d
aArcTan[1++/2 V/Tan[c+dx] | VeCot[c+dx] /Tan[c+dx] 1
V2 d 2+/2 d

aVeCot[c+dx] Log[1-+/2 v/Tan[c+dx] +Tan[c+dx]]VTan[c+dx] +
aveCot[c+dx] Log[1+\/7\/Tan[c+dx} +Tan[c+dx]]\/Tan[c+dx}

2+/2 d
Result (type 4, 169 leaves):
[a (1+Cos[c+dx]) VeCot[c+dx] Sec[ (c+dx)]25ec[c+dx]

2

(4 (-1)**+/Cot[c+dx] EllipticF[iArcSinh[(-1)"*+/Cot[c+dx] |, -1] +

Csc[c+dx]? [-ArcSin[Cos[c+dx] -Sin[c+dXx]] +Log[Cos[c+dx1 +

/(4d Csclc+dx]?

Problem 236: Result unnecessarily involves imaginary or complex numbers.

Sin[c +dx] \/Sln c+dx )\/Sln c+dx]]

dx

Ja+a5ec[c+dx]
\eCot[c+dx]

Optimal (type 4, 299 leaves, 17 steps):



Mathematica 11.3 Integration Test Results for 4.5.1.4 (d tan)”~n (a+b sec)™~m.nb | 141

2asin[c+dx] 2acCos[c+dx] EllipticE[c—erdx,z]

dm_ d~/eCot[c+dx] /Sin[2c+2dX]
aArcTan[1-+/2 V/Tan[c+dx] | aArcTan[1++/2 V/Tan[c+dx] |

A2 d/eCot[c+dx] /Tan[c +dx] +\/7d\/eCot[c+dx1 v Tan[c +dx]

alog[1-+/2 VTan[c+dx] +Tan[c+dx]]| alog[l++/2 +/Tan[c+dx] +Tan[c+dx] |
Z\Ed\/eCot[c+dx] v Tan[c +dx] . 2\/7d\/eCot[c+dx] v/Tan[c +dx]

+

Result (type 4, 200 leaves):

—([aCsc[Cerx}
(747 4 (~1)%*/Cotlc+dx] EllipticE[iArcSinh[(-1)*~/Cotic+dx] |, 71])/
+

( Csc[c+dx]?

(4 (-1)**+/Cot[c+dx] EllipticF[iArcSinh[(-1)**+/Cot[c+dx] ], 71])/

Csc[c+dx]? | +ArcSin[Cos[c +d x] - Sin[c +dx] \/Sln (c+dx)] +

Log[Cos[c+dx] +Sin[c+dx] \/Sln (c+dx)] |

Jsin[2(c~ax)] || / [2dVeCotlcdx] |

Problem 237: Result unnecessarily involves imaginary or complex numbers.

dx

Ja+a5ec[c+dx]
(

eCot[c+dx])>?

Optimal (type 4, 320leaves, 17 steps):
2Cot[c+dx] (3a+aSec[c+dx])

3d (eCot[c+dx])??

(aCot[c+dx] Csc[c+dx] EllipticF[c—£+dx, 2] A/Sin[2c+2dx]
4

aArcTan[1-+/2 V/Tan[c+dx] |

(3d(eCot[c+dx}>3/2)+ -
V2 d (eCot[c+dx])>*Tan[c+dx]3?2
aArcTan[1++/2 V/Tan[c+dx] | alog[1-+/2 VTan[c+dx] +Tan[c+dx]]
V2 d (eCot[c+dx])>*Tan[c+dx]?2 ’ 2+/2 d (eCot[c+dx])>?Tan[c+dx]32
aLog[1+ﬁm+Tan[c+dx}]
2+/2 d (eCot[c+dx])>?Tan[c+dx]>2

/

Result (type 4, 224 leaves):
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1

12d (eCot[c+dx])*? (-1+Cot[c+dx]?)

a(1+Cos[c+dx]) Cos[2 (c+dx)]Csc[c+dx]/Csc[c+dx]? Sec|

(—4 (-1)** Cot[c+dx]*?EllipticF[iArcSinh[ (-1)**~/Cot[c+dx] |, -1] +~/Csc[c+dx]?

(c+dx)]”

N |

(4+12Cos[c+dx] +3ArcSin[Cos[c+dx] -Sin[c+dx]] Cot[c+dx] \/Sin[z (c+dx)] -

3Cot[c+dx] Log[Cos[c+dx] +Sin[c+dx] +\/Sin[2 (c+dx)] ]\/Sin[z (c+dx)] ))

Problem 238: Result unnecessarily involves imaginary or complex numbers.

J(eCot[c+dx])5/2 (a+aSec[c+dx])?dx

Optimal (type 4, 357 leaves, 21 steps):

4 32 (eCot[c+dx])5/2Tan[c+dx] 4 32 (eCot[c+dx})5/ZSec[c+dx] Tan[c +dx] 1

3d 3d 3d
2 a2 (eCot[c+dx1)S/ZEllipticF[c—£+dx, 2| Sec[c+dx] v/Sin[2c+2dx] Tan[c+dx]?+
4

a?ArcTan[1-+/2 V/Tan[c+dx] | (eCot[c+dx])>?Tan[c+dx]>?

V2 d
aZAr‘cTan[1+\/7x/Tan[c+dx] ] (eCot[Cerx})S/ZTan[c+dx]5/2 1
+
V2 d 2+/2 d

a’ (eCot[c+dx])>?Log[1-~/2 v/Tan[c+dx] +Tan[c+dx]]|Tan[c+dx]*?2-

1
a’ (eCot[c+dx])*?Log[1+~/2 +/Tan[c+dx] +Tan[c+dx]]| Tan[c+dx]*?
2+/2 d

Result (type 4, 332leaves):
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2

dx
(eCot[c+dx])*?Csclc+dx]?

c
(1+Cos[2 {—+—
2 2

]

4Cot[c+dx]3/2 (1+\/1+Tan[c+dx}2)

Sec[Eer—X]‘l(a+aSec[c+dx])2 - - =
2 2 3d d

(2ArcTan[1-+/2 V/Cotlc+dx] | -2ArcTan[1++/2 V/Cot[c+dx] | -
42

Log[1-+/2 v/Cot[c+dx] +Cot[c+dx]|+Log[1++2 v/Cot[c+dx] +Cot[c+dx}]) +
(2 (-1)**cot[c+dx] EllipticF[i ArcSinh[(-1)"*+/Cot[c+dx] |, -1]

\/1+Tan[c+dx}2)/ (3\/1+Cot[c+dx}2)] /

c 1 2
(4 [1+Cos[2 (—+— (—c+Ar‘cCot[Cot[c+dx]}))]] v/Cot[c +dx]

2 2

(1+Cot[c+dx]2)2)

Problem 239: Result unnecessarily involves imaginary or complex numbers.
J(eCo‘c[Cerx])s/2 (a+asSecc+dx])?dx
Optimal (type 4, 343 leaves, 21 steps):

42a% (eCot[c+dx])*?sin[c+dx] 4a?(eCot[c+dx])**Tan[c+dx]

d d

2 3/2 s 7T .
(4a (eCot[c+dx]) EllipticE[c- —+dx, 2| Sin[c+dx] Tan[c +dx]

. /

a?ArcTan[1-+/2 V/Tan[c+dx] | (eCot[c+dx])*?Tan[c+dx]3?2
(d\/Sin[2c+2dx] )+ -
V2 d
a?ArcTan[1++/2 +/Tan[c+dx] | (e(:ot[c+dx})3/2Tan[c+dx]3/2 1
V2 d 2+/2 d
a? (eCot[c+dx})3/2Log[1—\/7\/Tan[c+dx] +Tan[c+dx] | Tan[c+dx]*2+

a2 (eCot[c+dx])3/2Log{1+\/7\/Tan[c+dx1 +Tan[c+dx] | Tan[c+dx]??

2+/2 d
Result (type 4, 410leaves):
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d x 2

c
(1+Cos[2 [7+— || Vcot[c+dx]
2 2
3/2 2 c dx,a 2
(eCot[c+dx])*?Csclc+dx]*Sec[—+—] (a+aSec[c+dx])
2 2
Ar‘cTan[—\/?+2«/C0t[c+dx] } Ar‘cTan[ﬁd Cot[c+d x] }
4+/Cot[c+dx] 12 NFY NEY

- - =2 |- - +

d d 22 242

Log[1-+/2 v/Cot[c+dx] +Cot[c+dx]] Log[l++/2 +/Cot[c+dx] +Cotlc+dx]]
4~2 42
(2(—1)3/4\/1—1'1C0t[c+dx] A1+1icCot[c+dx] Cot[c+dxX] (EllipticE[jArcSinh[

(-1)**+/Cot[c+dx] |, -1] - E1lipticF[i ArcSinh[(-1)"*+/Cot[c+dx] |,

-1]) \J (1+Cot[c+dx]?) Tan[c +dx]>2 )/ (1+Cot[c+dx]?) /

2
(4 {1+Cos[2 (5+1 (-c+ArcCot[Cot[c+dx]1))]] (1+Cot[c+dx}2)2J
2 2

Problem 240: Result unnecessarily involves imaginary or complex numbers.

J\/eCot[Cerx} (a+asec[c+dx])*dx

Optimal (type 4, 311 leaves, 19 steps):

1, o n .
=2a’~/eCot[c+dx] EllipticF|[c- ~+dx, 2| Sec[c+dx] v/Sin[2c+2dx] -
d 4

aZAr'cTan[l—\/?\/Tan[c+dx} ]\/eCot[c+dx] \/Tan[c+dx]

+

V2 d
a?ArcTan[1++/2 +/Tan[c+dx] | VeCot[c+dx] /Tan[c +dx] 1
V2 d 2+/2 d
a’+eCot[c+dx] Log[l—ﬁ\/Tan[Cerx] +Tan[c+dx]}\/Tan[c+dx] +
= a’\/eCot[c+dx] Log[1++/2 +/Tan[c+dx] +Tan[c+dx]|VTan[c+dx] +
2+/2 d
2a2+eCot[c+dx] Tan[c +dXx]

d

Result (type 4, 284 leaves):
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1

16d+veCot[c+dx] ~/Csc[c+dx]?

aze(1+Cos[c+dx])2( Csclc+dx]?2 (8+2\/?Ar‘cTan[1—\/7\/Cot[c+dx} | VCot[c+dx] -

2+/2 ArcTan[1++/2 +/Cot[c+dx] | V/Cot[c+dx] -
V2 +/Cot[c+dx] Log[1-+/2 v/Cot[c+dx] +Cot[c+dx]]+
/2 \[Cot[c+dx] Log[l++/2 +/Cot[c+dx] +Cot[c+dx]])+

16 (-1)"* Cot[c +d x]*2 EllipticF[i ArcSinh[ (-1)Y*+/Cot[c+dx] |, -1] +/Sec[c+dx]?

1 4
Sec| ~ ArcCot [Cot[c+dx]]]
2

Problem 241: Result unnecessarily involves imaginary or complex numbers.

(a+asSec[c+dx])?
J dx

\eCot[c+dx]

Optimal (type 4, 339 leaves, 20 steps):
4a2sinfc+dx] 4 a?Cos[c+dx] EllipticE[c - i+dx, 2]

dmi dvecCot[c+dx] VSin[2c+2dx]

a’ArcTan[1-+/2 V/Tan[c+dx] | a?ArcTan[1++/2 V/Tan[c+dx] |
\/?d\/eCot[Cerx] vTan[c +dx] +\/?d\/eCot[c+dx} v/Tan[c +dx]
a’Log[1-+/2 +/Tan[c+dx] +Tan[c+dx] |

+

2+/2 d+/eCot[c+dx] /Tan[c +dx]
a?Log[1++/2 +/Tan[c+dx] +Tan[c+dx] ]| 2a2Tan[c +dx]
N
2+/2 d+/eCot[c+dx] /Tan[c +dx] 3d+/eCot[c+dx]

Result (type 4, 441 leaves):
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c dx);)? c dx
(1+COS[2 [*+f ] Co’c[c+dx}5/2Csc[c+dx]ZSec[7+—]4
2 2 2 2
Ar‘cTan[’\E+2 Cot [c+dx] ] Ar‘cTan[ﬁ+2 Cot [c+dX] ]
(a+asec[c+dx])?|-=2 vz + e
d 22 2+/2

Log[1-+/2 v/Cot[c+dx] +Cot{c+dx]| Log[l++2 +/Cot[c+dx] +Cotlc+dx]]|
. _

4-/2 4-/2

2 (-1)*%+/1-icCot[c+dx] V1+iCot[c+dx] Cot[c+dx] (EllipticE[i ArcSinh
(-1) P

(-1)Y*~/Cot[c+dx] |, -1] - E1lipticF[i ArcSinh[(-1)Y*~/Cot[c+dx] |,

—1])\/(1+Cot[c+dx]2)Tan[c+dx]2 /<1+Cot[c+dx]2> -

) [_é_zm\/l+mn[c+dx1z

3 Cot[c+d x]3/2

d

c 1 2
(4 [1+Cos[2 (7+7 (—C+Ar‘cCot[Cot[c+dx]}))]]
2 2

\eCot[c+dx]

(1+Cot[c+dx]2)2]

Problem 242: Result unnecessarily involves imaginary or complex numbers.

(a+aSec[c+dx])2
J dx

(eCot[c+dx])3/2

Optimal (type 4, 375leaves, 21 steps):
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2a%Cot[c+dx] 4a2Csclc+dx]

N
d(eCot[c+dx])*? 3d(eCot[c+dx])>?

(ZaZCot[c+dx} Csclc+dx] EllipticF[c—erdx, 2} v/Sin[2c+2dx]
4

a?ArcTan[1-+/2 +/Tan[c+dx] |

(3d(eCot[c+dx})3/2)+ -
V2 d (eCot[c+dx])>*Tan[c+dx]3?2

aZAr‘cTan[1+\E\/Tan[c+dx] } a? Log[l—ﬁ\/Tan[Cerx] +Tan[c+dx]}
+
V2 d (eCotc+dx])>?Tan[c+dx]32 2+/2 d (eCot[c+dx])>?Tan[c+dx]32

aZLog[1+\E\/Tan[c+dx] +Tan[c+dx]} 2a2Tan[c +dx]

+

2+/2 d (eCot[c+dx])>?Tan[c +dx]3?2 5d (eCot[c+dx])>?

/

Result (type 4, 346 leaves):

2 )2 5 c dx,a )
Cot[c+dx]7?Csclc+dx]*Sec|—+-—] (a+aSec[c+dx])
2 2

c dx
(1+Cos[2 [—+—
2 2

]

-2
d

(ZAr‘cTan[l—\E\/Cot[c+dx} | ~2ArcTan[1++/2 V/Cot[c+dx] | - Log|

4~/2

1-+/2 /Cot[c+dx] +Cot[c+dx]] +Log[l++2 /Cot[c+dx] +Cot[c+dx]” +
(2 (-1)** Cot[c +dx] EllipticF[i ArcSinh[ (-1)**+/Cot[c+dx] |, -1]

/[3\/1+Cot[c+dx]2 ]+

2 [3+5Cot[c+dx]2 (3+2\/1+Tan[c+dx]2

\/1+Tan[c+dx]2

15d Cot[c +d x]°/? /

c 1 2
1+Cos[2 (*Jrf (—c+ArcCot[Cot[c+dx]}))]]
2 2

(ecot[c+dx])>?

(4

<1+Cot[c+dx]2)2]

Problem 243: Result unnecessarily involves imaginary or complex numbers.

(eCotfc+dx])??
j dx

a+aSec[c+dx]

Optimal (type 4, 405 leaves, 20 steps):
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2 Cot[c+dx] (eCot[c+dx])3/2 (1-sec[c+dx])

5ad
2 (eCot[c+dx])*? (5-3Sec[c+dx]) Tan[c +dx]

5ad

+

3/2 R T .
(6 (e Cot[c+dx]) ElllpthE[c— —+dx, 2] Sin[c+dx] Tan[c +d X]

. /

ArcTan[1-+/2 V/Tan[c+dx] | (eCot[c+dx])*?Tan[c+dx]3?
(Sad\/Sin[2c+2dx] )+ _
\/2 ad
ArcTan[1++/2 V/Tan[c+dx] | (eCot[c+dx])*?Tan[c+dx]3? 1
A2 ad 2+/2 ad
(ecCotc+dx])>?Log[1-~/2 /Tan[c+dx] +Tan[c+dx]]| Tan[c+dx]*>?+

(eCot[c+dx])3/2Log[1+\/7\/Tan[c+dx] +Tan[c+dx] | Tan[c+dx]?/2 -

2+/2 ad

6 (eCot[c+dx])*?sin[c+dx] Tan[c+dx]?

5ad

Result (type 4, 424 leaves):

c dx
2Cos[—+—}2 (eCot[c+dx])*?Csc[c+dx] Sec[c+dX]
2 2

Ar‘cTan[ /2 +24/Cot[c+d x] } Ar‘cTan[rQ Cot[c+dx] }

V2 V2
-—2 |- - +
d

242 22

(1+\/1+Tan[c+dx]2

Log[1-+/2 +/Cot[c+dx] +Cot[c+dx]]| Log[l++/2 /Cot[c+dx] +Cotlc+dx]]
4\5 4\/?

( (-1)**~1-1iCot[c+dx] V1+iCot[c+dx] Cot[c+dx] (EllipticE[iAr‘cSinh[

(-1)**+/Cot[c+dx] |, -1] - E1lipticF[i ArcSinh[(-1)"*+/Cot[c+dx] ],

+

—1]) \J (1+Cotc+dx]?) Tan[c+dx]? )/(5 (1+Cotfc+dx]?))| -

2

v/ Cot[c+dx] +§Cot[c+dx]5/2 (—lJr\/lJrTan[Cerx]2

d Ak

((1+Cos[c+dx]) v Cot[c+dx]
(1+Cot[c+dx]?)
(a+aSec[c+dx}))



Mathematica 11.3 Integration Test Results for 4.5.1.4 (d tan)”~n (a+b sec)™~m.nb | 149

Problem 244: Result unnecessarily involves imaginary or complex numbers.
J\/eCot[c+dx}

a+aSec[c+dx]

dx

Optimal (type 4, 325leaves, 18 steps):
2Cot[c+dx] VeCot[c+dx] (1-Sec[c+dx]) 1

3ad 3ad
\eCot[c+dx] EllipticF[c—Eerx, 2} Sec[c+dx] VSin[2c+2dx] -
4

Ar‘cTan[l—\E\/Tan[Cerx] }\/eCo‘t[c+dx} v Tan[c +dx]

+

A2 ad
ArcTan[1++/2 v/Tan[c+dx] | VeCot[c+dx] VTan[c+dx] 1
\/?ad Zx/fad

\JeCot[c+dx] Log[l—\/?\/Tan[c+dx] +Tan[c+dx}]\/Tan[c+dx] +

1
————/eCot[c+dx] Log[1++/2 +/Tan[c+dx] +Tan[c+dx]|Tan[c+dx]
2\/?ad
Result (type 4, 313 leaves):

1
(1+Cos[c+dx]) (1+Cot[c+dx]?) (a+aSec[c+dx])

dx-2

c
2Cos[—+ —|"+/Cot[c+dx] VeCot[c+dx] Cscl[c+dx]Sec[c+dx]
2 2

2 Cot[c+dx]3? [—1+\/1+Tan[c+dx12)

(1+\/1+Tan[c+dx]2) -

3d d
1
2 (—2Ar‘cTan{1—x/7x/Cot[c+dx} | +2ArcTan[1++/2 V/Cot[c+dx] | +
4~2

Log[1-+/2 v/Cot[c+dx] +Cot[c+dx]]-Log[1++/2 /Cot[c+dx] +Cot[c+dx]” +
((—1)1/4C0t[c+dx] EllipticF[iArcSinh[(-1)Y*+/Cot[c+dx] |, -1]

|

Problem 245: Result unnecessarily involves imaginary or complex numbers.

\/1+Tan[c+dx]2

/[3\/1+Cot[c+dx]2

1
Jx/eCot[Cerx] (a+asec[c+dx])

dx

Optimal (type 4, 347 leaves, 19 steps):
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2Cot[c+dx] (1-Seclc+dx]) 2sin[c+dx] 2Cos[c+dx] EllipticE{c—§+dx, 2]
N _ _
ad+eCot[c+dx] ad+eCot[c+dx] ad+eCot[c+dx] ~/Sin[2c+2dXx]

Ar‘cTan[lf\Em} Ar‘cTan[1+\Em]
/2 ad+/eCot[c+dx] /Tan[c +dx] +\/Tad\/eCot[c+dx] v/Tan[c +dx]
Log[1-+/2 v/Tan[c+dx] +Tan[c+dx]] Log[l++2 ~/Tan[c+dx] +Tan[c+dx] |
2+/2 ad+/eCot[c+dx] /Tan[c +dx] . 2+/2 ad+/eCot[c+dx] /Tan[c+dx]

+

Result (type 4, 310leaves):
1

4adm
(ZﬁArcTan[l—\Em] -2+/2 ArcTan[1++/2 /Cot[c+dx] | +
8+/Cot[c+dx] ++/2 Log[1-+/2 +/Cot[c+dx] +Cot[c+dx]]| -
V2 Log[1++/2 V/Cot[c+dx] +Cot[c+dx]]+4 (-1)>*+/Csclc+dx]?
EllipticE[iArcSinh[(-1)"*+/Cot[c+dx] |, -1] \/msm[z (c+dx)] -
4 (-1)**\[csclc+dx]? EllipticF[i ArcSinh[(-1)"*+/Cotic+dx] |, -1]
\/msm[z(udx)}

Cot[c+dx]3? (1+ Sec[c+dx]?

Tan[% (c+dx)]

Problem 246: Unable to integrate problem.

1

dx
J(eCot[c+dx])3/2 (a+asec[c+dx])

Optimal (type 4, 290 leaves, 17 steps):

Cot[c+dx] Csc[c+dx] EllipticF[c—i+dxJ 2] VSin[2c+2dx]

+

ad (eCot[c+dx])>?

ArcTan[1-+/2 v/Tan[c+dx] | ArcTan[1++/2 V/Tan[c+dx] |

2 ad <eCot[c+dx])3/2Tan[c+dx]3/2 2 ad (eCot[c+dx])3/2Tan[c+dx]3/2

Log[1-+/2 v/Tan[c+dx] +Tan[c+dx]]| Log[1++/2 v/Tan[c+dx] +Tan[c+dx]]|

2+/2 ad (eCot[c+dx])3/2Tan[c+dx}3/2 2+/2 ad (eCo’c[c+dx})3/2Tan[c+dx]3/2

+

Result (type 8, 27 leaves):
1

dx
J(eCot[c+dx])3/2 (a+asec[c+dx])

Problem 247: Result unnecessarily involves imaginary or complex numbers.

J = dx
(eCot[c+dx])>? (a+aSec[c+dx])
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Optimal (type 4, 325leaves, 18 steps):
2Cos[c+dx] Cot[c+dx] 2Cos[c+dx] Cot[c+dx]2EllipticE|c - Zedx, 2]

+

ad (eCot[c+dx])®? ad(eCot[c+dx})5/2\/Sin[2c+2dx}
Ar‘cTan[l—\/?\/Tan[c+dx] } Ar‘cTan[1+x/?x/Tan[c+dx] ]

V2 ad (eCot[c+dx])**Tan[c+dx]%2 /2 ad (eCot[c+dx])>*Tan[c+dx]52
Log[l—\/?\/Tan[c+dx] +Tan[c+dx]] Log[1+\5\/Tan[c+dx] +Tan[c+dx]}
+
2+/2 ad (eCot[c+dx])**Tan[c+dx]%2 2+/2 ad (eCot[c+dx])*?Tan[c+dx]52

Result (type 4, 324 leaves):
1

2v/2 ade?
(—2Ar‘cTan[1—x/?x/Cot[c+dx] | +2ArcTan[1++/2 v/Cot[c+dx] | -

Log[1-/Z /Cot[crdx] + Cotc+dx}]+Log[ V2 [Cot[crdx] +Cotlcedx]] +

4~/2 +/Cot[c+dx] ~/Sec[c+dx]? 1)2*~/2 /Csclc+dx]?
E111pt1cE[J'1Ar'c51nh[(—1)1/4 VCot[c+dx] |, -1] \/Sec[c+dx]? Sin[2 (c+dx)] -
1)3/4\5«/Csc[c+dx]2 EllipticF[iAr‘cSinh[(—1)1/4\/Cot[c+dx] ], -1]

Sec[c+dx]? Sin[2 (c+dx) |

v/Cot[c+dx] veCot[c+dx] Sec[c +dx]?

Tan| <c+dx)]

1
2

Problem 248: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(eCot[c+dx])”? (a+asSec[c+dx])

Optimal (type 4, 335leaves, 18 steps):
2Cot[c+dx]3 (3-Sec[c+dx])

3ad (eCot[c+dx])”?

Cot[c+dx]3Csc[c+dx] EllipticF{c—;—Terx, 2] \/sin[2c+2dx]

3ad (eCot[c+dx])’?
ArcTan[1-+/2 \/Tan[c+dx] | ArcTan[1++/2 \/Tan[c+dx] |
\/?ad(eCot[c+dx])7/2Tan[c+dx17/2+\/7ad(eCot[c+dx])7/2Tan[c+dx]7/2
Log[1-+/2 +/Tan[c+dx] +Tan[c+dx]] ) Log[1++/2 +/Tan[c+dx] +Tan[c+dx]]

2+/2 ad (eCot[c+dx])”?Tan[c+dx]7’? 2+/2 ad (eCot[c+dx])"?Tan[c+dx]7/2

Result (type 4, 313 leaves):
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c dx;2 /2
2Cos|—+—| Cot[c+dx]”2Csc[c+dx]
2 2

- 2
2( 3+\/1+Tan[c+dx] ) 1

Sec[c+dx] 1+\/1+Tan[c+dx}2

3d+Cot[c+dx] d
2 ! (—ZAr'cTan[l—\/T\/Cot[c+dx] }+2Ar‘cTan[1+\/7\/Cot[c+dx] }+
42

Log[1-+/2 v/Cot[c+dx] +Cot[c+dx]|-Log[1++2 v/Cot[c+dx] +Cot[c+dx}]) +
((—1)1/4C0t[c+dx] EllipticF[iArcSinh[(-1)"*+/Cot[c+dx] |, -1]

\/1+Tan[c+dx}2)/ (3\/1+Cot[c+dx}2)] /

((1+Cos[c+dx]) (eCot[c+dx])”? (1+Cot[c+dx]?) (a+aSec[c+dx}))

Problem 249: Result unnecessarily involves imaginary or complex numbers.
J 1
(eCot[c+dx])”? (a+aSec[c+dx])

dx

Optimal (type 4, 371 leaves, 19 steps):
6Cos[c+dx] Cot[c+dx]® 2Cot[c+dx]> (5-3Sec[c+dx])

.
5ad (eCot[c+dx])?? 15ad (eCot[c+dx])®?

6 Cos[c+dx] Cot[c+dx]*EllipticE|c- redx, 2]

5ad (eCot[c+dx])??/Sin[2¢c+2dx]

ArcTan[1-+/2 V/Tan[c+dx] | ArcTan[1++/2 V/Tan[c+dx] |

+ +
2 ad <eCot[c+dx])9‘/2Tan[c+dx]9/2 2 ad (eCot[c+dx])9/2Tan[c+dx]9/2

Log[1-+/2 +/Tan[c+dx] +Tan[c+dx]| Log[1++/2 +/Tan[c+dx] +Tan[c+dx]]

2+/2 ad (eCOt[C+dX])9/2Tan[C+dX}9/2 2+/2 ad (eCo’c[c+dx})“;/ZTan[Cerx]g/2

Result (type 4, 425 leaves):
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c dx,2 11/2
2Cos|[—+—| Cot[c+dx]*2Csc[c+dx] Sec[c+dx]
2 2

. ArcTan [ -+/2 +2/Cot[c+d x] ] ArcTan [ A2 +2+/Cot[c+d x] ]
V2 V2
-—2 +
d

22 2+/2

(1+\/1+Tan[c+dx]2

Log[1-+/2 v/Cot[c+dx] +Cot{c+dx]| Log[l++2 +/Cot[c+dx] +Cotlc+dx]]|
+ +

4-/2 4-/2

(3 (-1)**+/1-iCot[c+dx] /1+1iCot[c+dx] Cot[c+dx] (EllipticE[jAr'cSinh[
(-1)Y*~/Cot[c+dx] |, -1] - E1lipticF[i ArcSinh[(-1)Y*~/Cot[c+dx] |,

71]) \/(1+Cot[c+dx]2) Tan[c +dx]?

/(5 (1+Cotfc+dx]?))| -

2 [5+3 (-1+3Cot[c+dx]?) \/1+Tan[c+dx]2

15d Cot[c +dx]3/? /((1+Cos[c+dx]>

(eCot[c+dx])®? (1+Cot[c+dx]?)
(a+aSec[c+dx1))

Problem 250: Unable to integrate problem.

1

J\/eCo‘c[c+dx] (a+asecc+dx])?

dx

Optimal (type 4, 413 leaves, 24 steps):
2 Cot[c+dx] 12 Cos[c+dx] Cot[c +dXx] 4Cot[c+dx]?
a2dveCoticrdx]  SaldveCotlcrdx]  Sa’d+eCotlcrdx]
AcCot[c+dx]2Csc[c+dx] 12Cos[c+dx] EllipticE|c - Ledx, 2]

5a2d+/eCot[c+dx] 5a2d+eCot[c+dx] V/Sin[2c+2dx]

ArcTan[1-+/2 V/Tan[c+dx] | ArcTan[1++/2 V/Tan[c+dx] |
A2 a2d+/eCot[c+dx] Tan[c+dx] +\/Tazd\/eCo‘c[Cerm v/Tan[c +dx]
Log[1-+/2 v/Tan[c+dx] +Tan[c+dx]] Log[1++2 +/Tan[c+dx] +Tan[c+dx] |
2+/2 a?d+/eCot[c+dx] ~/Tan[c+dx] 72\/?azd\/eCot[c+dx] v Tan[c +dx]

+

Result (type 8, 27 leaves):
1

Jx/eCot[c+dx] (a+asSec[c+dx])?

dx
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Problem 251: Unable to integrate problem.

1

dx
J(eCot[c+dx])3/2 (a+asec[c+dx])?

Optimal (type 4, 359 leaves, 22 steps):
4Cot[c+dx]3 4 Cot[c+dx]%Csc[c+dx]
+

+

3a2d (eCot[c+dx])>? 3a2d (eCot[c+dx])>?

(2Cot[c+dx] Csclc+dx] EllipticF[c-zﬂjx, 2] V/sin[2c+2dx] )/
4

Ar‘cTan[l— \/Tx/Tan[c +d Xx] }

(3a2d<eCot[c+dx])3/2)+ -
V2 a?d (eCot[c+dx])>?Tan[c+dx]3?
Ar‘cTan[1+\/7m} Log[l—ﬁm+Tan[c+dx]}
\/Tazd(eCo‘c[c+dx])3/2Tan[c+dx]3/2+2V7a2d(eCot[c+dx])3’/2Tan[c+dx}3/2
Log[1++/2 v/Tan[c+dx] +Tan[c+dx]]

2/2 a?d (eCot[c+dx])>?Tan[c+dx]>?

Result (type 8, 27 leaves):

J ! dx
(ecCot[c+dx])>? (a+asSec[c+dx])?

Problem 252: Unable to integrate problem.

1

dx
J(eCot[Cerx])S/2 (a+asec[c+dx])?

Optimal (type 4, 355leaves, 22 steps):
4Cot[c+dx]3 4Cos[c+dx] Cot[c+dx]3

+ +

7a2d(eCo‘c[c+dx])5/2 a?d (eCot[c+dx])°?

4 Cos[c+dx] Cot[c+dx]2ElLipticE|c - f +dx, 2]

+

a?d (eCot[c+dx])*?~/Sin[2c+2dx]

ArcTan[1-+/2 V/Tan[c+dx] | ArcTan[1++/2 v/Tan[c+dx] |

V2 a?d (eCot[c+dx])*?Tan[c+dx]%2 /2 a’d (eCot[c+dx])>?Tan[c+dx]>?

Log[1-+/2 v/Tan[c+dx] +Tan[c+dx] | Log[1++/2 +/Tan[c+dx] +Tan[c+dx] |

2+/2 a?d (eCot[c+dx])*?Tan[c+dx]%2 2+/2 a’d (eCot[c+dx])*?Tan[c+dx]>?

Result (type 8, 27 leaves):
1

dx
J(eCot[Cerx])S/2 (a+aSec[c+dx])?
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Problem 253: Unable to integrate problem.

1

dx
J(eCot[c+dx])7/2 (a+asec[c+dx])?

Optimal (type 4, 321 leaves, 20 steps):
2Cot[c+dx]3

- (2Cot[c+dx]3Csc[c+dx] EllipticF[c—I+dx, 2| \/sin[2c+2dx]
4

/

a?d (eCot[c+dx])’?

ArcTan[1-+/2 V/Tan[c+dx] |

(azd(eCot[c+dx})7/2)— +
/2 a?d (eCot[c+dx])”?Tan[c+dx]7/?
ArcTan([1++/2 V/Tan[c+dx] | Log[1-+/2 v/Tan[c+dx] +Tan[c+dx] |

+

V2 a?d (eCot[c+dx])”?Tan[c+dx]7/2 2+/2 a*d (eCot[c+dx])"*Tan[c+dx]72

Log[1++/2 v/Tan[c+dx] +Tan[c+dx]]

2+/2 a?d (eCot[c+dx])"?Tan[c+dx]7/?

Result (type 8, 27 leaves):
1

dx
J(eCot[Cerx])W2 (a+aSec[c+dx])?

Problem 254: Unable to integrate problem.

J L dx
(ecCot[c+dx])®? (a+asSec[c+dx])?

Optimal (type 4, 357 leaves, 21 steps):
2Cot[c+dx]3 4Cos[c+dx] Cot[c+dx]?

- +

3a%d (eCot[c+dx])%? a?d (eCot[c+dx])®?

4 Cos[c+dx] Cotfc+dx]*ElLipticE|c - Zedx, 2]

a?d (eCot[c+dx])*?~/sin[2c+2dx]

ArcTan[1-+/2 V/Tan[c+dx] | ArcTan[1++/2 V/Tan[c+dx] |

+ +

V2 a’d (eCot[c+dx])*?Tan[c+dx]®? /2 a?d (eCot[c+dx])??Tan[c+dx]®?

Log[1-+/2 v/Tan[c+dx] +Tan[c+dx] ] Log[1++/2 +/Tan[c+dx] +Tan[c+dx] |

2+/2 ad (eCot[c+dx])9/2Tan[c+dx]9/2 2+/2 ad (eCot[Cerx])c"/zTan[Cerx]W2

Result (type 8, 27 leaves):

J 1 dx
(ecot[c+dx])®? (a+aSec[c+dx])?
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Problem 255: Unable to integrate problem.
J 1
(ecot[c+dx])*? (a+asSec[c+dx])?

dx

Optimal (type 4, 389 leaves, 22 steps):
2Cot[c+dx]3 2Cot[c+dx]® 4 Cot[c+dx]*Csc[c+dx]

+ +
5a’d (eCot[c+dx])™? a?d(eCot[c+dx])™? 3a’d(eCot{c+dx])™?
(2Cot[c+dx]5Csc[c+dx] EllipticF[c—E+dx, 2] V/sin[2c+2dx]
4

Ar‘cTan[l —\E\/Tan[c +dXx] ]

(3a2d<eCot[c+dx])”/2)+ -
V2 a?d (eCot[c+dx])™?Tan[c+dx]/2
Ar‘cTan[1+\/7m] Log[l—\/?\/m+Tan[c+dx]]
\/Tazd(eCot[c+dx])11/2Tan[c+dx}11/2+2\/7a2d(eCot[c+dx})11/2Tan[c+dx]11/2
Log[1++/2 v/Tan[c+dx] +Tan[c+dx] |

2/2 a?d (eCot[c+dx])™?Tan[c+dx]/2

Result (type 8, 27 leaves):

J ! dx
(ecCot[c+dx])™? (a+asec[c+dx])?

Problem 265: Result more than twice size of optimal antiderivative.

J(a+b5ec[c+dx]) Tan[c +dx]*dx

Optimal (type 3, 73 leaves, 4 steps):
3bArcTanh[Sin[c+dXx]]
N

8d
(8a+3bSec[c+dx]) Tan[c+dx] (4a+3bSec[c+dx])Tan[c+dx]?

+

8d 12d

axX

Result (type 3, 230leaves):
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3blog[Cos[ (c+dx)]-sin[ (c+dx)]]

ax- 8d ’

3bLog[Cos[i(c+dx)]+Sin[§(c+dx>]]+ b B
8d 16d(Cos{i(C+dXH—Sin[§(C+dX>])4
5b b

16d (Cos[i (c+dx)] —Sin[i (c+dx)”2 7 16d (Cos[% (c+dx) ] +Sin[§ (c+dx)”4+

5b 4aTan[c+dx] aSec[c+dx]?Tan[c+dXx]
- +

16d(Cos[§<c+dx)]+Sin[§(c+dx)”2 3d 3d

Problem 266: Result more than twice size of optimal antiderivative.

j(a+b5ec[c+dx]) Tan[c +dx]?dx

Optimal (type 3, 45leaves, 3 steps):
bArcTanh[Sin[c+dx]] (2a+bSec[c+dx]) Tan[c+dx]

—ax- +

2d 2d

Result (type 3, 142leaves):
bLog[CosE (c+dx)] —Sin[i (c+dx)]]

—ax+ e -

bLog[Cos[%(c+dx)]+Sin[i(c+dx)H+ b )
2d 4d (Cos[L (c+dx)]-sin[L (crdx)])’
b +aTan[c+dx]

4d (cos[2 (c+dx)]+sin[t (c+dx)])’ d

Problem 268: Result more than twice size of optimal antiderivative.

JCo‘c[c+dx14 (a+bsSec[c+dx]) dx

Optimal (type 3, 55leaves, 3 steps):

Cot[c+dx]® (a+bSec[c+dx]) Cot[c+dx] (3a+2bSec[c+dx])
ax- +
3d 3d

Result (type 3, 136 leaves):

5bCot[§ (c+dx)] 4acCot[c+dx] bCot[i (c+dx)]Csc[§ (c+dx”2
axr 12d ' 3d ) 24.d .

aCot[c+dx] Csc[c+dx]2 5bTan[§ (crdx)] bSec[% <c+dx)]2Tan[§ (c+dx)]

+ —

3d 12d 24d
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Problem 269: Result more than twice size of optimal antiderivative.

JCo‘c[c+dx}6 (a+bsec[c+dx]) dx

Optimal (type 3, 84 leaves, 4 steps):
Cot[c+dx]® (a+bSec[c+dx])
N

5d
Cot[c+dx]® (5a+4bSec[c+dx]) Cot[c+dx] (15a+8bSec[c+dx])

15d 15d

—aX —

Result (type 3, 219leaves):

89bCot[§<c+dx)] 23aCot[c+dx]
-aX-— - *
240d 15d

31bCot[i (c+dx)]Csc[§ (c+dx”2_ bCot[i (c+dx)] Csc[i (c+dx)]4

+

480 d 160d
1
1laCot[c+dx] Csc[c+dx]?2 aCot[c+dx]Csc[c+dx]* 89bTan[; (C+dXH

15d 5d 240 d
31bSec[i (c+dx)]2Tan[i (c+dx)] bSec[i <c+dx)]4Tan[i (c+dx)]

+

480d 160 d

Problem 270: Result more than twice size of optimal antiderivative.

JCot[c+dx18 (a+bsSec[c+dx]) dx

Optimal (type 3, 111 leaves, 5steps):
Cot[c+dx]” (a+bSec[c+dx]) Cot[c+dx]® (7a+6bSec[c+dx])
+

ax- +

7d 35d
Cot[c+dx] (35a+16bSec[c+dx]) Cot[c+dx]?(35a+24bSec[c+dx])
35d 105d

Result (type 3, 300 leaves):
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381bCot[§ (c+dx)] 176 a Cot [C + d x] 179bCot[§ (c+dx)] Csc[i (c+dx)]2
+

ax+ - +
1120d 105 d 2240d
bCot[i(c+dx”Csc[§<c+dx)]4 bCOt[i(CerX)]CSC[i(C+dXH6
70d 896 d
122 aCot[c+dx] Csc[c+dx]? 22aCot[c+dx]Csc[c+dx]* aCot[c+dx]Csc[c+dx]®
+ +
105d 35d 7d
381bTan[§(c+dx)] _179bSec[%(c+dx)]2Tan[§(c+dx>] )
1120d 2240 d
bSec[i(c+dx”4Tan[%(c+dx)] bSec[%(Cerx)]GTan[i(c+dx)]
70 d ) 896 d

Problem 278: Result more than twice size of optimal antiderivative.

JCOt[C+dX}5 (a+bSec[c+dx})2d1x

Optimal (type 3, 126 leaves, 5steps):
a’log[Cos[c+dx]] a(4a+3b)log[l-Sec[c+dx]] a(4a-3b)Log[l+Sec[c+dx]]
N

+

d 8d 8d
aCot[c+dx]?(2a+3bSec[c+dx]) Cot[c+dx]*(a?+b?+2abSec[c+dx])

4d 4d

+

Result (type 3, 385leaves):

1
[(7a2+10ab+3b2) Cos[c+dx]2Csc|~
2

(c+dx>]2 (a+bSec[c+dX])2]/

(32d (b+aCos[c+dx1)2) +

+

(-a2-2ab-b?) Cos[c+dx12Csc[i (c+dx)]4 (a+bSec| c+dx1)2
64 d (b+aCos[c+dx])2
( 4a’-3ab) Cos[c+dx}2Log[Cos[l (c+dx)]] (a+bSec[c+dx])2)/
2

4d b+aCos[c+dx])2) +

(
((4a2+3ab) Cos[c+dx12Log[Sin[l (c+dx)]] (a+bSec[c+dx])2)/
2
(4 b+aCos[c+dx])2> +
(

1
( 7a*>-10ab+3b*) Cos[c+dx]*Sec|—
2

(c+dx)]2 (a+bSec[c+dx1)2J/

(-a2+2ab-b?) Cos[c+dx]25ec[§ (c+dx”4 (a+bSec[c+dx])?

(32d(b+aCos[C+dx]>2)+ 64d (b+aCos(cedx])?
+ +



160 | Mathematica 11.3 Integration Test Results for 4.5.1.4 (d tan)”n (a+b sec)™~m.nb

Problem 280: Result more than twice size of optimal antiderivative.

J(a+b5ec[c+dx])ZTan[c+dx]4d1x

Optimal (type 3, 116 leaves, 10 steps):
) 3abArcTanh[Sin[c+dx]] a%’Tan[c+dx] 3abSec[c+dx] Tan[c+dx]

a” X + - - +

4d d 4d

a’?Tan[c+dx]> abSec[c+dx] Tan[c+dx]3® b?Tan[c+dx]>
+ +

3d 2d 5d

Result (type 3, 355leaves):

Sec[c+dx]° (Geachos[B (c+dx)] +60a*dxCos[5 (c+dx) |-
960 d

45abCos|[5 (c+dx)] Log[Cos[% (c+dx)] —Sin[% (c+dx)]]+

45abCos[5 (c+dx)] Log[Cos[% (c+dx)] +Sin[% (c+dx)]]+

c+dx)]—Sin[§(c+dx)H+

150 aCos[c+dx] |4a (c+dx) 73bLog[Cos[

1
S|
1)
75aCos[3 (c+dx) | (4a (c+dx) 73bLog[Cos[§ (c+dx)] 7Sin[§ (c+dx)]]+

1
3bLog[Cos[;(c+dx)]+Sln (c+dx

3bLog[Cos[1 <c+dx)] +Sin| (c+dx)“) -80a%Sin[c+dx] +120b%Sin[c+dx] -
2

W N R

60absin[2 (c+dx)|-160a’Sin|3 (c+dx)|-6@b’>Sin|3 (c+dX) | -

150 absSin[4 (c+dx>] -80a?sin|[5 (c+dx)] +12b?Sin[5 (c+dx)}

Problem 281: Result more than twice size of optimal antiderivative.

J(a+b$ec[c+dx])ZTan[c+dX]2d1x

Optimal (type 3, 70leaves, 8steps):

5 abArcTanh[Sin[c+dx]] a?Tan[c+dx] abSec[c+dx] Tan[c+dx] b?Tan[c+dx]3

—a” X - + + +

d d d 3d

Result (type 3, 201 leaves):
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1
——Sec[c+dx]3
12d

-9acCos[c+dx]

a(c+dx) -

bLog[Cos[% (c+dx)] —Sin[% (c+dx)]] +bLog[Cos[% (c+dx)] +Sin[§ (c+dx)]]|-

3aCos|[3 (c+dx)] [a (c+dx) 7bLog[Cos[§ (c+dx)] 7Sin[§ (c+dx)]]+
b Log Cos| (¢ +dx)] +Sin[ (cvdx)]] )+

2 (3a%+b*+6abCos[c+dx] + (3a’-b?) Cos[2 (c+dx)]|)Sin[c+dx]

Problem 286: Result more than twice size of optimal antiderivative.

Tan[c+dx]°®
J dx

a+bSec[c+dx]
Optimal (type 3, 250 leaves, 3 steps):
Log[Cos[c+dx]] (a®-b?)*Logla+bSec[c+dx]] (a®-4a*b2+6a?b*-4b°) Sec[c+dx]

+ —

ad abdd b7 d
a(a*-4a’b>+6b%) Sec[c+dx]? (a*-4a?b?+6b*) Sec[c+dx]?
. _
2b%d 3b°d
a(a’?-4b?)sec[c+dx]* (a?-4b?)Sec[c+dx]® aSec[c+dx]® Sec[c+dx]’
. - +
4b*d 5b3d 6b2d 7bd

Result (type 3, 520leaves):
((a7-4a°b>+6a*b*-4ab®) (b+aCos[c+dx]) Log[Cos[c+dx]]Sec[c+dx])/
(b®d (a+bsSec[c+dx])) +
((-a®+4a°b*>-6a"b*+4a*b®-b®) (b+aCos[c+dx]) Log[b+aCos[c+dx]]Sec[c+dx])/
(-a?+2b?) (a*-2a?b?+2b*) (b+aCos[c+dx]) Sec[c+dx]?
( b’d (a+bSec[c+dx]) )
a(a*-4a’b?+6b*) (b+aCos[c+dx]) Sec[c+dx]?
2b%d (a+bSec[c+dx])
(a*-4a?b?+6b*) (b+aCos[c+dx])Sec[c+dx]*
3b°d (a+bSec[c+dx])
a(-a+2b) (a+2b) (b+aCos[c+dx])Sec[c+dx]®
4b*d (a+bSec[c+dx]) :

ab®d (a+bsSec[c+dx])) -

+

+

(-a+2b) (a+2b) (b+aCos[c+dx]) Sec[c+dx]®
5b3d (a+bSec[c+dx])

a(b+raCos[c+dx])Sec[c+dx]” (b+aCos[c+dx])Sec[c+dx]®
+

6b2d (a+bSec[c+dx]) 7bd (a+bSec[c+dx])
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Problem 287: Result more than twice size of optimal antiderivative.

Tan[c+dx]’
J dx
a+bSec[c+dx]

Optimal (type 3, 170leaves, 3 steps):
(a*-3a2b?+3b*) Sec[c+dx]

Log[Cos[c+dx]] (az—b2)3Log[a+bSec[c+dx]]
_ + _
ad abbd b>d
a(a?-3b%) Sec[c+dx]? (a?-3b?)Sec[c+dx]® aSec[c+dx]* Sec[c+dx]®
+ - +
2b%*d 3b3d 4b%d 5bd

Result (type 3, 371 leaves):
((a®-3a’b®>+3ab*) (b+aCos[c+dx]) Log[Cos[c+dx]]Sec[c+dx]) /

(b°d (a+bSec[c+dx])) +
((-a®*+3a*b>-3a’b*+b®) (b+aCos[c+dx]) Log[b+aCos[c+dx]]Sec[c+dx])/

( b6d< bSec| d })) <a4_332b2+3b4> (b+aCOS[C+dX])SEC[C+dX]2
a a+ ec[c+dx +

b>d (a+bSec[c+dx])
(a®-3b?) (b+aCos[c+dx]) Sec[c+dx]*

+

a(-a?+3b?) (b+aCos[c+dx])Sec[c+dx]?
N

2b%*d (a+bSec[c+dx]) 3b3d (a+bSec[c+dx])

a(b+aCos[c+dx])Sec[c+dx]® (b+aCos[c+dx])Sec[c+dx]®

4b%d (a+bSec[c+dx]) : 5bd(a+bSec[c+dx])

Problem 293: Result unnecessarily involves complex numbers and more than

twice size of optimal antiderivative.

Cot[c+dx]?
J dx
a+bSec[c+dx]

Optimal (type 3, 234 leaves, 3 steps):
(8a?+21ab+15b?) Log[1-Sec[c+dx]]

Log[Cos[c +dx]]
+ +
ad 16 (a+b)>d
(832—21ab+15b2) Log[l+Sec[c+dx]] bPlogla+bSec[c+dx]]
16 (a-b)°d a(a?-b2)°d
1 5a+7b

16 (a+b)2d (1-sec[c+dx])
5a-7b

16 (a-b)*d (1+Sec[c+dx])

16 (a+b) d (1—Sec[c+dx])2
1

16 (a-b) d (1+Sec[c+dx])?

Result (type 3, 625leaves):
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2i (a®-3a°b?+3ab*) (c+dx) (b+aCos[c+dx]) Sec[c+dx]

(a-b)® (a+b)*d (a+bSec[c+dx])
(i (-8a*+2lab-15b%) ArcTan[Tan[c+dx]] (b+aCos[c+dx]) Sec[c+dx})/
(8 (—a+b>3d (a+bSec[c+dx}>) -
(i (8a*+21ab+15b*) ArcTan[Tan[c+dx]] (b+aCos[c+dx]) Sec[c+dx])/

7a+9b) (b+aCos[c+dx]) Csc Lilc+dx Zsec[c+dx]
(8(a+b)3d(a+bSec[c+dx]))+( >< ) [2< )] -
32 (a+b)?d (a+bSec[c+dx])

b+aCos[c+dx]) Csc[® (c+dx)]*Secc+dx]
2

+

64 (a+b)d(a+bSec[c+dx])

((78a2+21ab715b2) (b+acCos[c+dx]) Log[Cos[1 (c+dx)]2] Sec[c +d x]
2

/

b (b+aC dx]) Log[b+aC dx]]s d
(16<7a+b)3d(a+bSec[c+dx]))+ [b+aCosfc+dx]) Log[b-aCos[c-dx]] Sec[c+dx] +

a (—a2+b2)3d (a+bsec[c+dx])

/

(7a-9b) (b+aCos[c+dx]) Sec[? (c+dx”25ec[c+dx}
(16<a+b>3d(a+bSec[c+dx}))+ 2 +
32 (-a+b)?d (a+bSec[c+dx])

((8a2+21ab+15b2) (b+acCos[c+dx]) Log[Sin[1 (c+dx”2} Sec[c +d X]
2

(b+aCos[c+dx]) Sec[i <c+dx)]45ec[c+dx]

64 (-a+b)d(a+bSec[c+dx])

Problem 294: Result more than twice size of optimal antiderivative.

Tan[c+dx]®
J dx

a+bSec[c+dx]

Optimal (type 3, 198 leaves, 15 steps):
x (8a*-20a’b?+15b*) ArcTanh[Sin[c +d x]]

- — 4+ —

a 8b>d
+/a-b Tan{l(udxw
5/2 5/2 2
2 (a-b)*"* (a+b)>"* ArcTanh| - ] o a (a%-2b?) Tan[c+dx] .
ab>d b*d
(4a2-7b%) Sec[c+dx] Tan[c+dx] aTan[c+dx]® Sec[c+dx]Tan[c+dx]3
- +
8b3d 3b%d 4bd

Result (type 3, 907 leaves):
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(c+dx) (b+aCos[c+dx]) Sec[c+dXx]

ad (a+bSec[c+dx])
(-a+b) Tan[i (c+dx)]
VaZ-p?

[absx/az—b2 d(a+bSec[c+dx])

(c+dx)H Sec[c +dx]

| (b+acCos[c+dx]) Sec[c+dx]

/

(-8a*+20a*b*-15b*) (b+aCos[c+dx])

[2 (—az + b2) 3 Ar‘cTanh[

+

/(Sbsd (a+bSec[c+dx])) +

(c+dx)H

Log[Cos[% (c+dx)]-sin]

N |

((8a4720a2b2+15b4> (b+acCos[c+dx]) Log[Cos[1 (c+dx)] +sin|
2

N |

Sec[c+dXx] 8b°d (a+bSec[c+dx])) +
/|

(b+acCos[c+dx]) Sec[c+dx]

+

16bd (a+bSec[c+dx]) (Cos[i (c+dx) ] 7Sin[i (c+dx)])4

(12a2-4ab-27b%) (b+aCos[c+dx]) Sec[c+dx]

48b3d (a+bSec[c+dx]) (Cos[i (c+dx)] —Sin[i (c+dx)”2

a(b+acCos[c+dx]) Sec[c+dx] Sin[i (c+dx)]

6b>d (a+bSec[c+dx]) (Cos[i (c+dx)] 7Sin[§ <c+dx)])3

(b+acCos[c+dx]) Sec[c+dx]

16bd (a+bSec[c+dx]) (Cos[i (c+dx)] +Sin[i (c+dx)])4

a(b+aCos[c+dx])Sec[c+dx] Sin[i (c+dx)]

+

6b>d (a+bSec[c+dx]) (Cos[% (c+dx)] +Sin[§ <c+dx)])3

(-12a*+4ab+27b?) (b+aCos[c+dx]) Sec[c+dx]

+

48b*d (a+bSec[c+dx]) (Cos[% (c+dx)] +Sin[§ (c+dx)”2

((b+aCos[c+dx]) Sec[c +dx] —3a3Sin[1 (c+dx)] +7abZSin[1 (c+dx)]
2

2
)+
(c+dx)] +7abZSin[§ (c+dx)]
|

Problem 295: Result more than twice size of optimal antiderivative.

|/

Cos[l (c+dx)] 7Sin[1 (c+dx)]

(3b4d (a+bsec[c+dx])
2

((b+aCos[c+dx]) Sec[c+dx] [-3a’Sin]

|/

N |

{3b4d (a+bsec[c+dx]) Cos[1 (c+dx)] +Sin[1 (c+dx)]
2 2

Tan[c+dx]?
J dx

a+bSec[c+dx]

Optimal (type 3, 126 leaves, 6 steps):
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x (2a?-3b?) ArcTanh[Sin[c+dx]]
. _
a 2b3d

\/a—ibTan[é (c+dx)} ]

a+b aTan[c+dx] Sec[c+dx] Tan[c +dX]
- +

ab3d b%d 2bd

2 (a— b>3/2 (a +b)3/2Ar‘cTanh[

Result (type 3, 287 leaves):

4c 4dx
- +

+

(b+acCos[c+dx]) Sec[c+dx]
a a

3/2 (-a+b) Tan{; (c+d x)]
& (a? - 6?) % ArcTann | aat Log[cos |2 (c+ax)] -sin[2 (cdx]]

ab? b3
6Log[Cos[§ (c+dx) ] 7Sin[§ (c+dx)]] 4a2Log[Cos[§ (c+dx) ] +Sin[§ (c+dx)]]

+ —

b b3

6Log[Cos[§(c+dX>]+Sin[§(C+dX>H+ 1 _

b b(Cos[i(c+dx”—5in[i(c+dx)”2

1 ~4aTan[c+dx] /<4d(a+b5ec[c+dx]))

b [cos [} (c+ax]] +sin[} (crdx]])’ o’

Problem 298: Result more than twice size of optimal antiderivative.

Cot[c+dx]*
j dx

a+bSec[c+dx]

Optimal (type 3, 177 leaves, 15 steps):
~/ a2-b? Tan{£ (c+d x)] }

2b° ArcTanh | h a (a2 -2b%) Cot[c +dx]

— _ + —

a a (a2-b?)*'*d (a?-b?)%d

aCot[c+dx]3 b(az—ZbZ)Csc[c+dx] bCsc[c+dx]?3
- +
3 (az—bz) d <a2—b2)2d 3 (az—b2> d

Result (type 3, 416 leaves):
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(c+dx) (b+aCos[c+dx]) Sec[c+dx]

+

ad(a+bSec[c+dx])

(—a+b)Tan{§(c+dx)}

[a2_p2

a+a?-b? (—a2+b2)2d (a+bSec[c+dx])

2 b®> ArcTanh [

| (b+acCos[c+dx]) Sec[c+dx]

1
(b+acCos[c+dx]) Csc[~ (c+dx) ] Sec[c+dx]

((SaCos[l(c+dx)]+11bCos[£(c+dx” 5

2 2
(12 <a+b)2d (a+bSec[c+dx})) -

/

b+raCos[c+dx]) Cot[L (c+dx)]|Csc[L (c+dx)]*Seclc+dx]
( ) Cot [ 2

+

24 (a+b)d(a+bSec[c+dx])

1
((b+aCos[c+dx]) Sec[~ (c+dx) | Sec[c+dx]
2

(fSaSin[i (c+dx” +11bSin[§ (c+dx>]

)/(12 (7a+b)2d (a+bSec[c+dXJ>) B

(b+acCos[c+dx]) Sec[i <c+dx)]25ec[c+dx] Tan[i (c+dx)]

24 (-a+b)d(a+bSec[c+dx])

Problem 299: Result more than twice size of optimal antiderivative.

Tan[c+dx]°
J dx
(a+bsecc+dx])?

Optimal (type 3, 255leaves, 3 steps):

Log[Cos[c+dx]] (a?-b?)>(7a%+b?) Log[a+bSec[c+dx]]
- +
a’d a?béd
2a(3a*-8a?b?+6b*) Sec[c+dx] (5a*-12a’b?+6b*) Sec[c+dx]?

+ —

b7 d 2béd
4a(a?-2b%) Sec[c+dx]> (3a’-4b?)Sec[c+dx]*
N _
3b>d 4b*d
2aSec[c+dx]> Sec[c+dx]® (a2 -b%)*
+ +

5b3d 6b2d ab®d (a+bSec[c+dx])

Result (type 3, 528 leaves):
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(—a+b)4 (a+b)4 (b+acCos[c+dx]) Sec[c+dx]?

+

a2b7d(a+bSec[c+dx])2
((77a6+20a4b2—18a2b4+4b6) (b+aCos[c+dx])2Log[Cos[c+dx]}Sec[c+dx]2)/
(bsd(a+bSec[c+dx])2)+
((7a8—20a6b2+18a4b474azb67b8) (b+aCos[c+dx])2Log[b+aCos[c+dx}]Sec[c+dx]2)/
2a (3a*-8a?b?+6b*) (b+aCos[c+dx])25ec[c+dx]3

(azbsd(a+bSec[c+dx})2)— ( )2 +
b’d (a+bSec[c+dx]

(5a%*-12a2b?+6b*) (bJraCos[c:erx])ZSec[c+dx]4

+

2b°d (a+bSec[c+dx])?

4a (-a?+2b?) <b+aCos[c+dx})ZSec[c+dx]5 (3a?-4b?) (b+aCos[c+dx])25ec[c+dx]6
+

3b°d (a+bSec[c+dx])? 4b*d (a+bSec[c+dx])?

2a (b+aCos[c+dx})ZSec[c+dx]7 (bJraCos[Cerx})ZSec[c+dx]8
+

5b>d (a+bSec[c+dx])? 6b>d (a+bSec[c+dx])?

Problem 300: Result more than twice size of optimal antiderivative.

Tan[c+dx]’
J( dx

a+bSec[c+dx])?

Optimal (type 3, 179leaves, 3 steps):

Log[Cos[c+dx]] (a®-b?)? (5a%+b?) Logla+bSec[c+dx]] 2a (2a*-3b?)Sec[c+dx]
+

- +

atd a?béd b> d
3 (a?-b?) Sec[c+dx]? 2aSec[c+dx]? Sec[c+dx]* (az—b2)3
- + +
2b*d 3b3d 4b2d ab®d (a+bSec[c+dx])

Result (type 3, 383 leaves):
(—a+b)3 (a+b)3 (b+aCos[c+dx]) Sec[c+dx]?

.
a?b%d (a+bSec[c+dx])?

((—5a4+9a2b2—3b4) (b+aCos[c+dx1)2Log[Cos[c+dx1] Sec[c+dx]2)/
(b6d (a+bSec[c+dx])2) +
((5a6—9a4b2+3a2b4+b6) <b+aCos[c+dx1)zLog[b+aCos[c+dx]1 Sec[c+dx12)/

2a (-2a%+3b?) (b+aCos[c+dx1)ZSec[c+dx]3

(azb6d(a+b5ec[c+dxj>2)+ b5d (a+bSeccsdx))?
+ +

3(-a+b) (a+b) (b+aCos[c+dx1)ZSec[c+dx]4

2b*d (a+bSec[c+dx])?

2a <b+aCos[c+dx1)ZSec[c+dx]5 (b+aCos[c+dx1)2Sec[c+dx]6
+

3b°d (a+bSec[c+dx])? 4b2d (a+bSec[c+dx])?
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Problem 305: Result unnecessarily involves imaginary or complex numbers.

J Cot[c+dx]3
(a+bsec[c+dx])?

dx

Optimal (type 3, 197 leaves, 3 steps):
Log[Cos[c+dx]] (a+2b)Log[l-Sec[c+dx]] (a-2b)Log[l+Sec[c+dx]]

a’d 2 (a+b)’d 2 (a-b)’d
b* (5a? - b?) Log[a+bSec[c+dx]1+ 1 .
a? (a2-b?%)°d 4 (a+b)*d (1-Sec[c+dx])
1 b*

+

4 (a—b)zd (1+sec[c+dx]) a (aszz)zd (a+bSec[c+dx])

Result (type 3, 351 leaves):
1

8d (a+bSec[c+dx])?

° 161 (a*-3a%b?-2b* dx) (b+acC d
(b+acCos[c+dx]) |- 8b _ i(a a ) (c+dx) (b+aCos[c+dx]) .

a? (a-b)* (a+b)? (a-b)? (a+b)?

8i (a-2b) ArcTan[Tan[c+dx]] (b+aCos[c+dx])
(a-b)’

+

8i (a+2b)ArcTan[Tan[c+dx]] (b+aCos[c+dx]) (b+aCos[c+dx]) CSC[% <c+dx)]2

(a+b)3 (a+b)2

4(a72b) (b+aCos[c+dx]) LOg[COS[i (C+dx>]2}

+

(—a+b)3
8b* (-5a%+b?) (b+aCos[c+dx]) Log[b+aCos[c+dx]]

a2 (az _ b2>3

4 (a+2b) (b+acCos[c+dx]) Log[Sin[i (c+dx>]2}

(a+b)3
(b+acCos[c+dx]) Sec[i (c+dx)]2

(o)’

Sec[c+dx]?

Problem 306: Result unnecessarily involves imaginary or complex numbers.

Cot[c+dx]°
J dx

(a+bSec[c+dx])2

Optimal (type 3, 278 leaves, 3 steps):
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Log[Cos[c+dx]] (4a*+13ab+12b?) Log[1-Sec[c+dx]]
a’d ' 8 (a+b)*d ’
(4a%?-13ab+12b?) Log[1+Sec[c+dx]] b°(7a%-b?) Logla+bSec[c+dx]]
8 (a-b)*d _ a? (a®-b?)*d _
1 5a+9b
16 (a+b)2d (1—Sec[c+dx])2 . 16 (a+b)3d (1-sec[c+dx])
1 5a-9b bé

- +

16 (afb)zd (1+Sec[c+dx])2 16 (a—b)3d (1+sec[c+dx]) a (az—b2)3d (a+bsec[c+dx])

Result (type 3, 473 leaves):
1

(b+aCos[c+dx])
64d (a+bSec[c+dx])?

64 b? 128 1 (a6—4a4b2+6a2b4+3b6) <c+dx) (b+aCos[c+dx]>

+ —

a? (-a+b)? (a+b)? (a-b)* (a+b)*

( )4161‘1 (4a®-13ab+12b%) ArcTan[Tan[c+dx]] (b+aCos[c+dx]) -
a-b

( )4161’1 (4a®+13ab+12b%) ArcTan[Tan[c+dx]] (b+aCos[c+dx]) +
a+b

2 (7a+11b) (b+aCos[c+dx}>Csc[i (c+dx)]2 (b+acCos[c+dx]) Csc[i (c+dx)]4

+

(a+b)3 (a+b)2
8 (4a>-13ab+12b%) (b+aCos[c+dx]) Log[Cos[1 (c+dx)]2] +
(a—b)4 2
64 (-7a?b%+b8) (b+aCos[c+dx]) Log[b+aCos[c+dx]] 1
+
a? (a?-b?)* (a+b)?

8 (4a>+13ab+12b?) (b+aCos[c+dx]) Log[Sin[1 (c+dx)]’] +
2

2 (7a-11b) (b+aCos[c+dx]) Sec[i (c+dx)]2

(a-b)? *

(b+acCos[c+dx]) Sec[% (c+dx”4

(a-b)*

Sec[c+dx]?

Problem 307: Result more than twice size of optimal antiderivative.

Tan[c+dx]®
J dx

(a+bSec[c+dx])2

Optimal (type 3, 200 leaves, 16 steps):
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x a(4a®-5b?) ArcTanh[Sin[c+dx]]
-— - +

a2 b°> d

\HTan{l (c+dx)w
+b } (az—bz)zsin[c+dx1

+ +

a’b%d ab*d (b+aCos[c+dx])

2 (a—b)3/2 (a+b)3/2 (4 a% + b?) ArcTanh |

(3a?-2b?) Tan[c+dx] aSec[c+dx] Tan[c+dx] Tan[c+dx]3
- +

b*d b3d 3b%d

Result (type 3, 865 leaves):
(c+dx) (b+aCos[cerx])ZSec[c+dx12

a?d (a+bSec[c+dx]>2

(-a+b) Tan[> (c+dx) |
2(—a2+b2)2<4a2+b2)Ar‘cTanh[ 2 ] (b+aCos[c+dx])25ec[c+dx12

1/a2_b2
a’b>+/a?-b% d (a+bSec[c+dx])2) +

((4a3—5ab2) (b+aCos[c+dx])2Log[Cos[% (c+dx)] —Sin[1 (c+dx)]] Secfc+dx]?
(
(

/

/

( -4a°+5ab?) (b+aCos[c+dx})2Log[Cos[l (c+dx)] JrSin[1 (c+dx)]] Sec[c+dx}2)/
2 2

2
b d (a+bSec[c+dx])2) +

_6a+b) (b+acC dx])?s d x]2
(bsd(a+b5ec[c+dx])2 + (-62+b) (braCosicrdx))”secfc+dx] N

12b%d (a+bSec[c+dx])? (Cos{% (c+dx) ] —Sin[% (c+dx)])2

(b+aCos[c+dx})ZSec[c+dx]25in[i (c+dx)]

+

6b%d (a+bSec[c+dx])? (Cos[% (c+dx) ] —Sin[i (c+dx)])3

(b+aCos[c+dx})2Sec[c+dx]zsin[% (c+dx) ]

+
6b2d (aerSec[Cerx])2 (Cos[i (c+dx” +Sin[% (c+dx)])3

(6a-b) (b+aCos[c+dx])*Sec[c+dx]?

+

12b%d (a+bSec[c+dx])? (Cos[% (c+dx)] +Sin[§ (c+dx)])2

((b+aCos [c+dx])*Sec[c+dx]? 9aZSin[l(c+dx)]—7bzsin[1(c+dx)] ]/
2 2
[3 (a+bsec[c+dx])? Cos[l(c+dx)]—Sin{£(c+dx)] ]+
2 2
2 2 2 c3 1 2 cs 1
((b+aCos c+dx])*Sec[c+dx]?|9a Sln[;(c+dx)]—7b Sln[;(c+dx)] ]/
[3 a+bSec[c+dx})2 Cos[l(c+dx)]+Sin{l(c+dx)] ]+
2 2
((b+aCos[ c+dx])Sec[c+dx}2(a4Sin[c+dx]—2a2bZSin[c+dx}+b4Sin[c+dx]))/
(ab4 a+bSec[c+dx})2)
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Problem 308: Result more than twice size of optimal antiderivative.

J Tan[c+dx]*
(a+bsec[c+dx])?

dx

Optimal (type 3, 150 leaves, 6 steps):

A/a-b Tan l(c+dx)w
_ 2, p2 >
X 2aArcTanh[Sin[c+dx]] 2+a-b va+b (2a%+b?) ArcTanh]| = ]
x . +
a2 b3d a’b3d
(2a%-b?) sin[c+dx] Tan[c +dx]
+

ab>d (b+aCos[c+dx]) bd(b+aCos[c+dx])

Result (type 3, 327 leaves):

b+acCosicsdxl) Secicqdxl? (c+dx) <b+aCos[c+dx1)+ 1
( [ ]) [ ]
a’ 22 b3+/a2 - p?
(7a+b)Tan[i(c+dxH

2 (-2a*+a’b? +b?) Ar‘cTanh[

— ] (b+acCosfc+dx]) +
Va‘-b

2a(b+aCos[c+dx]) Log[Cos[i (c+dx)] —Sin[i (c+dx)]]

b3
2a(b+aCos[c+dx]) Log[Cos[i (c+dx)] +Sin[§ (c+dx)]]

+

b3
(b+acCos[c+dx]) Sin[% (c+dx)] (b+acCos[c+dx]) Sin[i (c+dx)]

+ +

b2 (Cos[i (c+dx) ] 7Sin[i (c+dx)]) b2 (Cos[i (c+dx)] +Sin[i (c+dx)])
(a2 -b?) Sin[c+dx]

ab?

/(d (a+bSec[c+dx])2)

Problem 312: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

(eTan[Cerx])S/2
J dx

a+bSec[c+dx]

Optimal (type 4, 761 leaves, 38 steps):
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A2 4/eTan[c+d x] ]

2 T +d
ae®2ArcTan[1 - V2 yeTan[crdx] ]

(a - b%) e%/2 ArcTan [1-

Ve i Ve i
V2 b%d V2 ab?d
aeS/ZArcTan[1+ﬁ eTa:[GdX] | (a%-b?) e5/2Ar‘cTan[1+ﬁ eg[udx] ]
V2 b2d ) V2 ab?d
ae>?Log[Ve +e Tan[c+dx] -2 VeTan[c+dx] |
2+/2 b2d +
(a2 -b2) e/2 Log[Ve ++/e Tan[c+dx] -+/2 VeTan[c+dx] |
2+/2 ab%d )
ae’2Log[+/e ++e Tan[c+dx] +V2 VeTan[c+dx] |
2+/2 b2d 7
(a2 -b2) e’ Log[Ve ++/e Tan[c+dx] ++/2 eTan[c+dXx] |
2+/2 ab*d )
(Zﬁx/a—b vVa+b e?+/Cos[c+dx] EllipticPi[—m, ArcSin| Sinfc+dx] |, -1]
Va+b \/1+Cos[c+dx]

veTan[c +dx] /(abd\/sin[c+dx] )7
‘e —————
(Zﬁx/a—b Va+b e?+/Cos[c+dx] EllipticPi] a b,Ar‘cSin[ Sinfc+dx] ], -1]
Ja+b +/1+Cos[c+dx]

\JeTan[c +dX] /(abd\/sin[c+dx] )7

2e2Cos[c+dx] EllipticE[c—erdx, 2] /eTan[c+dx] 2ecCos[c+dx] (eTan[c+dx])*?

+

bd~/Sin[2c+2dx] bd

Result (type 6, 2965 leaves):
2 (b+acCos[c+dx]) Cot[c+dx] (eTan[c+dx])>?
bd (a+bSec[c+dx]) )
1
bd (a+bSec[c+dx]) Tan[c+dx]>?

(b+acCos[c+dx])Sec[c+dx] (eTan[c+dx])>?

1

4aSec[c+dx]?

a+b 1+Tan[c+dx}2)
(b+acCos[c+dx]) <1+Tan[c+dx]2)3/2 \/

—2Ar‘cTan[1—\/?\/F Tan[c+dx] }+2Ar‘cTan[1+\/?\/F Tan[c+dx] | +Log|
(-a2+b2) %" (-a2+b2)%*

\/-a2+b? -2 /b (—a2+b2)1/4\/Tan[c+dx] +bTan[c+dx]]| - Log[+/-a%+b? +
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\/?\/F(—az+bz)1/4\/Tan[c+dx} +bTan[c+dxH /(4\/7\/?(—az+b2)1/4)+

3 1 7 b2 T d x12
[73 (a®-b?) AppellF1[=, =, 1, —, -Tan[c+dx]?, M} Tan[c+dx]3/2)/
2’2" 4 22 b2

1 7 5
, —» 1, —, -Tan[c+dx]~,

(3 \/1+Tan[c+dx]2 [7 (a® - b?) AppellF1|
2 4

Sw

b2 Tan[c +dx]? , 7 1 11 ,
———————| -2 |2b%AppellF1[~, =, 2, —, -Tan[c+dx]?,
a’-b? 4" 2 4
b?Tan[c+dx]2 7 3 11
#] + (-a?+b?) AppellF1|—, =, 1, —, -Tan[c+dx]?,
a?-b? 4’ 2 4
b2 Tan[c +d x]?
#]]Tan[c+dxf (-a%+b? (1+Tan[c+dx12>)]]+
a2_b2
1

bSec[c +dx] a+b\/1+Tan[c+dx]2

4 (b+aCos[c+dx]) (1+Tan[c+dx]?)

:

fG\EAr'cTan[l—\/?\/Tan[c+dx] ]+;3 {2\/7 (az—b2)1/4ArcTan[1+

(a27b2)1/4
(1+1) Vb /Tan[c+dx]

(az _ b2>1/4

V2 VTan[c+dx] | + (2+21) Vb ArcTan|[1 -

}_
(1+J‘1)\/F\/Tan[c+dx]
(az_b2>1/4 ]+
\/7(aszz)l/“Log[lfx/?x/Tan[Cerx] +Tan[c+dx]}7\/7<a27b2)1/4
Log[1++/2 +/Tan[c+dx] +Tan[c+dx]] - (1+1)~/b Log[~/a?-b? -
1+1) Vb (a?2-b2)Y*\/Tan[c+dx] +ibTan[c+dx]]|+ (1+i) b
(1+1) v

Log[+/a® - b? +(1+i)W(az—b2)1/4\/Tan[c+dx] +ibTan[c+dx]]

(2+21) /b ArcTan[1+

) o 3 1 7 , b?*Tan[c+dx]?
56 b (-a +b ) AppellFl[—, =,1, —, -Tan[c+dx]%?, ———
2 4 a2 _p?

]

IN

Tan[c+dx13/2]/ (\/1+Tan[c+dx12

) w2 3 1 7 , b*Tan[c+dx]?
7 (a®-b%) AppellF1[=, =, 1, —, -Tan[c+dx]?, ————— | +
4 2 4 a’-b?
) 7 1 11 , b?>Tan[c+dx]?
2 |2b?AppellFl|[—~, =, 2, —, -Tan[c+dx]?, ————————| +
4 2 az,bz

4
y 3 11 , b?Tan[c+dx]?2
(-a®+b?) AppellF1|—, =, 1, —, -Tan[c+dx]?, —————
2 4 a2 - b?

]

)

N

Tan[c +dx]?

(-a*+b? (1+Tan[c+dx]2))]J +

1

(b+aCos[c+dx]) (-1+Tan[c+dx]?) J1+Tan[c+dx]2
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2

a

Cos[2 (c+dx)]
Sec[c+dx]?

(a+b\/1+Tan[c+dx]2

b Ar‘cTan[ -2 +2+/Tan[c+d X] ] b ArcTan [ V2 +24/Tan[c+d x] ]
V2 V2 1/4 (.2 .2)\3/4
+ + (—1) (a -b )
V2 a? V2 a?

(-a*+2b?) Ar‘cTan[

,\/?(aszz)l/“rz(—1)1/4W\/Tan[c+dx] }]/
\/7(3sz2>1/4

(2V2 a2V (-a?+p?)] [(1)1/4 (a2 - b2)¥* (a2 1 2b2)

V2 (a2-b2)Y* 42 (-1)Y*/b /Tan[c+dx] /

V2 (a6
(Zﬁaz\/g(—a2+b2)) +bL08{1—\Em+Tan[c+dx]} )
2+/2 a?

Ar‘cTan[

]

blog[1++/2 V/Tan[c+dx] +Tan[c+dx]]
2+/2 a2
Log[+/a® - b? —(—1)1/4\/7\/F(az—b2)1/4\/Tan[c+dx] +ibTan[c+dx]]

(42 a2 b (a2 b?)) - ((4)1/4 (a2 b2)>* (a2 1 20)

. ((71)1/4 (a2-b2) 3% (~a?+ 2b?)

/
/

Log [~/ a® - b? +(—1)1/4\/7\/F(az—b2)1/4\/Tan[c+dx] +ibTan[c+dx]]

Tan[c +dx]3/?

(4v2 a2b (-a? 7)) - .

a\/lJrTan[Cerx}2

3 1 7 b2 Tan[c+dx]?
[14a (a? - b2) AppellF1[>, =, 1, =, ~Tan[c+dX]?, #] Tan[c+dx]3/2]/
4> 2" 4 a2 _b?
3 1 7
{3 \/1+Tan[c+dx]2 {—7 (a>-b%) AppellF1[=, =, 1, —, -Tan[c+dx]?,
4 2 4
b2Tan[c +dx]? 5 7 1 11 5
———————] -2 (2b*AppellF1[~, =, 2, —, -Tan[c+dx]?,
a2 b2 4’ 2 4
b2 Tan[c +d x]? Sy o 7 3 11 5
————— ]+ (-a’+b?) AppellF1[—, =, 1, —, -Tan[c+dx]?,
a2 b2 4’2" 4
b2 Tan[c +d x]?
M]]Tan[c+dx12 (-a®+b? (1+Tan[c+dx]?))| -
a%-b?

7 , b?Tan[c+dx]?
,1, —, -Tan[c+dx]*, ———————

7 b? (a? - b?) AppellFl
(a® - b%) AppellF1] . 2 b2

}

3

Hjw
N | R
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Tan[c+dx13/2]/ {a\/1+Tan[c+dx]2

1 7 , b?Tan[c+dx]?
-1, —, -Tan[c+dx]°, ———————
2 4 a2 -b?
11 b2 Tan[c +d x]?
,2, —, -Tan[c+dx]?, #} + (—a2+b2)
4 a27b2

) ] -

(—7 (a® - b®) AppellF1]|

3

NP N W

2 [2 b? AppellF1|

5N

3 11 , b?Tan[c+dx]?
, —» 1, —, -Tan[c+dx]°, ——————

AppellF1
[ 2 4 a? - b2

]] Tan[c+dx}2J

I

- [11 b? (a? - b?) AppellFl[Z, 1, 1, E,
4

—a’+b? (1+7 dx]?
(-a%+b* (1+Tan[c+dx]?)) 5 .

, b’Tan[c+dx]?
-Tan[c +dx]%, ———

]Tan[c+dx]7/2]/ [7a\/1+Tan[c+dx}2

a?-b?
7 1 11 b2 Tan[c +d x]?
(—11 (a*-b?) AppellF1[—, =, 1, —, -Tan[c+dx]?, #] -
4" 2 4 a? - b2
) 11 1 15 , b’Tan[c+dx]?
2 |2b?AppellFl|[—, =, 2, —, -Tan[c+dx]?, ————————| +
4 2 az,b2

15 , b?Tan[c+dx]?
1, =, -Tan[c+dx]?, —————

4
3
e
2 4 a2 - b?

(-a® +b?) AppellF1| E,
4

]

Tan[c +dx]?

(7a2+b2 (1+Tan[c+dx]2)>

Problem 313: Result unnecessarily involves higher level functions.

(eTan[c+dx])??
J dx

a+bSec[c+dx]

Optimal (type 4, 740 leaves, 35 steps):

| 175
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ae*2ArcTan[1 - V2 ej/é;[“dx] | (a®-b?) e¥2ArcTan[1- vz eg[“dx] ]
V2 b2d V2 ab2d
ae*2ArcTan|1 + Y2 yeTan(crdx] | (a*-b?) e¥2ArcTan|1+ J2 yeTan(crdx] ]
= + Ve +
V2 b2d V2 ab%d
ae’?Log[Ve ++e Tan[c+dx] -V2 VeTan[c+dx] |
2+/2 b2d
(a2 -b2) e*/2 Log[Ve ++/e Tan[c+dx] -/2 VeTan[c+dx] |
2+/2 ab%d

ae*2Log[+/e ++e Tan[c+dx] +V2 VeTan[c+dx] |
2+/2 b2d
(a2 -b2) e*/2 Log[Ve ++/e Tan[c+dx] +/2 eTan[c+dXx] |
2+/2 ab?d

b \/-C d
2+/2 +/a*-b? e?EllipticPi| ——————, ArcSin]| oslc+dx] |, -1] Vsin[c+dx] /
a-+Va2-b? v/1+Sin[c+dx]
(abd\/—Cos[c+dx] rJeTan[c +d x] )+
2 2 o L. b . \/-Cos[c+dx] .
2+/2 /a?-b? e E111pt1cP1[7, Ar‘cSm[ }, —1] \VSin[c +dXx] /
a+Va?Z-b? 1+Sin[c+dx]

(abd\/—Cos[c+dx] JeTan[c +d x] )+

+

e? EllipticF[c - §+dx, 2] Sec[c+dx] v/Sin[2¢c+2dx]
bd+eTan[c +dx]
Result (type 6, 755 leaves):
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1

d(a+bSec[c+dx]) Tan[c+dx]*?2 (1+Tan[c+dx]?)

2Sec[c+dx]? (eTan[c+dx])>? [a+b\/1+Tan[c+dx}2)

N 2+/2 ArcTan[1-+/2 +/Tan[c+dx] ]+v1_ -2~/2 /b ArcTan[1++/2 v/Tan[c+dx] | -
8a b
(2-21) (a®-b%)"*ArcTan[1- (1+4) Vb VTanic +dx] ]+
(a? -b2) 1"
(2-21) (az—b2>1/4Ar‘cTan[1+ (2+4) Vb VTan(c+dx] |+
(asz2>1/4

V2 \/b Log[1-+2 +/Tan[c+dx] +Tan[c+dx]]| -
V2 \/b Log[1++2 +/Tan[c+dx] +Tan[c+dx]]| - (1-1) (az—bz)l/4
Log[+/a® - b? —(1+Ji)W(az—b2)1/4\/Tan[c+dx] +ibTan[c+dx] ]+ (1-1)

(az—bz)l/ALog[ aZ-b? +(1+11)\/F(az—bz)l/4\/Tan[c+dx] +ibTan[c+dx]]

5 1 9 b2 Tan[c + d x]?
[9b (-a®+b?) AppellF1[ =, —, 1, =, -Tan[c+dx]?, %} Tan[c+dx15/2)/
4 4 a‘-b

szan[c+dx]2}
- +

5 1 9
(5\/1+Tan[c+dx}2 (9 (a®-b?) AppellFi[ =, =, 1, =, -Tan[c+dx]?,
4’2" 7 a a2 _ b2
5 9 1 13 , b?Tan[c+dx]?
2 |2b%AppellFl[ =, =, 2, —, -Tan[c+dx]?, ———————| +
4’ 2 4 22 _ b2
9 3 13 b2 Tan[c+dx]?
(-a®+b?) AppellF1][~, =, 1, —, -Tan[c+dx]?, #]J
4" 2 4 a?-b?
Tan[c+dx}2) (-a?+b? (1+Tan[c+dx]2>)]]

Problem 314: Result unnecessarily involves higher level functions.

J\/eTan[c+dx} 4
X

a+bSec[c+dx]

Optimal (type 4, 415leaves, 21 steps):
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\/?Ar‘cTan[l— V2 yJeTan(crdx] ] \/?Ar‘cTan[1+ V2 yJeTan(crdx] ]
- +

Ve Ve .
V2 ad V2 ad
Ve Log[ve ++e Tan[c+dx] -V2 JeTan[c+dx] |
2+/2 ad .
Ve Log[Ve ++e Tan[c+dx] +V2 VeTan[c+dx] |
2+/2 ad ’
{2\Ebmﬂlipticpi[m, Arcsin[ —2ierdX] g0 g
Va+b \/1+Cos[c+dx]

rJeTan[c +d x] /(a\/a—b va+b d+/Sin[c +dx] )—

i

/

. NG d
(2\Eb\/Cos[c+dx] E1lipticPi| -, ArcSin| infc+dx] |, -1] VeTan[c+dx]

a+b /1 +Cos[c+dx]

(a\/a—b va+b d+/Sin[c+dx] )

Result (type 6, 753 leaves):
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1
12d (a+bSec[c+dx]) VTan[c+dx] (1+Tan[c+dx]?)

Sec[c+dx]?2+veTan[c +dx]

a+b\/1+Tan[c+dx}2)

1

-6+/2 ArcTan[1-+/2 V/Tan[c+dx] | + ————3

(az _ bz) 1/4

1

22 (a%- b2)1/4Ar‘cTan[
a

(1+1i) b /Tan[c +d x]

(az _ bz) 1/4

1+\E\/Tan[c+dx]]+(2+2]‘1)\/FAPCTan[1— ]—

<1+I'L> \/F\/Tan[c+dx]
<a27b2)1/4 }Jr

\/?(az—b2)1/4Log[l—\/T\/Tan[Cerx} +Tan[c+dx] ] -
\5(az—b2)1/4Log[1+\/?\/Tan[c+dx} +Tan[c+dx]]—(1+1‘1)x/?

Log[+/a? - b? —(1+J’1)\/F(az—bz)l/4\/Tan[c+dx] +ibTan[c+dx] ]+ (1+1)
Vb Log[+/a® - b +<1+]’1>\m(az—bz)l/A\/Tan[Cerx] +ibTan[c+dx]]

(2+21) /b ArcTan|1+

7 b2 T dx]?
,1, =, -Tan[c+dx]?, M] Tan[c+dx]3/2]/
4 a? - b?

B

[56 b (-a?+b?) AppellF1|

Sw
N

2 ) o 3 1 7 , b*Tan[c+dx]?
\/1+Tan[c+dx] 7 (a -b ) Appe11F1[—, =,1, —, -Tan[c+dx]%?, ————
4" 2 4 a2_p?

|+

1 11 , b?Tan[c+dx]?
» =52, —, ~Tan[c+dx]?, ———————] +
aZ-b?
2

2
11 b2 Tan[c +d x]?
,1, —, -Tan[c+dx]?, ——————]
4 a? - b2

NN

2 (2 b? AppellF1|

(-a®+b?) AppellF1|

)

4
3
2

SN

Tan[c+dx}2) (-a%+b? (1+Tan[c+dx}2>)]]

Problem 315: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1
J(a+bSec[c+dx]) JeTan[c+dx]

dx

Optimal (type 4, 422 leaves, 19 steps):
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ArcTan|1 - e e?[“d” | ArcTan[1+ e e;ﬂ[mdx] ]
e e

+

V2 ad+e V2 ad+/e
Log[\E+\/?Tan[c+dx} —ﬁ\/eTan[c+dx} ]

2+/2 ad+/e
Log[Ve ++Ve Tan[c+dx] ++/2 VeTan[c+dx] |

2+/2 ad+/e

+

b V¢ d
{Z\EbEllipticPi[, Arcsin| ~—0SLErAX] 1) /Sinfc s dx)
a-+Va?-b? \J1+Sin[c+dx]

(ax/az—bz d+/-Cos[c+dx] VeTan[c+dx]

b \-C d
{Z\EbEllipticPi[, Arcsin| ~—0SLErAX] 1) USinfc s dx)
a+Va%-b? \J1+Sin[c+dx]

(ax/az—bz d+/-Cos[c+dx] VeTan[c+dx]

Result (type 6, 1860 leaves):
! (b+aCos[c+dx]) Secl[c+dx]

2d (a+bSec[c+dx])VeTan[c+dx]

1 3
2Sec[c+dx]

vV Tan[c +dXx]
(b+aCos[c+dx]) (1+Tan[c+dx]2)2

/

+

/

(1+1) b /Tan[c +d x] -2

(a+b\/1+Tan[c+dx}2 - [l—j—]a 2 ArcTan|1-
8 8 (az_bz>1/4
1+1) Vb VT d
ArcTan|[1+ (1+4) anferdxi | +Log[+/a*-b* - (1+1i) /b
(az_b2>1/4

(az—bz)l/4m+ijan[c+dx1]—Log[ a?-b* + (1+1) Vb
(aszz)l/‘lmﬂibhn[cmx]] /(\/F (a2b2)3/4)]+

szan[c+dx}2]

-Tan[c+dx]?
2 ’ ’ a2-b?

vTan[c +dx] \/1+Tan[c+dx]2 /
b2 Tan[c+dx]?

2 K2 1 71 5 _ 2
5 (a® - b?) AppellF1]~, ,1, =, -Tan[c +dx]3,
4 2 4 a? - b?

Y,

[Sb (-a%+b?) AppellFl[l, 71, 1,
4

] +

9 , b?Tan[c+dx]?
=, -Tan[c+dx]?, ———————] +

5 5 1
2 |2b%AppellF1| =, - =, 2,
4 2 4 a’-b?
5 1 b2 Tan[c +d x]?
(a®-b?) AppellF1[=~, =, 1, =, -Tan[c+dx]?, #]
4 2 4 a%-b?
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Tan[c+dx]?| (a®-b? (1+Tan[c+dx]2)>]] -

1

(b+acCos[c+dx]) (1-Tan[c+dx]?) (1+Tan[c+dx]?)
2

Cos[2 (c+dx) |
Sec[c+dx]3

(aer\/1+Tan[c+dx}2

ArcTan [ —\EQ«\/_/Ta nic+dx] ] ArcTan [ \/7+23{\Ta/_n[c+d x] ]
2 2

V2 a V2 a

(71>3/4 (az—b2>1/4

(-a?+2b?) Ar‘cTan[_ﬁ (a2 -62) 7" + 2 <‘1)1/4Wm]
\E <327b2>1/4

/

(Zﬁa\m(—aerbz))—

(-1)%* (a®-b2)* (-a% + 2 b?)

V2 (a2-b2)Y* 2 (-1)Y* /b V/Tan[c+dx]
ArcTan |

]
ﬁ(az_bz)lm /
(oT o (Lot )) o LRV VTRIETER] Toni )]
2\/7a
Log[1+\/?\/m+Tan[c+dx]} X ((71)3/4 (a27b2>1/4 ot 2]
Z\Ea

Log[+/a® - b? —(—1)1/4\/7\/F(az—b2)1/4\/Tan[c+dx} +ibTan[c+dx]]

(4v2 av/b (~a?+b?)) - (<_1>3/4 (a2 - b2) V4 (a2 1 20)

/
/

Log[+/a2-b* + (-1)Y*~/2 /b (a®-b?)**+/Tan[c+dx] +ibTan[c+dx]]
(4\/7a\/F (—a2+b2)) + (Sb (a® - b?) AppellF1]

b2 Tan[c +dx]?

3

> 2
, 1, —, -Tan[c+dx]~,

4
/[\/1+Tan[c+dx]2

FNQR
N =

| VTan[c+dx]

a27b2
11 5 b2 Tan[c + d x]?
[5 (a® - b%) AppellFl[~, =, 1, =, -Tan[c+dx]?, #} -
4 2 4 a2-b?
5 1 b2 Tan[c +d x]?
2 (2 b? AppellF1[~, =, 2, =, -Tan[c +dx]?, #} + (-a? +b?)
4" 2 4 a2 _ p2
5 3 , b’Tan[c+dx]? 5
AppellFl[—, —, 1, —, -Tan[c+dx]*, —] Tan[c +dXx]
4 2 4 a?-b?

(-a% + b2 <1+Tan[c+dx}2>)] - (9b (a% - b?) AppellFl[E, 1,2
4" 2 4

3
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b2 Tan[c +dx]?

-Tan[c +dx]?,
a2_b2

}Tan[c+dx15/2]/[5\/1+Tan[c+dx]2
9 , b?Tan[c+dx]?2
=, 1, =, -Tan[c+dx]?, ——————] -
2" 7 4 a? b2
b2 Tan[c +d x]?
— ]+
a2_b2
13 , b’Tan[c+dx]?
,1, —, -Tan[c+dx]?, ————
4 a2_b2

)

(9 (a% - b?) AppellFl[E
4
1

iy
w

2 (2 b® AppellF1|

TRV

, =, 2, , ~Tan[c+dx]?,

N

(-a®+b?) AppellF1|

]

)

IRV}
N jw P

Tan[c+dx12J (-a%>+b* (1+Tan[c+dx]?))

Problem 316: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.
1

dx
J(a+bSec[c+dx]) (eTan[c+dx])>?

Optimal (type 4, 863 leaves, 39 steps):
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aArcTan|1- e e?[“dx] | b2ArcTan|1- V2 ej;f[“dx] | aArcTan[1+ el e?[“dx] ]
e e e
- - +
2 (az—bz) de3/2 A2 a (az—bz) de3’2 2 (a2 -b?) de3?

/2 \/eTan[c+dx]
NS ]7aLog[\/?+\/FTan[c+dx]—\/Tx/eTan[Cerx]}

V2 a(a?-b?) de¥? 2+/2 (a?-b?) de¥?
b2 Log[Ve ++e Tan[c+dx] -2 VeTan[c+dx] |
2\/7a(a2—b2)de3’/2
alog[Ve ++e Tan[c+dx] +V2 VeTan[c+dx] |
2\/7(a2—b2)de3/2 i
b2 Log[Ve ++/e Tan[c+dx] +v/2 VeTan[c+dx] | 2 (a-bsec[c+dx])

- +

b2 ArcTan [1 +

+

+

2\/7a(a2—b2)de3/2 (a2-b?) de~/eTan[c+dx]
Vva-b \/ Si d
(2ﬁb3\/Cos[c+dx] Ellipticpi| o o, Arcsin| —oitlCrAX] g0y
Va+b /1 +Cos[c+dx]

eTan[c+dx] /(a (a-b)*? (a+b)>?de?/Sin[c+dx] )—
— —————————
{2\/7b3\/Cos[c+dx] EllipticPi| a-b » ArcsSin| Sinfc+dx] |, -1] VeTan[c+dXx]
A/ \/1+Cos[c+dx]

a+b
(a (a-b)*? (a+b)**de*~/Sin[c+dx] )+

2bCos[c+dx] EllipticE[cff+dx, 2] veTan[c+dX]  2pCos[c+dx] (e Tan[c +dx])3?

(az—bz)deZ\/Sin[2c+2dx] (a>-b?) de?

Result (type 6, 2483 leaves):
2 (b-aCos[c+dx])Csclc+dx] 2bSin[c+dx]

- +
—a?+b? —a?+b?

[(b+aCos[c+dx}) Sec[c +dx]

Tan[c+dx]? /(d (a+bSec[c+dx]) (eTan[c+dX])3/2)+

1

(a-b) (a+b)d(a+bSec[c+dx]) (eTan[c+dx])>?

(b+acCos[c+dx]) Sec[c+dx] Tan[c+dx]>?

1
12 (b+aCos[c+dx]) (1+Tan[c+dx]?)

:

(-a*+3b%) Sec[c+dx] a+b\/1+Tan[c+dx]2

1

(az _ b2>1/4

—S\EAPcTan[l—\E\/Tan[c+dx} ] +

3 [2 V2 (a% - b2>1/4Ar'cTan[1 +

(1+1) b /Tan[c +d x]

(az _ b2>1/4

V2 VTan[c+dx] |+ (2+21i) Vb ArcTan|1- ]

| 183

/
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(1+1‘1)\/Fx/Tan[c+dx]
(a27b2>1/4 ]+
\/?(aszz)l/‘lLog[l—\/?\/Tan[Cerx] +Tan[c+dx]}—\/7<asz2)1/4
Log[1++/2 v/Tan[c+dx] +Tan[c+dx]] - (1+14) Vb Log[+/a% - b? -
1+i) Vb (a2-b2)Y*\/Tan[c+dx] +ibTan[c+dx]|+ (1+1) Vb
(1+1)

Log [~/ a? - b? +(1+J‘L)\/F(az—bz)l/4\/Tan[c+dx] +ibTan[c+dx]|

(2+21) /b ArcTan[1+

7 b2 Tan[c +dx]?
,1, =, -Tan[c+dx]?, ———————|
4 a2_b2

)

[56 b (-a?+b?) AppellF1|

5w
N |

Tan[c+dx}3/2]/ {\/1+Tan[c+dx]2

3 1 7 b2 Tan[c+dx]?
[7 (a®-b?) AppellF1[=~, =, 1, —, -Tan[c+dXx]?, #} +
4 2 4 a?-b?
5 7 1 11 , b?Tan[c+dx]?
2 |2b%AppellFl][—, =, 2, —, -Tan[c+dx]?, ————————| +
4" 2 4 a2 _ p?
7 3 11 b2 Tan[c+dx]?
(-a®+b?) AppellF1|[—, =, 1, —, -Tan[c+dx]?, #}
4 2 4 a’-b?
Tan[c+dx]?| (-a*+b? (1+Tan[c+dx]2))” +
1
(b+aCos[c+dx]) (-1+Tan[c+dx]?) \/1+Tan[c+dx]2
2abCos[2 (c+dx) | Sec[c+dx]?
(a+b\/1+Tan[c+dx]2
bAr‘cTan[fﬁQ«/Tan[mdx] ] bAr‘cTan[ﬁQ Tan[c+d x] ]
Vz . 2 s (~1)M (a2 - p2)
A2 a? A2 a?

,ﬁ(a27b2>1/4+2(—1)1/4\/3«/Tan[c+dx] }J/
\/?(az_b2>1/4

(-a®+2b?) ArcTan|

(272 a2 Vb (-a?+b?)) + [<_1)1/4 (a2 -b2)>* (a2 + 2b2)

V2 (a2-b2)Y* 42 (-1)Y*/b /Tan[c+dx]
7 /
blog[1-+2 v/Tan[c+dx] +Tan[c+dx]]
2+/2 a2
blog[1++/2 V/Tan[c+dx] +Tan[c+dx]] . ((_1>1/4 (az_b2>3/4 (Lot 22)
2+/2 a2

Ar‘cTan[

(Z\EaZ\/F (7az+b2)) +
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Log[+/a® - b? —(—1)1/4\/7\/F(az—b2)1/4\/Tan[c+dx] +ibTan[c+dx]]
(42 a2/b (-a?+b?)) - ((4)1/4 (a2-b2)** (~a2+2b?)

/
/

Log[+/a2-b? + (-1)Y* /2 v/b (a?-b?)**+/Tan[c+dx] +ibTan[c+dx]]
dx13/2
(432 @b (-a?p2)] - ol

a\/1+Tan[c+dx}2

1 7 b2 Tan[c+dx]?
[14a (a®-b?) AppellF1[=~, =, 1, —, -Tan[c+dx]?, #] Tan[c+dx]3/2]/

3
4" 2 4 a? - b2

3 1 7
{3 \/1+Tan[c:+dx]2 {—7 (a® - b?) AppellF1| =, —, 1, —, -Tan[c+dx]?,
4 2 4
b2Tan[c +dx]? , 7 1 11 5
———————] -2 (2b*AppellF1[—, =, 2, —, -Tan[c+dx]?,
a2 _ b2 4" 2 4
b2 Tan[c +d x]? 7 3 11
#] + (—a2+b2) AppellFl[f, =,1, —, —-Tan[c+d x]?,
a2 -b? 4 2 4
b2 Tan[c +d x]?
M]]Tan[c+dx}2 (-a®+b* (1+Tan[c+dx]?)) | -
a?-b?

3 1 7 b2 Tan[c + d x]?
[7 b® (a® - b?) AppellF1[ =, =, 1, —, -Tan[c+dx]?, b Tanfc+dx]”
4 2 4 a’-b?

/(a\/1+Tan[c+dx]2

1 7 , b?Tan[c+dx]?
, —» 1, —, -Tan[c+dx]?, ———

2 4 a2 - b2

1 b2 Tan[c +dx]?
2, —, -Tan[c+dx]?, ————
4 a?-p?

7 3 11 , b?Tan[c+dx]? 5
- —» 1, —, -Tan[c+dx]*, —] Tan[c +dXx]
2 4 a2 - p?

7 1 11
- [11 b? (a? - b?) AppellFl[—, —, 1, —,

4 2 4

]

Tan[c+dx]3?

] -

} + (—a2+b2)

(—7 (a® - b?) AppellF1]|

)

NP N W

2 [2 b? AppellF1|

5N

AppellF1|

I

(-a®+b* (1+Tan[c+dx]?))

b2 T dx]?
~Tan[c+dx]?, %] Tan[c+dx]7/2]/ [73\/1+Tan[c+dx}2
a‘-b

) 2 1 11 , b?Tan[c+dx]?
-11 (a® - b?) AppellFl|—, =, 1, —, -Tan[c+dx]?, ——————
2

4 a2 _ b2
15 2 szan[Cerx]z]+
4 a? - b?

3 15 b2 Tan[c +dx]?
2 4 a2 - b?

7
4
. 11

2 |2b? AppellFl[—,
4" 2

(-a® + b?) AppellF1| E,
4

]

Tan[c+dx]?| (-a*+b* (1+Tan[c+dx]?))
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Problem 317: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1
J(a+b5ec[c+dx]) (eTan[c+dx])>?

dx

Optimal (type 4, 836 leaves, 36 steps):

aAr‘cTan[l— N2 e?[udx] } N2 e;l'/a:[udx] ] N2 e'l'arn[udx] }
e e e

2 (az—bz) de5/? i V2 a (az—bz) de5/2 . 2 (az—bz) de5/?

b? ArcTan |1 - aArcTan[1+

+

/2 \/eTan[c+d x]
Ve ] alog[ve ++/e Tan[c+dx] -2 VeTan[c+dx] |
+

V2 a (a?-b?) de®? 2+/2 (a?-b?) de*?
b? Log[Ve ++e Tan[c+dx] -2 +/eTan[c+dx] |
2\/?a(a27b2)de5/2 )
alog[+e ++e Tan[c+dx] +V2 VeTan[c+dx] |
2+/2 (a%-b?) de®?

b? ArcTan|[1 +

+

b? Log[Ve ++e Tan[c+dx] +V2 +/eTan[c+dx] | 2 (a-bsec[c+dx])
2+/2 a (a%-b?) de*? 3 (a2-b?)de (eTan[c+dx])*?
\/-Cos[c+dx]
(Z\Eb3EllipticPi[b,ArcSin[ Cos[c+dXx] ], -1] VSin[c+dx] /
a-+Va?-b? \J1+Sin[c+dx]
(a (az—b2>3/2de2\/—Cos[c+dx] VeTan[c+dx] )+
\/~Cos[c+dx]
{2\/7b3EllipticPi[#, ArcSin| Cosfc+dx] |, -1] V/sin[c+dx] /
a+Va?-b? v1+Sin[c+dx]

(a (az—b2)3/2de2\/—Cos[c+dx] rJeTan[c +dx] )+

bEllipticF[c—f+dx, 2| sec[c+dx] \/Sin[2c+2dx]
3 (a?-b?) de?+eTan[c+dx]

Result (type 6, 2554 leaves):

2a 2 (-a+bCos[c+dx]) Csclc+dx]?

[(b+aCos[c+dx])
3 (a%-b?) 3 (-a%+b?)

Sec[c+dx] Tan[c+dx]? /(d (a+bsec[c+dx]) (eTan[c+dXJ)5/2)—

1

6(a-b) (a+b)d(a+bSec[c+dx]) (eTan[c+dx])>?

(b+aCos[c+dx])Sec[c+dx] Tan[c+dx]>?
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1

2 (3a®-5b%) sec[c+dx]> (a+b\/1+Tan[c+dx]2
(b+aCos[c+dx]) (1+Tan[c+dx]2)?

1 i (1+i) Vb vTan[c+dx]
- (———Ja 2ArcTan|1 - ] -
8 8 (a27b2>1/4
1+1)+vVb T d
2Ar‘cTan[1+( + 1) anferdx] | + Log[+/a*-b* - (1+1i) /b
(az_bz>1/4

(az—bz)l/“\mJ@ibTan[cmx]}—Log[ aZ-b? +<1+J'l>\m
(a-b%)"*~/Tan[c+dx] +ibTan[c+dx]| /(\/F (a2b2)3/4)]+

b2 Tan[c +dx]?

a%-b?

, -Tan[c+dx]2,

/

) o 1 1 5 , b*Tan[c+dx]?
5 (a —b)AppellFl[—, -=,1, =, -Tan[c+dx]?, ———
4" 2 4 a2 - b2

b2 Tan[c +d x]?

1
e 1)
2

]

[Sb (-a%+b?) AppellFl[l, -
4

H |

vTan[c +dx] x/1+Tan[c+dx}2

|+
|+

2 5 71 2 _ 2
21(2b AppellFl[ R , 2, —, -Tan[c+dx]*,
4

2" 7 a a2 b?
5 1 9 b2 Tan[c +d x]?

(a®-b?) AppellF1[ =, =, 1, =, -Tan[c+dx]?, #}J
4’ 2 4 22 b2

Tan[c+dx]? +

(a% - b? (1+Tan[c+dx}2>)]

1

8abSec[c+dx]? (a+b\/1+Tan[c+dx]2

(b+aCos(c+dx]) (1+Tan[c+dx]2)*?

VTan[c+dx] VTan[c+dx]
([\/F \/7\/? Tan[c+dx]]+2Ar~cTan[1+ﬁW Tan[c +dx]

(—a2+b2)1/4 (—a2+b2)1/4
Log[+/-a2+b?* -+/2 Vb (—a2+b2)1/4\/Tan[c+dx} +bTan[c+dx]] +
Log[~/-a*+b* +/2 Vb (—a2+b2)1/4\/Tan[c+dx} +bTan[c+dx] | J/

-2ArcTan[1 -

] -

> 2
, 1, —, -Tan[c+dx]*,
4

3

(4\/7 (—a2+b2)3/4> + (Sa (a® - b?) AppellF1|

/

FNQN
N |

b2 Tan[c+dx]?2 2
- \/1+Tan[c+dx}

| VTan[c+dx]

a?-b?
1 1 5 b2 Tan[c +d x]?
[5 (a® - b?) AppellF1[~, =, 1, =, -Tan[c+dx]?, #] -
4”2”7 a a2 _ b2
) 5 1 9 , b?Tan[c+dx]?
2 |2b?AppellF1|[ =, =, 2, =, -Tan[c+dx]?, ——————— | +
4’2" 7 a a2 b?
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- 5 3 9 , b’Tan[c+dx]?
(-a®+b?) AppellF1|[~, =, 1, —, -Tan[c+dx]?, ——— |
4 2 4 a2 - b?

Tan[c+dx]?| (-a*+b? (1+Tan[c+dx]2)>” -

: 2 (3a*-3b?%)
(b+acCos[c+dx]) (1-Tan[c+dx]?) (1+Tan[c+dx]?)

Cos[2 (c+dx)]|sec[c+dx]?

(a+b\/1+Tan[c+dx]2

/2 +2+/Tan[c+d x] } ArcTan [ A2 +2/Tan[c+d x] }
V2 V2

V7 a . V7 a

ArcTan |

[ o

_\/T(az_b2>1/4+2(—1)1/4\/3\/Tan[c+dx] }J/
ﬁ(az_b2>1/4

(-a®+2b?) ArcTan |

(2V2 avb (-a?+p?)) - {(-1)3/4 (- b2) "% (~a%+ 2b?)
V2 (a?-b2)"* 2 (-1)Y* /b +/Tan[c + dx] ] /

ArcTan |

\/?(az—b2>1/4
Log|1-Z v/TanTc=dx] +Tan[c - d
(247 anfb (ot bt)| o B[ V2 VTenlexd) ~Tanie-d)]
2+/2 a
Log[1+ﬁm+1’an[c+dxl] + (<‘1)3/4 <a2_b2)1/4 (—a2+2b2>

2+/2 a
Log[+/a2-b? - (-1)Y*~/2 v/b (a?-b?)**+/Tan[c+dx] +ibTan[c+dx]]

/

(4\Ea\m(fa2+b2)) - [(71)3/4 (a2 -b%)Y* (~a?+2b%) Log[~/a*-b? + (-1)Y*/2
\/F(az—bz)l/4\/Tan[c+dx1 +ibTan[c+dx]] /(4\/?a\/3(—a2+b2))+

y 1 1 5 , b2Tan[c+dx]2
5b (a®-b?) AppellF1[~, =, 1, =, -Tan[c+dXx]?, —————— | V/Tan[c +dx] /
4 2 4 a2 - b?
2 2 42 11 5 2
\/1+Tan[c+dx} -5 (a? - b?) AppellF1[~, =, 1, =, -Tan[c+dx]?,
4 2 4
b2 Tan[c +dx]? 5 5 1 9 5
—} -212b AppellFl[f, -, 2, —, -Tan[c+dx]*,
a? - b? 4 2 4
b2 Tan[c +d x]? 5 3 9
#] + (-a?+b?) AppellF1[ =, =, 1, =, -Tan[c+dx]?,
a? - b? 4 2 4
b2 Tan[c +d x]?
brranfcxdxi” ]]Tan[Cerx}2 (-a*+b? (1+Tan[c+dx]2>)]
a? - b?

)

9 b2 Tan[c +dx]?
,1, =, -Tan[c+dx]?, #} Tan[c+dx]5/2)/
4 a% - b2

N |

9b (a-b?) AppellF1|

H |
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1 9 )
, —» 1, —, -Tan[c+dXx]*,
2 4

H |

[5 \/1+Tan[c+dx]2 [—9 (a® - b?) AppellF1]|

b2Tan[c +dx]? 5 9 13 ,
————————] -2 (2b*AppellF1[~, =, 2, —, -Tan[c+dx]?,
a2-b? 4 2 4
b2 Tan[c +d x]? 9 3 13
#] + (-a®+b?) AppellFl][ =, =, 1, —, -Tan[c+dx]?,
a?-b? 4 2 4

b2 Tan[c +d x]?

F— ]]Tan[c+dx12) (-a®+b? (1+Tan[c+dx]?))
a‘-b

Problem 320: Result more than twice size of optimal antiderivative.

J\/a+bSec[c+dx] Tan[c +d x] dx

Optimal (type 3, 51leaves, 4 steps):

2\/?Ar‘cTanh[ a+b Sec[c+d x] ]

Nes 2+/a+bSec[c+dx]
- +

d d

Result (type 3, 137 leaves):

\/b+aCos[c+dx]

vacCos[c+dx]

2+/b+acCos[c+dx] ++aCos[c+dx] Log[l—

] _

vb+aCos[c+dx]

vJacCos[c+dx]

VacCos[c+dx] Log[1+

|| Va+bsecic+dx] /(d\/b+aCos[c+dx]>

Problem 321: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCot[c+dx1 va+bSec[c+dx] dx

Optimal (type 3, 106 leaves, 7 steps):

2+/a ArcTanh| a+bsﬁc+dx] | +a-b ArcTanh| a+bjec7[b“dx] | “a+b ArcTanh| ‘_’”bsec[b“dx] ]
a a- a+

d d d

Result (type 3, 4527 leaves):

2i(a-aTan[% (c+dx)]*+bTan[L (c+dx)]?
-|]1iCot[c+dx] (a7b> Log[ ( [2( >] [2< )])+

a-b
2\/1+Tan[

2

]+

N =

2 2

(c+dx)]2 \/a+baTan[1 (CertzerTan[l (c+dx)]
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N |
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2 2 2
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1
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2ib-21ia [—1+Tan[1 (c+dx>]2 -2+a+b

2

\/—1+Tan[z (c+dx>]2 \/a+b—aTan{; (c+dx)]2+bTan[% (c+dx)]2

M

Ja+bSec[c+dx] \/a+baTan[1 (c+dx>]2+bTan[l (c+dx”
2 2

a-b
d

\/—1+Tan[; (c+dx”2

1+Tan[§ (c+dx)]2

1—Tan[% (c+dx)]2

a+b7aTan[§ (c+dx”2+bTan[§ (c+dx”2

1+Tan[i (c+dx)]2

+

[[[1 [(ab) Log[zj (a—aTan[% (c+dxa)}2b+bTan[§ (c+dx)]2)

2 2

2\/1+Tan[l (c+dx”2 J[aeraTan[1 (c+dx)]2+

bTan[l (c+dx”2)} +Va-b |2+a Log]

2

2ia (—1+Tan[1 (c+dx)]2 -
2
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ib (1+Tan[1 <c+dx)]2) +2\E\/1+Tan[1 (C+dXH2

2 2

\/(a+b—aTan[l (c+dx)]2+bTa”[l <C+dx)]2)]/

2 2

1 2
(a+b)3/2Cot[; (c+dx)]

(4a3/2 (1+Tan[1 (c+dx)]2))] ~-Va+b Log|

2

21b—2ia(—1+Tan[ <c+dx)]2

N |
N |

(c+dx)]2) —Zm\/—1+Tan[

J(a+baTan[1 (Cerx)]erbTan[1 (c+dx)]2)]]”

2 2

(—aSec[i (c+dx)]2Tan[§ (c+dx)] +bSec[% (c+dx)]2Tan[§ (c+dx)})

/

\/ 2J1+Tan[i(c+dx”2
4/a-b -1+ Tan| (c+dx)]

l—Tan[i (CerxH2

] +

21 (a—aTan[i (c+dx”2+bTan[% (c+dx”2>

Va-b

N

2 2

\/a+baTan[1 (c+dx)]2+bTan[1 (c+dx)]2

\Ia+baTan[i (c+dx)]2+bTan[§ <c+dx)]2

1+Tan[% (c+dxH2

+2

{i {(ab) Log |

(c+dx)]* ]+

N |

2 2

\/—1+Tan[l (c+dx>]2 \/a+b—aTan[l (c+dx)]2+bTan[

Va-b |2+/a Log|

2ia [—1+Tan[§ (c+dx)]2] -ib (1+Tan[§ (CerxH2 +

2\/;\/1+Tan[; (c+dx”2
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\/(amaTan[

(4a3/2 (1+Tan{l (c+dx)]2))] ~-Va+b Log|

2

N |

(Cerx)]erbTan[1 (c+dx)]2)]/

2

1 2
(a+b)3/2C0t{E (c+dx)]

2 2

2ib-21ia (71+Tan[1 (c+dx)]2) -2+/a+b \/1+Tan[1 (c+dx)]2
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2 2

Tan[% (c+dx) | \/a+b—aTan{; (c+dx)]2+bTan[% (c+dx)]2

(CerxH2
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+
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2
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2 2

1 2
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2 ]Hz

Sec[i (c+dx”2Tan[i (c+dx)]
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2
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2
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2
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2
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+
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2ia [—1+Tan[§ (c+dx)]2] -ib (1+Tan[§ (CerxH2 +

2\/?\/—1+Tan[l (c+dx>]2

2
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(c+dx)]2 [(aSec[l (c+dx)]2

/

N |

2

\/a+baTan[1 (c+dx)]2+bTan[

Tan[% (c+dx)] +bSec[§ (c+dx”2Tan[§ (c+dx) |

[1+Tan[§ (c+dx”2] - Sec[% (c+dxH2Tan[§ (c+dx) |
[a+b—aTan[§ (c+dx)]2+bTan[§ <c+dx)]2J]/ (1+Tan[% (c+dx)]2

1+Tan[% (c+dx>]2

4m\/—1+Tan[; (c+dx)]2 J

1—Tan[% (c+dx>]2

2\ 3/2

[a+b—aTanE (c+dx”2+bTan[§ (c+dx) ]

1+Tan[§ (c+dx)]2

(c+dx)]2Tan[E (c+dx” erSec[1 (c+dx)]2

2i (7aSec[
2 2

N |

=

Tan[% (c+dx)]

+

(—aSec[% (c+dx)]2Tan[§ (c+dx)] +

\/1+Tan[i <c+dx)]2

\/(a+b—aTan[1 (c+dx”2+bTan[l (c+dx”2)] +

2 2

(c+dx)]2Tan[1 (c+dx)]

bSec[
2

N |

/

Sec[1 (Cerx)]zTan[1 (c+dx)] \/(a+b—aTan[l (c+dx”2+

I/

bTan[i(Cerx)]z)]/ \/1+Tan[i(c+dx)]2
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24 (a-aTan[ (c+dx)|"+bTan[3 (c+dx) ]') c2 | c1eTan] (crdx))?
Va b i

\/a+b—aTan[l <c+dx)]2+bTan[l (c+dx)]2

2 2

Va-b 8a2(1+Tan[§(c+dx)]2) ZjaSec[i(c+dx)]2Tan[§(c+dx)]f
ijec[i(c+dx”2Tan[§(c+dx)]+ \/?[—aSec[i(Cerx)]z

Tan[% (c+dx)] +bSec[§ (c+dxH2Tan[% (c+dx)]
\/1+Tan[; (c+dx”2]/ [\/(aeraTan[; (c+dx”2+

1 2 1
N (c+dx)] Tan[; (c+dx)]

b Tan| - (c+dx”2]J . (\/a_Sec[

2

\/(a+b—aTan[§ (c+dx”2+bTan[§ (c+dx”2]J/
{\/1+Tan[i (c+dx)]2 /(433/2 [1+Tan[l (c+dx)}z]) -

2
Sec[% (c+dx)]2Tan[§ (c+dx)]

2ia (—1+Tan[§ (c+dx”2] -

ib [1+Tan[l (c+dx”2] JrZ\/?\/lJrTan[1 <c+dx)]2

2 2

J(a+b—aTan[1 (c+dx”2+bTan[§ (c+dx)}2]]]/
/

ib (1+Tan[l (c+dx)]2J +2x/?\/—1+Tan[1 (c+dx”2

2ia {—1+Tan[l (c+dx”2) -

2 2

[4a3/2 (1+Tan[l (c+dx)}2]2J]
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\/(amaTan[

{(aer)zTan[i (c+dx)]

2 1 2
(c+dxH +bTan[;(c+dx)] -

N |

2

1 1 2 1 2
Cot| — d -21aSs — d
<a+b>3/2o[2(c+ x) | ia ec[z(c+ x) |

Tan[% (c+dx)] - [\/m (—aSec[% (c+dx)]2Tan[% (c+dx)]+

bSec[i (c+dx”2Tan[§ <c+dx)]

1 1 .
arpectl [erax ] esel (e ax)]

2ib-21a

(71+Tan[§ (c+dx)]2) Zm\/1+Tan[i (c+dx)]2

J(a+b—aTan[§ (c+dxH2+bTa“[§ (c+dx)}2]]”/

2ib-2ia (—1+Tan[% (c+dx)]2) -2+/a+b \/—1+Tan[; (c+dx)]2

\/(amaTan[

N |

(c+dx”2+bTan[§ (c+dx)]2)”]]/
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a+b—aTan[% <c+dx)]2+bTan[% (c+dx)]2

1+Tan[% (c+dxH2

Problem 322: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCot[c+dx13\/a+bSec[c+dx] dx

Optimal (type 3, 215leaves, 13 steps):

Z\EArcTanh[ a+b Sec[c+d x] ] aAr‘cTanh[ a+b Sec[c+d x] ] 3bAr‘cTanh[ a+b Sec[c+d x] ]

B Ja N Ja-b B Ja-b
d Va-b d 4~/a-b d
a+b Sec[c+d x] a+b Sec[c+d x]
aArcTanh| — ] ) 3bArcTanh| — ] ) Cot[csdx]2varbSecicrdx]
Va+b d 4+a+b d 2d
Result (type 3, 4909 leaves):
(i—iCsc[c+dx]2) va+bSec[c+dx]
+
d
21 (a—aTan[l (c+dxH2+bTan[l (c+dx)]2)
i|Va+b (-4a+3b) Log| 2 2 +
a-b

2\/—1+Tan[l(c+dxﬂ2 \/a+b—aTan[1(c+dx)]2+bTan[1(c+dx)]2}+ a-b

2

2ia (—1+Tan[% (c+dx)]2) +ib [1+Tan[% (c+dx)]2) ~2+/a

{Sﬁ\/am Log|

2

\/1+Tan[1 (c+dx)]2 \/a+baTan[l (c+dx)]2+bTan[1 (CerxH2

(16a3/2 (1+Tan[1 <c+dx)]2])] +(4a+3b) Log|

A Cot{i(c+dx”2

-2ib+2ia [—1+Tan[

N |

(c+dx)]2] +2\/m\/—1+Tan[; (c+dx”2
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2
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\/a+baTan[§ (c+dx”2+bTan[§ (c+dx”2 | +va-b
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1

[\/?Sec[z (c+dx”2Tan[§ (c+dx)] J(a+b—aTan[1 (c+dx”2+

2
bTan[i(c+dx)]2)]/[\/1+Tan[i(c+dx>]2 ]/
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Sec[1 (c+dx”2Tan[1 (c+dx)]

1
16 a3/ (1 Tan| = d
[ a + an[ (c+ x)] A A

2

)

[Zja (—1+Tan[1 (c+dx)]2

+1ib (1+Tan[1 <c+dx)]2 -
2

2

2\/?\/1+Tan[1 (c+dx)]2 \/(a+baTan[1 (c+dx”2+

e

bTan[% (c+dx)]

-2ia [—1+Tan[1 (c+dx)]2
2

+1b (1+Tan[1 (C+dx”2 -
2

2\/?\/1+Tan[1 (c+dx>]2

2

Co‘c{l (c+dx”2 ZiaSec[g <c+dx)]2

2 2

{m (4a+3b)2Tan[l (c+dx)]2

Tan[l (c+dx)]+ [\/m [—aSec[l (c+dx)]2Tan[1 (c+dx)]+

2 2 2

\/—1+Tan[z (c+dx)]2

ZJ/

]/(W (4a+30]) -

bSec[% (c+dxH2Tan[§ (c+dx)]

/

2

[[ro-stond e mran e

2 2

[\/m Sec|

N |

(c+dx)]2Tan[§ (c+dx)]

J(a+b—aTan[z (c+dx)}2+bTan[§ (c+dx)]
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Cot[1 (Cerx)]Csc[1 (c+dx”2 ~2ib+2ia [71+Tan[1 (c+dx>]2 +
2 2 2

2+a+b \/1+Tan[

b Tan| - <c+dx)]2) / (Vab (aa-30)) ||/

2

<c+dx)]2+

N |

(c+dx)]” \/[a+baTan[

N |

—21'1b+21'1a[—1+Tan[ (c+dx)]”

N |

(c+dx>]2] +2\/m\/—1+Tan[

N |

2 2

\/a+b—aTan[1 (c+dx”2+bTan[l (c+dx)]2

Problem 323: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

vJa+bSec[c+dx] Tan[c+dx]2dx
[ ] [ ]

Optimal (type 4, 344 leaves, 7 steps):

1 a+bSec[c+dx a+b
- 2a(a-b)va+b Cot[c+dx] EllipticE[Ar‘cSin[\/ : [c+dX] -

3b2d Jaib “a b

b (1-Sec[c+dx]) b (1+Sec[c+dx]) 1
a+b a-b 3bd

vJa+bSec[c+dx] a+b

]

2+a+b (a+2b) Cot[c+dx] EllipticF|ArcSin| ] ]
Vva+b a-b

b (1-Sec[c+dx]) b (1+Sec[c+dx]) 1

_ i

a+b a-b d
b bs d b
2+ a+b Cot[c+dx] Ellip’cicPi[aJr ,Ar‘cSin[\/aJr eclc+dx] ], ar }
a Va+b a-b

\/b(lSec[c+dx}) \/ b(l1+Secfc+dx]) 2+/a+bSec[c+dx] Tan[c+dx]
- +

a+b a-b 3d
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Result (type 4, 692 leaves):
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-l|2+/a+bSec[c+dx]

-ia (a-b) EllipticE[i ArcSinh|

3b

a+b—aTan[§ (c+dx)]2+bTan[§ (c+dx)]2

1+Tan[§ (c+dx>]2

-a+b 1 a+b
T - d R
a+b an[z(c+ X>H a-b

]

2

\/1Tan[§ (c+dx)]2 [1+Tan[l (c+dx)}2)

\/a+b—aTan[§ (c+dx”2+bTan[§ (c+dx)]®

EllipticF[i ArcSinh|

[1+Tan[1 (c+dx

. .. _.p ath .
6iabEllipticPi[- ——, i ArcSinh|

+21i (a-b)b

a+

b
aa:bb Tan[i (c+dx)]], :tz] \/1Tan[§ (c+dx)]z

Hz] \/a+b—aTan[§ (c+dx”2+bTan[§ (c+dx”2

2 a+b

-a+b 1 a+b
Tan[ = (c+dx)]],
a-b a+b 2 a-b

]

\/l—Tan[

(c+dx)]2 [1+Tan{% (c+dx”2)

N | =

Jhba“‘“[i (erax))* roTan[? (crax) )’

+
a+b

a | 2P Tan[l(c+dx)] b,bTan[l(c+dx)}4+a 1+Tan[1<C+dX)]2)2] /

-a+b

a+b

2 2 2

2

1+Tan| <c+dx)]

dvb+aCos[c+dx] +/Sec[c+dx]

1-Tan| (c+dx)]2

{b—bTan[l(c+dx)]4+a[—1+Tan[l(c+dx”2]2] +

2

2

va+bSec[c+dx] (M+§Tan[c+dx})

3b

d
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Problem 324: Unable to integrate problem.

J\/a+b5ec[c+dx] dx

Optimal (type 4, 125leaves, 1step):

a+b a-b

- 2Cot[c+dx] EllipticPi] , ArcSin]| B
Ja+b d a+b va+bSec[c+dx] a+b

\/b (1-secc+dx]) \/b (1+sec[c+dx]) (a+bsecic-dx]]

a+bSec[c+dx] a+bSec[c+dx]

Result (type 8, 16 leaves):

J\/a+b5ec[c+dx] dx

Problem 327: Result more than twice size of optimal antiderivative.

dx

J Tan[c +dx]3
va+bSec[c+dx]

Optimal (type 3, 79leaves, 5steps):

1Ja+bSec[c+d x]
2 ArcTanh| NES ] 2a+/arbSec[c+dx] 2 (a+bSec[c+dx])*?
- +
Ja d b2 d 3p2d

Result (type 3, 194 leaves):

(b+aCos[c+dx]) Sec[c+dx] (—:—baZJrLe:zL”L)

+

vaCos[c+dx] Vb+aCos[c+dx]

dva+bSec[c+dx]

vVb+aCos[c+dx] vb+aCos[c+dx]
}+Log[1+

vacCos[c+dx] vVaCos[c+dx]

(ad (1-Cos[c+dx]?) Va+bSec[c+dx] )

-Log[1-

]

Sin[c+dx] Tan[c +d X]

/

Problem 328: Result more than twice size of optimal antiderivative.

J Tan[c +dXx]
va+bSec[c+dx]

dx

Optimal (type 3, 31leaves, 3 steps):

a+b Sec[c+d x] ]

2 ArcTanh| -
a

Va d
Result (type 3, 108 leaves):




Mathematica 11.3 Integration Test Results for 4.5.1.4 (d tan)”~n (a+b sec)™~m.nb | 209

Vb+aCos[c+dx] |Log[l- braCoslcrdx] | - Log[1+

b+a Cos[c+d X] }
aCos[c+dx] acCos[c+dx]

dvacCos[c+dx] vVa+bSec[c+dx]

Problem 329: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J Cot[c+dx]
va+bSec[c+dx]

Optimal (type 3, 106 leaves, 7 steps):

2Ar‘cTanh[ a+bS\ecﬁ[c+dx] ] Ar‘cTanh[ a+bSec[bc+dx] } Ar‘cTanh{:{mbSec[bmdx] ]
a A a- A a+

Va d _ Va-b d Va+b d
Result (type 3, 5506 leaves):

) Cos[c+dx]
-1 |[-———————— +/b+aCos[c+dx] Csc[c+dXxX]
1+Cos[c+dx]

1 Cos[c+dx
Va-b Log[ 2ia+|-2ia-2ib+4+a+b __Coslcrdx]
Ja+b 1+Cos[c+dx]

J“ac“[“dx] cot[* (c+dx]]*|]-Va b Log|
2

1+Cos[c+dx]

2 C d b C d 1
ia a4l os[c+dx] +acCos[c+dx] 54 —a—bTan[—(Cerx)]z]
Ja-b 1+Cos[c+dx] 1+Cos[c+dx] 2
3/2 b+acCos[c+dx]
Sec[c+dx]¥ /4\/afb Vva+b d va+bSec[c+dx]
1+Cos[c+dx]
C d 1
ia | —oelerdX Ty Log| 2ia+|-2ia-2ib+
1+Cos[c+dx] Ja+b
C d b C d 1
473+ - os[c+dx] +aCos[c+dx] Cot[7<c+dx)]2 ]7
1+ Cos[c+dx] 1+Cos[c+dx] 2



210 | Mathematica 11.3 Integration Test Results for 4.5.1.4 (d tan)”n (a+b sec)™~m.nb

MLog[ 21ia wa | Cos[c+dx] b+aCos[c+dx] B
Ja-b 1+ Cos[c+dx] 1+ Cos[c+dx]
1
2iva-b Tan[~ (c-dx)]’] | VSecic-dx] sinfc+dx] | /
2

b+acCos[c+dx
4~/a-b vJa+b Vb+aCos[c+dx] : [cxdx] |
1+Cos[c+dx]

Cos[c+dx
i __Cosfcxdx] Vb+aCos[c+dx] |Va-b Log|
1+Cos[c+dx] a+b

2ia+ |-21a-21ib+

a/aib |- Cos[c+dx] b+acCos[c+dx] Cot[l(c+dx)]2 ]7
2

1+Cos[c+dx] 1+Cos[c+dx]

21a Cos[c+dx b+aCos[c+dx
Va+b Log| 19 o4 - [c+dx] * [exrdx] _
Ja-b 1+Cos[c+dx] 1+Cos[c+dx]

2i+a-b Tan|

N |

(c+dx”2} Sec[c+dx]32Sin[c +dx] /

b+acCos[c+dx
4~/a-b +Ja+b : [c+dx] | i+vb+aCos[c+dx]

1+Cos[c+dx]

Cos[c+dx]

Va-b Log| 2ia+|-2ia-2ib+4+a+b |-————
a+b 1+Cos[c+dx]
b+aCos[c+dx 1 2ia
: [c+dx] Cot[—(c+dx)]2 | -~/a+b Log| e,
1+Cos[c+dx] 2 Ja-b
Cos[c+dx b+aCos[c+dx 1
4 |- [c+dX] : e+ }—Zix/a—b Tan[—(c+dx)]2]
1+Cos[c+dx] 1+Cos[c+dx] 2

Cos[c+dx] Sin[c +d x] Sin[c +dx]
\Sec[c+dx] |- +
(1+Cos[c+dx]>2 1+Cos[c+dx]

/

Cos[c+dx b+acCos[c+dx
4~/a-b va+b - e~ ] * e~ } +

1+Cos[c+dx] 1+Cos[c+dx]
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Cos[c+dx
i __Coslerdx] vb+aCos[c+dx]

1+Cos[c+dx]

1 Cos d
Va-b Log| 2ia+|-2ia-2ib+4~/a+b __Cosfexdx]
a+b 1+Cos[c+dx]
b C d 1 21
+aCos[c+dx] Cot[—(c+dx)]2 }meog[ 1a .
1+Cos[c+dx] 2 Va-b
C d b C d 1
g |- Coslerdx] rerosler O 5ivasb Tan[ T (cedx) ]
1+ Cos[c+dx] 1+ Cos[c+dx] 2
asSin[c+dx] (b+aCOS[C+dX])Sin[C+dX]
\Sec[c+dx] |- + /
1+Cos[c+dx] (1+Cos[c+dx})2

b+acCos[c+d
4+a-b Va+b ( : [c+dx]

3/2 1
1+Cos[c+dx] J

2+a-b “Ja+b braCos[c+dx]

1+Cos [c+d x]

Cos[c+dx

: vVb+aCos[c+dx] /Sec[c+dx]

i . . S
1+ Cos[c+dx]

C d b C d
a b |-|-2ia-2ibsaarp |--——oolerdx] +acosic+dx]
1+Cos[c+dx] 1+ Cos[c+dx]
1 1 1
Cot[f(c+dx>]Csc[f<c+dx)]2+Cot[f(c+dx)}2 2+/a+b
2 2 2
b+acCos[c+dx] Cos[c+dx] Sin[c+dXx] Sin[c+dx] /
- +
1+Cos[c+dx] (1+Cos[c+dx])2 1+Cos[c+dx]
Cos[c+dx] Cos[c+dx]
|+ [2/a+b [ ———
1+Cos[c+dx] 1+Cos[c+dx]
asSinfc+dx] (b+aCos[c+dx]) Sin[c+dx]

- +
1+Cos[c+dx] (1+Cos[c+dx])2

/

b+aCos[c+dx]

/ 2ia+|-2ia-21b+
1+ Cos[c+dXx]
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Cos[c+dx] b+acCos[c+dx] 1 2
4~+a+b |- Cot[= (c+dx)| | -
1+Cos[c+dx] 1+Cosf[c+dx] 2

2 b+aCos[c+d x] (_Cos[c»fdxl Sin[c+d x] + Sin[c+d x] )
1+Cos[c+d X] (1+Cos[c+d x])? 1+Cos[c+dx] Cos[c+dx]
a+b + 2 e
1+Cos[c+dx]
Cos[c+dx

1+Cos[c+d X]

+

[ asinfc+dx] (b+aCos[c+dx])Sin[c+dx}] /
1+Cos[c+dx] (1+Cos[c+dx])?

b+acCos[c+dx]

1 1
-2i+/a-b Sec[—(c+dx”2Tan[—(c+dx)] /
1+Cos[c+dx] 2 2
21a Cos[c+dx] b+acCos[c+dx] )
+4 |- -2i+va-b
Ja-b 1+Cos[c+dx] 1+Cos[c+dx]
1
Tan[f(c+dx>]2 -
2
b+aCos[c+dx
i+v/-1-Cos[c+dx] . [c+dx] Cos |
1+Cos[c+dx]
2
(c+dx”
Csc[c+dx] Ja
a-b
1
Log |
a+b
C d b C d
2ias+|-2ia-2ibsaarp |- oolerdx] +aCosfc+ax]
1+ Cos[c+dx] 1+ Cos[c+dXx]
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21a Cos[c+dx b+acCos[c+dx
Va+b |+a Log| L [c+dx] : [crdx] _
Ja-b 1+ Cos[c+dx] 1+Cos[c+dx]
1
2i+a-b Tan[—(c+dx”2}+
2
1 1 Cos[c+dx
4+/a-b Log|- J'lCOS[*(C+dX>}2 -2a-b-4i+a __Coslerdx]
8+a 2 1+Cos[c+dx]

b+acCos[c+dx]

+(2a-b) Tan|

N |

ferax) ]

1+Cos[c+dx]

Sec[c +dx] / 4\5\/a—b va+b d\/b+aCos[c+dx]

va+bSec[c+dx]

1

4~+/a-b a+b (b+aCos[c+dx])*?

b+acCos[c+dx]

iva \/-1-Cos[c+dx]

1+Cos[c+dx]

1 Cos[c+dx
Va Va-b Log| 2ias|-2ia-2ibsavarb |- —oolerdX]

Ja+b 1+Cos[c+dx]
b+acCos[c+dx 1 21a
: [c+dx] Cot[f(c+dx)]2 | -Va+b |Va Log| e
1+Cos[c+dx] 2 Ja-b
Cos[c+dx b+acCos[c+dx 1
4 |- [c+dx] : [c+dx] -2i+a-b Tan[f(c+dx”2]+
1+Cos[c+dx] 1+Cos[c+dx] 2
1 1 C d
4+/a-b Log[— jCos[—<c+dx)]2 _2a-b-4i+/a _Cosferdx]
8+a 2

1+ Cos[c+dx]

b+aCos[c+dx]

+(2a-b) Tan| (c+dx)]2 ||| sinfc+dx] -

N R

1+Cos[c+dx]
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1 ) b+acCos[c+dx]
1
4-/a vJa-b Ja+b v/-1-Cos[c+dx] Vb+aCos[c+dx] 1+Cos[c+dx]
1
Ja Va-b Log[ 21a+ |-2ia-21b+
Vva+b
Cos[c+d b+acCos[c+d 1
4+/a+b |- [c+dX] - [c+dX] Cot[—(c+dx”2]—
1+Cos[c+dx] 1+Cos[c+dx] 2
21a Cos[c+d b+acCos[c+d
Va+b |Va Log| L. [c+dX] - Lexdx] 5 va b
Ja-b 1+Cos[c+dx] 1+Cos[c+dx]
1 1 1
Tan[*(c+dx)]2]+4\/afb Log |- J'lCOS[*(C+dX>}2 -2a-b-4i+a
2 8\5 2
Cos[c~+d b+acCos[c+d 1
- [c+dx] : [c+dX] +(2a-b) Tan[—(c+dx)]2}
1+Cos[c+dx] 1+Cos[c+dx] 2
. 1
Sin[c+dx] -
4-/a vJa-b Ja+b \/b+aCos[c+dx] braCosfcrdx]
1+Cos[c+d x]
1
iv-1-Cos[c+dx] |“/a Va-b Log| 2ia+|-2ia-2ib+
a+b
Cos[c+dx b+aCos[c+dx 1
4~+/a+b |- [c+dx] : [c+dX] Co‘c[f(c+dx”2 ]—
1+ Cos[c+dx] 1+ Cos[c+dx] 2
21a Cos[c+dx b+aCos[c+dx
Va+b |+a Log| L [c+dx] : [c+dx] -2i+a-b
Ja-b 1+ Cos[c+dx] 1+Cos[c+dx]
1 1 1
Tan[—(c+dx)]2]+4\/afb Log|- iCos[—(c+dx”2 -2a-b-4i+a
2 8\/? 2
Cos[c+dx b+acCos[c+dx 1
- [c+dx] : [c+dx] +(2a-b) Tan[—(c+dx)]2}
1+Cos[c+dx] 1+Cos[c+dx] 2
aSin[c+dx] (b+acCos[c+dx])Sin[c+dx]
_ n _
1+Cos[c+dx] (1+Cos[c+dx])?
1

2+va Va-b vJa+b Vb+aCos[c+dx]
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i+ -1-Cos[c+dx]

b+acCos[c+dx]

1+Cos[c+dx]

Cos[c+dx b+acCos[c+dx
va vJa-b |-|-2ia-2ib+4+Ja+b |- [cxdx] ’ [crdx]

1+Cos[c+dx] 1+Cos[c+dx]

1 1 1
Cot[f(c+dx>]Csc[f<c+dx)]2+Cot[f(c+dx”2 2+/a+b
2 2 2
b+acCos[c+dx] Cos[c+dx] Sin[c+dX] Sin[c+dx] /
- +
1+Cos[c+dx] <1+Cos[c+dx])2 1+Cos[c+dx]
C d C d Si d
- os[c+dXx] N ZW - os[c+dXx] - asSin[c+dx] .
1+Cos[c+dx] 1+Cos[c+dx] 1+Cos[c+dx]
(b+aCos[c+dx])Sin[c+dx] / b+aCos[c+dx] /
(1+Cos[c+dx])? 1+Cos[c+dx]
C d b C d
2ias|-2ia-2ib+aarp |- oslerdx] vatos[c+dx]
1+Cos[c+dx] 1+ Cos[c+dx]
1
Co‘c[f(Cerx)]2 -+va+b
2

b+aCos[c+d x] (7 Cos[c+dx] Sinfc+dx] . _Sin[c+dx]
1+Cos [c+d x| (1+Cos[c+d x])? 1+Cos [c+d x] Cos[c +dx]
Va 2 |[-————
1+Cos[c+dx]

Cos[c+dx

N 1+Cos[c+dx]

+

aSin[c+dx] (b+aCos[c+dx]) Sin[c+dx]
1+Cos[c+dx] (1+Cos[c+dx])?

/

b+acCos[c+dx]

-2i+/a-b Sec[% (c+dx)]2Tan[

N |

(c+dx)] /

1+Cos[c+dx]
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[ 21ia +4\/ Cos[c+dx] \/b+aCos[c+dx] 2ivalb

71+Cos[c+dx} 1+Cos[c+dx]

+

S JiCos[1 (c+d

8va 2

Tan{% (c+dx)]2

32i+va vJa-b Sec{% (c+dx”2

Cos[c+dx] Sin[c +d x]
- +

(1+Cos[c+dx])2
Cos[c+dx]
1+Cos[c+dx]

aSin[c+dx]

JINE

1+Cos[c+dx]

ZJ,l\/;\/bJraCos[Cerx}

Sin[c +dx]

/

1+Cos[c+dx]

[21‘1\/?\/— Cos[c +dXx]

1+Cos[c+dx]
/ b+acCos[c+dx]
1+Cos[c+dx]

(2a-b) Sec[1 (CerxHZTan[1 <c+dx)] +

2 2 8+/a

1+Cos[c+dx]

(b+acCos[c+dx]) Sin[c+dx]

+

(1+Cos[c+dx])?

JiCos[l (c+dx)] Sin[1 (c+dx)]

2 2 1+Cos[c+dx]

Cos[c+d
—2a—b—4]i\/?\/-#

\/b+aCos[c+dx} +(2a-b) Tan[l (c+dx”2
1+Cos[c+dx] 2

e

1+Cos[c+dx] 1+Cosfc+dx] 2

\/_ Cos[c +dXx] \/b+aCos[C+dX] +(2a-b) Talﬁ[1 (C+dXH2

Problem 330: Result more than twice size of optimal antiderivative.

Cot[c+dx]3
J dx
N

a+bSec[c+dx]

Optimal (type 3, 260 leaves, 11 steps):
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2 ArcTanh | a:b S;;“dx] | ArcTanh| a+bjg+dx] ]
_ Va d ' Va-b d
bAr‘cTanh[ a+bjg+dx] } bArcTanh[@] Ar‘cTanh[ a+bse:fbc+dx] }
4 (a-b)*?%d + 4 (a+b)??d ) Va+b d ’
vJa+bSec[c+dx] vJa+bSec[c+dx]

4 (a+b)d(1-Sec[c+dx]) +4(a—b)d (1+Secc+dx])

Result (type 3, 3876 leaves):

a (a-b Cos[c+d x]) Csc[c+d x]?

(b+acCos[c+dx]) (2(a27b2) + 2 (o] Sec[c+dx]

dva+bSec[c+dx]
8 (a%-b?) Log[Sec[% (c+dx”2]

Va

+

(b+aCos[c+dx]) |-

(2o0) (aaesojwoglranl (e ) 0

Va+b a+b

Log[a+b+2\/m __Coslc+dx] “b-aCos[crdx] —aTan[l(c+dx)]2]+
1+Cos[c+dx] 1+Cos[c+dx] 2
1 (4a2—ab—5b2> Log[—a+2m B Cos[c+dx] -b-acCos[c+dx] .
Va-b 1+Cos[c+dx] 1+Cos[c+dx]
1 2
(a-b) Tan[ = (c+dx) ] ] + 8 (a®-b?) Log|
2 \/a_
2a+b+4+/a |- Cos[c+dXx] “b-aCosfcrdx] +(-2a+b) Tan[l(c+dx”2]
1+Cos[c+dx] 1+Cos[c+dx] 2

a?Csc[c+dx] VSec[c+dXx]

2 (-a?+b2) V/b+aCos[c+dx]

abCsc[c+dx]

+

4 (-a?+b?) Vb+aCos[c+dx] Sec[c+dx]
3b2Csclc+dx] \/Sec[c+dx] a*Cos[2 (c+dx)]Csc[c+dx]/Sec[c+dx]

+
2 (-a?+b?) vb+acCos[c+dx]

<c+dx)]2 /

4 (-a%+b?) vb+aCos[c+dx]

b?Cos[2 (c+dx)] Csclc+dx] v/Sec[c+dx]
Sec[c+dx] [-1+Tan|

2 (-a2+b2) /b+aCos[c+dx]

N |
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(CerxH2 va+bSec[c+dx]

N |

8 (a* - b%) d\/(b+aCos[c+dx]) Sec|

_8 (a? - b2) Log[Sec[i (c+dx)]2] )

Va

[\/b+aCos[c+dx}

(a-b) (4a+5b) Log[TanE (crdx) ] o1 (a-b) (4a+5b) Log|

a+b a+b
Cos[c+dx -b-aCos[c+dx 1
a+b+2+/a+b |- [c+dx] [c+dx] —aTan[—(c+dx)]2}+
1+Cos[c+dx] 1+Cos[c+dx] 2

(4a>-ab-5b%) Log[-a+2+/a-b \/COS[CHjXJ

a-b 1+ Cos[c+dx]

\/—b—aCos[c+dx} +(a—b>Tan{l(c+dx)]2]+ ! 8 (a®-b*) Log[2a+b+
1+Cos[c+dx] 2 Ja

1+Cos[c+dx] 1+Cos[c+dx] 2

/

4V?J Cos[c+dx) Jbawsﬁ“d” +<za+b>Tan{1<c+dx)]2]]

B

Sec[l(c+dx”2\/5ec[c+dx} Tan[ = (c+dx) |
2 2

{16(a2b2)\/(b+aCos[c+dx})Sec[i(c+dx)]2 \/1+Tan[i(C+dxH2]
. _8<a2—b2) Log[SecE (c+dx”2] ) (a-b) (4a+5b) Log[Tan[% (c+dx”2] 1
\/? a+b a+b

1+Cos[c+dx] 1+Cos[c+dx]

(a-b) (4a+5b) Log[a+b+2\/m\/— Cosfc+dx] \/—b—aCos[c+dx] -

1

(4a*>-ab-5b%) Log[-a+
2 a-b

2\/ﬁ\/ Cos[c +dx] \/baCos[c+dx} +(afb) Tan[

1+ Cos[c+dx] 1+ Cos[c+dx]

<c+dx)]2] +

N R
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1 Cos[c+d -b-acCos[c+d
——8 (a’-b?) Log[2a+b+4a |- [c+dx] [c+dX] v (-2a+
Va 1+Cos[c+dx] 1+Cos[c+dx]

"/

b) Tan[% (c+dx)]2]

1
v/Sec[c+dx] Sin[c +dx] \/—1+Tan[— (c+dx)]

2

+

{16 (a®-b%) Vb+aCos[c+dx] \/(b+aCos[c+dx}) Sec[1 (c+dx)]2
2

1

16 (a% - b?) J—(b+aCos[c+dx}) Sec[i (c+dx)]2

_8 (a®-b?) Log[Sec[% (c+dx)]2] )

Va

(a-b) (4a+5b) Log[Tan[i <c+dx)]2]

vb+aCos[c+dx]

1 (a b) (aa+5b)

Vva+b a+b
Cos[c+dx] -b-acCos[c+dx] 1 2
Log[a+b+2~/a+b |- —aTan|[= (c+dx)]|7] +
1+Cos[c+dx] 1+Cos[c+dx] 2
1 (4a27ab75b2) Log[7a+2\/ﬁ B Cos[c+dx] -b-acCos[c+dx] .
Ja-b 1+Cos[c+dx] 1+Cos[c+dx]
a-b) Tan|— (c+dx + 8 (a*-b°) Log|2a+b+
1 2 1 ) )
2 Va
4\/?\/_ Cos[c+dx] \/—b—aCos[c+dx} +(—2a+b) Tan[l(c+dx”2}]
1+Cos[c+dx] 1+Cos[c+dx] 2

Sec[c+dx]32Sin[c +d x] \/1+Tan[1 (c+dx”2 -
2

1

16 (az_bz) (_<b+aCos[c+dXJ) Sec[% (C+dXH2)3/2

_8 (a%-b?) Log[Sec[% (c+dx)]2] )

Va

(a-b) (4a+5b) Log[Tan[i <c+dx)]2]

vb+aCos[c+dx]

1 (a-b) (4a+5b)
a+b a+b
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-aTan| (c+dx)]2] +

Cos[c+dx] \/—b—aCos[c+dx]

1+Cos[c+dx]

N |

1+Cos[c+dx]

Log[a+b+2+/a+b \/—

+

1+Cos[c+dx] 1+Cos[c+dx]

! (4a®-ab-5b?) Log[a+2\/ab\/

Cos[c +dx] -b-acCos[c+dx]
a-b

Cos[c+dx]

! 8 (a>-b?) Log[2a+b+4\/?\/—

1 2
(a-b) Tan{g (c+dx)]] + =

1+Cos[c+dx]

(c+dx”2] \/Sec[c+dx]

N |

-b-acCos[c+dx]
+(-2a+b) Tan[
1+Cos[c+dx]

aSec[i (c+dx”2sin[c+dx] - (b+acCos[c+dx]) Sec[i (c+dx”2Tan[§ (c+dx)]

\/1+Tan[

8 (a2 - b?) J—(b+aCos[c+dx]) Sec[% (c+dx”2

<C+dx>]2 +

N |

1

vVb+aCos[c+dx] /Sec[c+dx] \/1+Tan[1 <c+dx)]2
2

(a-b) (4a+5b) Csc[i (c+dx)] Sec[% (c+dx)] 8 (a?-b?) Tan[i (c+dx)]

Vaib Va

-b-acCos[c+dx] Cos[c+dx] Sin[c+dx]

+

1+Cos[c+dx]

/ B Cos[c+dx]
1+Cos[c+dx]

asinfc+dx] (baCos[c+dx])Sin[c+dx]J

a+b
[(ab) (4a+5b) { m\/

(1+Cos[c+dx])?
=7h - Cos[c+dx]
1+Cos[c+dx]

(c+dx”

Sin[c +dx]

1+Cos[c+dx]

+
1+Cos[c+dx] <1+Cos[c+dx])2

-b-acCos[c+dx]
1+ Cos[c+dx]

faSec[% (c+dx)]2Tan[

N R

/{ T
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Cos[c+dx -b-acCos[c+dx
a+b+2+/a+b |- [c+dx] [c+dx] -aTan|

(c+dx)]*||+
1+Cos[c+dx] 1+Cos[c+dx]

N |

-b-acCos[c+dx] Cos[c+dx] Sin[c +dx]
- +

(1+Cos[c+dx])2

<4a2—ab—5b2) a-b

1+Cos[c+dx]

Sin[c +dx] / Cos[c +dx] b Cos[c+dx]
B —— + a- e

1+Cos[c+dx] 1+Cos[c+dx]

1+Cos[c+dx]

+

asin[c+dx] (baCos[c+dx])Sin[c+dx}J /

1+Cos[c+dx] (1+Cos[c+dx])?
-b-acCos[c+dx 1 1
[c+dx] +(a—b)Sec[—<c+dx)]2Tan[—(c+dxH /
1+ Cos[c+dx] 2 2
Cos[c+dx -b-acCos[c+dx
Va-b |-a+2+a-b |- [c+dX] [crdXx] |
1+ Cos[c+dx] 1+ Cos[c+dx]
1
(a—b)Tan[—(c+dx)]2 +
2
-b-aCos[c+d x] ~ Cos[c+d x] Sin[c+d x] Sin[c+d x]
2 \E 1+Cos[c+d x] ( (1+Cos[c+d x])? - 1+Cos[c+d x] )
8 (a®-b?) lava
_ _Cos c+d x
1+Cos [c+d x]
Cos[c +dx] asSin[c+dx] (-b-acCos[c+dx]) Sin[c+dx] /
- +
1+Cos[c+dx] |1+Cos[c+dx] (1+Cos[c+dx])?

-b-acCos[c+dx] +(_2a+b)sec[l(C+dxH2Tan[l<C+dX)] /
1+Cos[c+dx] 2 2
Va |2a:bsa/a |- Cos[c+dx] ~b-aCos[c+dx]

1+ Cos[c+dx] 1+ Cos[c+dx]
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(-2a+b) Tan| (c+dx>]2

N R

Problem 331: Result more than twice size of optimal antiderivative.

J Tan[c+dx]?
va+bSec[c+dx]

dx

Optimal (type 4, 404 leaves, 11 steps):

1 a+bSec[c+dx a+b
-—2+a+b Cot[c+dx] EllipticPi]| ,Ar‘cSin[\/ - [c+dX] B : ]

ad a Ja+b a-b

b (1-Sec[c+dx]) b (1+Sec[c+dx]) 1
a+b a-b 15b*d

a+b

bs d b
2 (a-b)+a+b (8a*-21b*) Cot[c+dx] Ellip‘cicE[Ar‘cSin[\/a+ eclc+dx] s ar ]
\Va+b a-b

b(-1+Sec[c+dx]) b (1+Sec[c+dx]) 1

- - +
a+b a-b 15b3d

a+bSec[c+dx a+b
2+va+b (-8a’+2ab+21b?) Cot[c+dx] EllipticF[Ar‘cSin[\/ : [c+dx] B : ]
Vva+b a-b

b(-1+Sec[c+dx]) b (1+Sec[c+dx])
a+b -a+b

8a+/a+bSec[c+dx] Tan[c+dx] 2Sec[c+dx]a+bSec[c+dx] Tan[c+d x]
+
15 b2 d 5bd

Result (type 4, 839 leaves):

1
-||2vb+acCos[c+dx] vSec[c+dx]

1—Tan[§ (c+dx>]2

(c+dx)] +8a2bTan[l (c+dx” -21ab?Tan|

8a’Tan|
2

N |
N |

(c+dx)] -

21b3 Tan| (c+dx)]716a3Tan[ (c+dx)]3+42ab2Tan[ (c+dx>]3+

N |

(c+dx)]5—21ab2Tan[ (c+dx)]5+

N R N[R
N[N

8 a’Tan 1 c+dx)]’ -8a2bTan
2
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21b3Tan[l (c+dx)]5+30b3 EllipticPi[-1, —Ar‘cSin[Tan[l (c+dx)]], a—b]
2 2 a+b
a+b-aTan[L (c+dx)]*+bTan[L (c+dx)]?
\/1Tan[1<c+dx)]2\/ [2( )] [2( )] +
2 a+b
30 b® EllipticPi|-1, —Ar‘cSin[Tan[1 (c+dx)]], - ] Tan[l (c+dx”2
2 a+b 2
R a+b—aTan[l(c+dx)]2+bTan[l(c+dx)}2
1-Tan| c+dx)] 2 " 2 .
a+

(8a*+8a’b-21ab?-21b3) EllipticE[ArcSin[Tan[1 (c+dx)]], a-b

2 a+b
\/1 Tan | c+dx)]2 [1+Tan{§(c+dx”2)

a+b-aTan| (c+dx”2+bTan[%(c+dxH2

-2b (4a*+ab-18b?)
a+b

EllipticF[Ar‘cSin[Tan[l (c+dx)]], a_E} \/1—Tan[l (c+dx)]2
2 a+ 2

a+b

1+Tan[§ (C+dx”2] \/a+b—aTan[§ (c+dx)}2+bTan{% (c+dx”2 /

5\ 3/2

15b°>d+/a+bSec[c+dx] 1+Tan[1 (c+dx)]

2

a+b—aTan[§ (c+dx)]2+bTan[§ (c+dx)]2

1+Tan[% (c+dx)]2

2 (-8a%+21b?) Sin[c+dx] 8aTan[c+dx]

- - +

15 b3 15 b?

/(d\/a+bSec[c+dx] )

(b+aCos[c+dx]) Sec[c+dx]

2Sec[c+dx] Tan[c +d X]
5b

Problem 332: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J Tan[c +d x]?
va+bSec[c+dx]
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Optimal (type 4, 310leaves, 6 steps):

1 bS d b
-2 (a-b)a+b Cotlc+dx] EllipticE[ArcSin[va+ eclcrdx] 1, 222
bZd AJa+b a-b

b (1-Sec[c+dx]) b (1+Sec[c+dx]) 1
a+b a-b bd
a+bSec[c+dx a+b
2+ a+b Cot[c+dx] EllipticF[Ar‘cSin[\/ ’ [c+dX] , +]
Va+b a-b
b (1-Sec[c+dx]) b (1+Sec[c+dx]) 1
_ L
a+b a-b ad
a+b a+bSec[c+d a+b
2+/a+b Cot[c+dx] EllipticPi] - ,Ar‘cSin[\/ : [c+dx] |, - ]

a Vva+b a-b

b (1-Sec[c+dx]) b (1+Sec[c+dx])
a+b a-b

Result (type 4, 2752 leaves):
2 (b+acCos[c+dx]) Tan[c+dx]

bd+/a+bSec[c+dx]

4~/b+acCos[c+dx] \/Cos{l (c+dx”25ec[c+dx} -i (a-b) EllipticE|
2

_ b+aCos[c+dx])Sec[t (c+dx)]’

i ArcSinh| a:b Tan[l(c+dx)H,a+b \/( ) [2( )]
a+b 2 a-b a+b
. IR a+b . -a+b 1 a+b
2 bEllipticPi|- , i ArcSinh| Tan|— (c+dx) 115 ]
a-b a+b 2 a-b

a+b a+b 1+Cos[c+dx]

\/(b+aCos[c+dx])Sec[§(c+dx)]2 \/?\/E;Hb\/ Cos[c+dx]
.

<b+aCos[c+dx})Tan[§ (c+dx)] (71+Tan[% (C+dx)]2) /

a+b 2

bz\/a+b d\/COS[CerX] Sec[l(c+dx)]4 va+bSec[c+dx]
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1
b |22 \b+raCos[c+dx] \/Cos[c+dx}$ec[1<c+dx)]4
a+b 2

ZSec[l(c+dx)}2\/Cos[l(c+dx)]25ec[c+dx] Tan{l(c+dx)]

2 2 2
-i (a-b) EllipticE[i ArcSinh| “axh Tan[1 (c+dx)]], a+b]
a+b 2 a-b

(b+aCos[c+dx])Sec[§(c+dx)]2 ' . asb .
-21bEllipticPi [— , 1 Ar‘c51nh[

a+b a-b

-a+b

+

Tan| (c+dX)H,a+b}\/(b+aC°5[C+dX])59C[§(c+dx>]2

1
a+b 2 a-b a+b

\/7\/_3+b\/ Cos[c+dx] (b+aCOS[C+dX]>Tan[l(C+dXH +

a+b 1+Cos[c+dx] 2

-a+b

1/ s
2

A (b+aCos[c+dx])3/2\/Cos[c+dx} Sec[1 (CerxH4
a+

1 2 .
a Oos|— (€Cc+dX ec|c+dX ln|c+dX
Jc [2( dx) | Sec[c+dx] Sin[c+dx]

-i (a-b) EllipticE[i ArcSinh| “axh Tan[l(c+dx)H, a+b]
a+b 2 a-b
(b+acCos[c+dx]) Sec[% (c+dx>]2
a+b )
. .. . a+b . -a+b 1 a+b
2i bEllipticPi|- , 1 ArcSinh| Tan[ = (c+dx)]], ]
a-b a+b 2 a-b

a+b a+b 1+Cos[c+dx]

\/(b+aCos[c+dx])Sec[%(c+dx>]2 ﬁ\/_a+b\/ Cos[c +dx]
N
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(b+acCos[c+dx]) Tan[% (c+dx)] (71+Tan[§ (c+dx)]2) -

-a+b

v/b+acCos[c+dx]

1/b

\/Cos[l (c+dx”25ec[c+dx}

2

a+b 2

3/2
Cos[c +d x] Sec[l (c+dx”4) N

—a+b 1 a+b
T - d R
a+b an[z(c+ X>H a-b

-i (a-b) EllipticE[i ArcSinh|

. .. . a+hb .
-21bEllipticPi [— , 1 Ar‘cSmh[

\/ (b+aCos[c+dx]) Sec[% (c+dx>]2

a+b a-b
_ b+raCos[c+dx])Sec[t (c+dx)]?
a+b Tan[l<c+dX)H,a+b}\/( ) [2( )] .
a+b 2 a-b a+b

a+b 1+Cos[c+dx] 2

ﬁ\/_aer\/ Cos[c+dx] (b+aCos[c+dX])Tan[l(C+dXH

—Sec[l <c+dx)]ASin[c+dx] +2Cos[c+dx] Sec[l (c+dx)]4Tan[l (c+dx)]
2 2 2

(—1+Tan{§ (c+dx”2] +

1

b |- \/b+acCos[c+dx] JCos[c+dx] sec[t (c+dx)]*
a+b 2

—1+Tan[1 (c+dx)]2

2

2

2\/Cos[1 (c+dx”2$ec[c+dx]

1+Cos [c+d x]

\/ﬂ \/M_ (b+aCosfc+dx])Sec[® (c+dx)]®
a+b 2

V2

ﬁaJ_MJ CO51C 0N gy tan( fean] )

1+Cos[c+dx] 2
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-a+b Cos[c+dx] Sin[c+dX] Sin[c +dx]
(b+aCos[c+dx]) _

a+b (1+Cos[c+dx}>2 1+Cos[c+dx]
Tan[l(c+dx” /[ﬁ\/—Cos[Cerx} _

2 1+Cos[c+dx]

[i (a-b) EllipticE|i ArcSinh| —a+bb Tan[l (c+dx)]], a+E}
a+ 2 a-

asec|[t (c+dx 2Sin[c+dx]

- [2( H + = <b+aCos[c+dx}>Sec[1(c+dx)]2
a+b a+b 2

b+aCos[c+dx])Sec[: (c+dx)]’
Tan[ = (c+dx) ] /2J( Jsecly | 1NN
2 a+b
. . .. o.p a+tb , -a+b 1 a+b
ibEllipticPi- , 1 ArcSinh| Tan[= (c+dx)]], ]
a-b a+b 2 a-b
asec[L (c+dx)]?sin[c+dx]
- [2( )] + <b+aCos[c+dx])Sec[1<c+dx)]2
a+b a+b 2

/ \/ (b+aCos[c+dx]) sec[i (C+dx”2

Tan[l(c+dx>] .

2

o b+acCos[c+dx])Sec[t (c+dx)]?
[ ans Secmmdx)rw secli eran) |
2

a+b a+b

\/ <7a+b)Tan[§<c+dx)]2
1+

a+b

\/ (b+acCos[c+dx]) Sec[i (c+dx)]2

a+b
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a-b a+b

\/1+<a+b)Tan[;<c+dx)]2 / 2\/1+<aer)Tan[;(Cerx)]2 )

-i (a-b) EllipticE[i ArcSinh| “axh Tan[l(c+dx)]], a+b}
a+b 2 a-b
<b+aCos[c+dx]>Sec[l(c+dx)]2 a+b
2 ~2ibEllipticPi|- , 1 ArcSinh|
a+b a-b
B b+aCos[c+dx])Sec|[i (c+dx 2
a*bTan[l(udxm,a*b]J( secly lerdx)
a+b 2 a-b a+b

1+Cos[c+dx] 2

ﬁ\/aer \/ Cos[c+dx] <b+aCos[c+dX})Tan[1(C+dx)]

7Cos[1 (c+dx)]secic+dx] Sin[1 (c+dx)]+
2 2

/

1 2
Cos[ = (c+dx)| sec[c+dx] Tan[c +dx]
2

- b 1
{b ax vb+acCos[c+dx] \/Cos[c+dx]$ec[(c+dx)]4
a+b 2

2

\/Cos[l (c+dx”25ec[c+dx}

Problem 333: Unable to integrate problem.

1
J dx
va+bSec[c+dx]

Optimal (type 4, 106 leaves, 1step):
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1 a+b a+bSec[c+dx a+b
-—2+/a+b Cot[c+dx] EllipticPi] - ,Ar‘cSin[\/ - [c+ ]}, ’ ]

ad a Ja+b a-b

b (1-Sec[c+dx]) b (1+Sec[c+dx])
a+b a-b

Result (type 8, 16 leaves):

1
J dx
va+bSec[c+dx]

Problem 334: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J Cot[c+dx]?
va+bSec[c+dx]

Optimal (type 4, 361 leaves, 9 steps):

1 o . -“Ja+bSec[c+dx] a+b
Cot[c +dx] EllipticE [Ar‘cSm[ ], ]
Va+b d Va+b a-b
b (1-Sec[c+dx]) b (1+Sec[c+dx]) 1
- - Cot[c+dx]
a+b a-b Ja+b d
bs d b b (1-Sec[c+dx b (1+Sec[c+dx
EllipticF[ArcSin[\/aH eclc+dx] ], 22 ( [ 1)ofoeld [ 1o,
Ja+b a-b a+b a-b

1 a+b a+bSec[c+dx a+b
—2+/a+b Cotf[c+dx] EllipticPi| - ,Ar‘cSin[\/ - e+ ]}, : ]
ad a Ja+b a-b
b (1-Sec[c+dx]) b (1+Sec[c+dx])
a+b a-b
Cot[c+dx] b% Tan[c +d x]

+

dva+bSec[c+dx] (a®-b?) d+/a+bSec[c+dx]

Result (type 4, 1198 leaves):

<b+ aCos[c +dX]> Sec[c+dx] ( (-b+aCos[c+dx]) Csclc+dx] + bSin[c+dx]
-a?+b? —a?+b?

dva+bSec[c+dx]

vb+aCos[c+dx] /Sec[c+dx]
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arb-aTan[® (c+dx)]*+bTan[% (c+dx
Jnanm“dx)rj (3 [cxax] ) bTan[} [cvax]]”
2 a+b
4ib?Ellipticpi[- 272 i arcsinh| | 22 Tan[L (crdx)]], 222
a-b a+b 2 a-b

+

(crdx)]? Jaw‘”a”[i (c+dx)]*+bTan[L (c+dx)]?

a+b

N |

\/l—Tan[
-a+b 1 a+b

4ia2EllipticPi[—a+b,JiAr'cSinh[ Tan[ = (c+dx)]|], ]Tan[l(c+dx)]2

a-b a+b 2 a-b 2
\/1—Tan[

N |

, |a+b-aTan[® (c+dx ibTan[t (c+dx)]?
(deHJ Trly e e (e

4ib2EllipticPi[—a+b, i ArcSinh| -axb Tan{l (c+dx)]], a+b] Tan[1 (c+dx)]2
a-b a+b 2 a-b 2
1 , a+b7aTan[l(c+dx)]2+bTan[l(c+dxH2
1—Tan[7(c+dx)] 2 2 -
2 a+b

i (a-b) bEllipticE[i ArcSinh| —a+bb Tan[l(c+dx)H, aJrE]\/l—Tan[l(c+dx)]2
a+ 2 a- 2

1+Tan[§ (c+dx)]

2] \/a+b—aTanB (c+dx)}2+bTan[§ (c+dx”2

a+b
-a+b 1 a+b

. Tan[; (c+dx)]], -

i (2a’-ab-b?) EllipticF|i ArcSinh|

]
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2 2

\/1—Tan[1 <c+dx)]2 1+Tan[l (c+dx”2)

a+b

\/a+b—aTan[§(c+dx”2+bTan[§(c+dxH2 /

-a+b

1
(az—b2>d\/a+b5ec[c+dx} 2
a+b 17Tan[§(c+dx>]2

a+b—aTan[i (c+dx)]2+bTan[i (c+dx)]2

1+Tan[§(c+dx>]2 2

Problem 337: Result more than twice size of optimal antiderivative.
J Tan[c +dXx] dx
(a+bsec[c+dx])>?

Optimal (type 3, 54 leaves, 4 steps):

2 ArcTanh| a+bs\ecﬁ[c+d X] ]
a

- +

a**d ad+a+bSec[c+dx]

2

Result (type 3, 128 leaves):

2aCos[c+dx] +VaCos[c+dx] vVb+aCos[c+dx]

v/b+acCos[c+dx] v/b+acCos[c+dx]
| -Log[1+

vacCos[c+dx] vVacCos[c+dx]
/(azd\/a+b5ec[c+dx] )

]

Log[1-

|

Sec[c +dx]

Problem 338: Result more than twice size of optimal antiderivative.

Cot[c+dx]
j( dx

a+bSec(c+dx])>?

Optimal (type 3, 142leaves, 7 steps):
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2Ar‘cTanh[ a+b Sec[c+d x] ]

ArcTanh [ a+b Sec[c+d x] }
Va

B \/ a-b
a3’2d (a—b>3/2d
Ar‘cTanh[ a+bSec[bc+d x] ] 5 b2
a+
+

(a+b)3/2d a(a®-b?)d+a+bSec[c+dx]

Result (type 3, 6484 leaves):

(b+aCos[c+dx})2(f 2b° 2b°

Sec[c+dx]?
a? (-a%+b?) a? (a?-b?) (b+aCos[c+dx]) ) [ ]

d(a+bSec[c+dx])>?

Cos[c+dx]

~-———————— (b+aCos[c+dx])*[-2+/a-b Va+b (a?-b?) Log[Sec[l(c+dx)}2]+

1+Cos[c+dx] 2

a’/? (afb)3/2Log[Tan[1 (c+dx)]2] -a*2+/a-b Log[a+b+
2

2varp |- -costerdx] o pmbratoslerdXl o ront (cvdx))?] ~a¥2Va b b
1+Cos[c+dx] 1+Cosf[c+dx] 2

Logla+b+2+/a+b Cos[c+dx] “b-aCosfcxdx] —aTan[l(c+dx)]2]+
1+Cos[c+dx] 1+Cos[c+dx] 2

aS/ZWLog[—a+2m B Cos[c+dx] -b-acCos[c+dx]

"
1+Cos[c+dx] 1+Cos[c+dx]

(a—b)Tan[l(c+dx)]2]+a3/2b\/a+b
2
Cos[c +dx] -b-acCos[c+dx] 1 2
Log[-a+2+/a-b |- +(a-b) Tan[= (c+dx) ]| ] +
1+Cos[c+dx] 1+Cos[c+dx] 2
2a*+/a-b Va+b Log[2a+b+4+/a |- Cos[c+dx] “b-acCos[c+dx] +
1+Cos[c+dx] 1+Cosfc+dx]
(72a+b)Tan[1(c+dx)]2}72x/afb b*+/a+b Log|
2
2aibsda |- Cos[c+dx] -b-acCos[c+dx]

2
-2 b) T d
1+Cos[c+dx] +( 2 ) an[ (c+ XH ]

1+Cos[c+dx]

N |-

bCsc[c+dx]

aCsc[c+dx] vSec[c+dx]
2 (a®-b?) Vb+aCos[c+dx]

+

+

(a?-b%) Vb+aCos[c+dx] +/Sec[c+dx]

b2Csc[c+dx] vVSec[c +dx]

aCos[2 (c+dx)]| Csclc+dx] VSec[c+dx]
N
2a (a?-b?) v/b+aCos[c+dx]

2 (a®-b?) Vb+aCos[c+dx]
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b2 Cos[2 (c+dx)] Csclc+dx] v/Sec[c+dx]

2a (a?-b?) Vb+aCos[c+dx]

Sec[c+dx]? /

-b-acCos[c+dx]

2a%?+a-b \Ja+b (az—bz) d

(a+bsec(c+dx])??
1+Cos[c+dx]

1

4+/a v/a-b Va+b (a2-b?) l% vb+aCos[c+dx]

_CoslerdX] |, /asb Varb (a?-b?) Log[sec|

71+Cos[c+dx}

(c+dx)]2} +

N |

1
a3’? (a—b)z’/zLog[Tan[—(c+dx)]2]—a5/2 a-b
2
Cos[c+d -b-acCosfc+d 1
Log[a+b+2~/a+b |- [c+dX] [c+dx] —aTan[—(c+dx)]2]+
1+Cos[c+dx] 1+Cos[c+dx] 2
Cos[c+dx -b-acCos[c+dx
a*?+/a-b blogla+b+2+Va+b |- [c+dx] [crdx]
1+Cos[c+dx] 1+Cos[c+dx]

aTan[l(c+dx”2]+a5/2x/a+b Log[-a+2+/a-b __Cosfexdx]
2 1+Cos[c+dx]
“b-acos[c+dx] + (a-b) Tan[l(c+dx)]2}+a3/2b\/a+b Log|
1+ Cos[c+dx] 2
~a+2+/a-b |- Cos[c+dx] ~b-acCos[c+dx] +(a—b)Tan[1<c+dx)]2]+
1+Cos[c+dx] 1+Cos[c+dx] 2
2523 b Varb Log[2asb.aa |- —oolcrdXl - [rbracosierdx]
1+Cos[c+dx] 1+Cos[c+dx]
(—2a+b)Tan[1(c+dx)]2}—2\/a—b b*+/a+b Log[2a+b+
2
ava |- Cos[c+dx] -b-acCos[c+dx] +(—2a+b)Tan[l(c+dxH2}
1+Cos[c+dx] 1+Cos[c+dx] 2
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1

4a3/2\/ﬁ*/a+b <a2—b2> -b-aCos[c+d x

1+Cos[c+d x]

\/Sec[c+dx] Sin[c+dx] -

C d
_Coslerdx] Vb+aCos[c+dx] [-2va-b Va+b (a®-b?)

71+Cos[c+dx}

Log[Sec[l(c+dx”2}+a3/2 (a—b)3/2Log[Tan[1(c+dx)]2]—a5/2 a-b
2 2
Logla+b+2~/a+b |- Cosfc+dx] ~b-aCos[c+dx] 7aTan[1(c+dx)]2]+
1+Cos[c+dx] 1+Cos[c+dx] 2
a3/2mbLog[a+b+2m B Cos[c+dXx] -b-acCos[c+dx] B
1+Cos[c+dx] 1+Cos[c+dx]
aTan[l(c+dx”2]+a5/2x/a+b Log|
2
~a+2+/a-b |- Cos[c+dx] ~b-acos[c+dx] +(a—b)Tan[l<c+dx)]2]+
1+Cos[c+dx] 1+Cos[c+dx] 2
a3/2b\/a+7bLog[7a+2\/a77b B Cos[c+dx] -b-acCos[c+dx] .
1+Cos[c+dx] 1+Cos[c+dx]
(a—b)Tan[l(c+dx)]2]+2a2\/a—b Va+b Log[2a+b+
2
aa |- Cos[c +dXx] -b-acCos[c+dx] +(—2a+b)Tan[l(c+dxH2}—
1+Cos[c+dx] 1+Cos[c+dx] 2

Cos[c+dx -b-acCos[c+dx
2v/a-b b*+/a+b Log[2a+b+4+/a |- [cxdx] [c+dx] +

1+Cos[c+dx] 1+Cos[c+dx]

(-2a+b) Tan| (c+dx)]2} Sec[c+dx]3¥2Sin[c+dx] -

N =

1

4as/zmm (az_b2> \/_ Cos[c+d x] \/—b—aCos[mdx}

1+Cos [c+d x] 1+Cos [c+d x]

Vb+aCos[c+dx] [-2Va-b Va+b (a®-b?) Log[Sec| (c+dx)]2]+

N |

a*>? (a-b)*? Log[Tan| (c+dx)]2] ~a*2+/a-b

N |
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Cos[c+dx -b-acCos[c+dx 1
Log[a+b+2~/a+b |- [c+dx] [c+dx] 7aTan[—(c+dx)]2]+
1+Cos[c+dx] 1+Cos[c+dx] 2
Cos[c+dx -b-acCos[c+dx
a*?+/a-b blogla+b+2+a+b |- [c+dx] [crdx]
1+Cos[c+dx] 1+Cos[c+dx]

(cvdx)]?] +a¥2\arb Log|-ar2va b | —oslerdxl

aTan|
1+Cos[c+dx]

N |-

-b-acCos[c+dx]

(c+dx)]z} +a’2b~/a+b Log|

+(a-b) Tan|

N |

1+Cos[c+dx]

Cos[c+dx -b-acCos[c+dx
—a+2+a-b |- [crdx] [c+dx] +(a-b) Tan|

1+Cos[c+dx] 1+Cos[c+dx]

<c+dx)]2] +

N |

Cos[c+dx -b-aCos[c+dx
2a>+/a-b Va+b Log[2a+b+4+/a |- [c+dx] [crdx] |

1+Cos[c+dx] 1+Cos[c+dx]

(c+dx)]2} -2+/a-b b*+/a+b Log[2a+b+

(-2a+b) Tan|

N | =

Cos[c+d -b-acCos[c+d
4-/a |- [c+dx] [c+dx] +(—2a+b)Tan[

(c+dx)]’]
1+Cos[c+dx] 1+Cos[c+dx]

N |

Cos[c+dx] Sin[c+dXx] Sin[c+dx]
\Sec[c+dx] |- + +
(1+Cos[c+dx])? 1+Cos[c+dx]

1 Cos[c+dx]

4a32/a-b m(aszq (M)”Z 1+Cos[c+dx]

1+Cos[c+d x]

vVb+aCos[c+dx] |-2+/a-b \/a+b(a2—b2)Log[Sec[ (c+dx>]2}+

N |

a*? (a-b)*? Log[Tan| (c+dx)]2] -a*2+/a-b

N |

Cos[c+dx -b-acCos[c+dx
Log[a+b+2\/a+b - [c+dX] [c+ ] —aTan[

1+Cos[c+dx] 1+Cos[c+dx]

(c+dx)]2] +

N |

Cos[c+dx -b-aCos[c+dx
a*?~/a-b blogla+b+2+a+b |- [c+dx] [crdx]

1+Cos[c+dx] 1+Cos[c+dx]

(cvdx)]?] +a¥2arb Log|-ar2va b | —oslerdxl

aTan[
1+Cos[c+dx]

N |-
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“b-aCosfcrdx] + (a-b) Tan[1 (c+dx)]2} +a*?b+a+b Log|
1+Cos[c+dx] 2
Cos[c+dx] -b-acCos[c+dx] 1 2
~—a+2+va-b |- +(a-b) Tan[= (c+dx) | ] +
1+Cos[c+dx] 1+Cos[c+dx] 2

Cos[c+dx -b-acCos[c+dx
2a®+/a-b Va+b Log[2a+b+4/a |- [c+dx] [crdx] |

1+Cos[c+dx] 1+Cos[c+dx]
1
(—2a+b)Tan[f(c+dx>]2}—2\/a—b b*+a+b Log[2a+b+
2
C d -b-acC d 1
a+a |- —coelerdx atoslerOX L (“2a+b) Tan[ = (c+dx)]’]
1+Cos[c+dx] 1+Cos[c+dx] 2
asSin[c+dx] (-b-aCos[c+dx])Sin[c+dx]
\Sec[c+dx] + _
1+Cos[c+dx] (1+Cos[c+dx])2

1

2a3/2‘/a—b m (a27b2> -b-aCos[c+dx]

1+Cos[c+d x]

C d
__Cosfc+dx] Vb+aCos[c+dx] ~/Sec[c+dx]
1+Cos[c+dx]

3/2 (g 3/2sclc+x eclc+x—
52 (28]t cse[ 2 (cdx) ] see[  (c-dx)]
2+/a-b Va+b (az—b2>Tan[§(c+dx)]—

-b-acCos[c+dx] Cos[c+dx] Sin[c +dx]
- +

(1+Cos[c+dx})2

a*’?+/a-b a+b

1+Cos[c+dx]

Sin[c +dx]

/ Cos[c +dx] b Cos[c+dx]
—_— | + a+ -

1+Cos[c+dx] 1+Cos[c+dx]

1+Cos[c+dx]

+

asinfc+dx] (baCos[c+dx])Sin[c+dx}J /

1+Cos[c+dx] <1+Cos[c+dx])2
~b-acCos[c+dx] —aSec[l(Cerx)]zTan[l(c+dx” /
1+Cos[c+dx] 2 2
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(c+dx)]”

+

Cos[c+d -b-acCos[c+d
{a+b+2\/a+b\/— [c+dx] \/ [c+dx] -aTan|

1+Cos[c+dx] 1+Cos[c+dx]
Jaib -b-acCos[c+dx] B .
1+Cos[c+dx] (1+Cos[c+dx])2
Cos[c +dx] Cos[c+dx]
/ Coeesier @l Warp | oooserexd
1+Cos[c+dx] 1+Cos[c+dx]
asinfc+dx] (baCos[c+dx])Sin[c+dx}J/

(c+dx”

N |

Cos[c+dx] Sin[c+dx]

[33/2\/a—b b

Sin[c +dx]

1+Cos[c+dx]

1+Cos[c+dx] <1+Cos[c+dx])2
-b-acCos[c+dx]
1+Cos[c+dx]

{a+b+2\/a+7b\/ Cos[c+dx] \/baCos[c+dx} 7aTan[

1+ Cos[c+dx] 1+ Cos[c+dx]

a52+/a+b P -b-acCos[c+dx]
1+Cos[c+dx] (1+COS[C+dX1>2
Cos[c+dx] Cos[c +dX]
—/ Csosler@xd | |Vap |- -slerexl
1+Cos[c+dx] 1+Cos[c+dx] 1+Cos[c+dx]
asin[c+dx] (—b—aCos[c+dx])Sin[c+dx}J/

(C+dx”

- asSec| (c+dx)]2Tan[

N |
N | =

/

(CerxH2

+

N |

Cos[c+dx] Sin[c +dXx]
- +

Sinf[c +dx]

1+Cos[c+dX] <1+Cos[c+dx])2
-b-acCos[c+dx]
1+Cos[c+dx]

{—a+2m\/— Cos[c+dx] \/—b—aCos[c+dx} +(a—b) Tan[

1+Cos[c+dx] 1+Cos[c+dx]

+ (a-b) sec| <c+dx)]2Tan[

N |

/

(c+dx)]2

N |

+

N |

Cos[c+dx] Sin[c+dx]
- +

(1+Cos[c+dx])?

/ Cos[c+dx] P Cos[c+dx]
D N — -t A
1+Cos[c+dx] 1+Cos[c+dx]

m\/—b—aCos[c+dx}

1+Cos[c+dx]

[a3/2 barb

Sin[c +dx]

1+Cos[c+dx]
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+

asSin[c+dx] (baCos[c+dx])Sin[c+dx}J /

1+Cos[c+dx] <1+Cos[c+dx])2
-b-aCos[c+dx 1 1
[c+dx] +(afb)Sec[—<c+dx)]2Tan[—(c+dx” /
1+Cos[c+dx] 2 2
Cos[c+dx -b-acCos[c+dx 1
—a+2+a-b |- [c+dx] [c+dx] +(a—b)Tan[—(c+dx)]2 +
1+ Cos[c+dx] 1+Cos[c+dx] 2
/ -b-aCos[c+d x] ~ Cos[c+dx] Sinf[c+d x] Sin[c+d x]
2va 1+Cos[c+d x] ( (1+Cos[c+d x])? " 1+Cos[c+dx])
2a’+a-b Va+b +(2+/a
_ _Cos[csdx]
1+Cos [c+d x]
Cos[c+dx] asSin[c+dx] (-b-acCos[c+dx]) Sin[c+dx] /
- +
1+Cos[c+dx] |1+Cos[c+dx] (1+Cos[c+dx])?

-b-acCos[c+dx]

N |

(c+dx) | /

1 2
-2 b) S — d T
L+ Cos e dx) +(-2a+b) ec[z(c+ x) ] Tan|

Cos[c+dx -b-acCos[c+dx
2a+b+4+a - Lerdx] e dx] +
1+Cos[c+dx] 1+Cos[c+dx]
1
(—2a+b)Tan[—(c+dx)]2 -
2
-b-aCos[c+d x] ~ Cos[c+dx] Sin[c+d x] Sin[c+d x]
2\/; 1+Cos[c+d x] ( (1+Cos[c+d x])? +1+Cos[c+dx]>
2/a-b b2/a+b +|2va
_ Cosfcidx]
1+Cos[c+d x]
Cos[c +dx] asin[c+dx] (-b-aCos[c+dx])Sin[c+dx] /
- +
1+Cos[c+dx] 1+Cos[c+dx] (1+Cos[c+dx])2
-b-acCos[c+dx 1 1
[c+dx] +(—2a+b)Sec[—(c+dx”2Tan[—<c+dx)] /
1+Cos[c+dx] 2 2
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2a+b+4\/?\/ Cos[c+dx] \/baCos[c+dx] X

1+Cos[c+dx] 1+Cos[c+dx]

(-2a+b) Tan| (c+dx>]2

N |

Problem 339: Result more than twice size of optimal antiderivative.

Cot[c+dx]3
J dx
(a+bSec[c+dx])>?

Optimal (type 3, 236 leaves, 11 steps):

2 ArcTanh | a+bs?[c+dx] ] (4a-7b) Ar‘cTanh[:a+bsec[b“dx] ]
a \ a—
a3/24 ! a (a—b)S/zd ’
a+b Sec[c+d x]
(4a+7b) Ar‘cTanh[ . ] 5 bt
+ +
4(a+b)5/2d a(aszz)zd\/a+b5ec[c+dx]
vJa+bSec[c+dx] va+bSec[c+dx]
+

4 (a+b)2d (1-sec[c+dx]) 4(a—b)2d (1+sec[c+dx])

Result (type 3, 4191 leaves):
, [ a*+a?b?+4bt 2b°
2 a2 (—a2+b2)2 a2 (az—bz)z(b+a(:os[c+dx])

(-a?-b?+2abCos[c+dx]) Csc[c+dx]?

(b+acCos[c+dx])

+

Sec[c+dx]?

/(d (a+bSec[c+dx})3/2) +

2 (—a2+b2)2

2

(b+aCos[c+dx])2 —8(a2—b2)2Log[Sec{ (c+dx)]7]+

N |

a¥? (a-b)? (4a+7b Log[Tan[i(CHﬂX)]Z] Y s (a-b)? (4a+7b)

\Va+b a+b

C d -b-acC d
Log[a+b+2\/a+b\/ osfc+dx] \/ acosfc+dx] faTan[

1+Cos[c+dx] 1+Cos[c+dx]

(c+dx)]’] +

N |

a-b 1+Cos[c+dx] 1+Cos[c+dx]

———2"?(4a-7b) (a+b)2Log[—a+2m\/— Cosfexdx] Jbac“[“d” ;
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(a-b) Tan[% (c+dx)]2] +8 (a?-b?)? Log|

1+Cos[c+dx] 1+Cos[c+dx] 2

2a+b+4\/;\/ Cos[c+dx] \/baCos[c+dx] +(72a+b)Tan[l(c+dxH2]

a’bCsc[c+dx]

4 (a>-b2)?\/b+aCos[c+dx] /Sec[c+dx]
7b3Csclc+dx] a®Csclc+dx] VSec[c+dx]

- +

4(a27b2)2\/b+aCos[c+dx} vSec[c+dx] 2<a27b2)2\/b+aCos[c+dx}
3ab2Csc[c+dx]\/m+ b4Csc[c+dx] \/Sec[c+dx]
2 (a2 -b2)2+/b+aCos[c+dx] 2a (a?-b2)?+/b+acCos[c+dx]
a3Cos[2(c+dx)]Csc[c+dx]m

2(a27b2)2\/b+aCos[c+dx]

ab?Cos[2 (c+dx) | Csclc+dx] /Sec[c+dx]

(az—bz)Z\/bJraCos[Cerx]

b*Cos[2 (c+dx)] Csclc+dx] v/Sec[c+dx]

2a (az—bz)zx/b+aCos[c+dx}

+

2

/

2

Sec[Cerx]Z\/lJrTan[1 (c+dx)]

8 a3/? (azbz)zd\/(bJraCos[Cerx}) Sec[1 (c+dx)]2 (a+bSec[c+dx])>?
2

[\/b+aCos[c+dx1 -8 (az—bz)zLog[Sec[l (c+dx”2] +
2

a¥2 (a-b)? (4a+7b) Log[Tan[L (c+dx)]’
(2ob)? fpaemn)toglranl (a3
a+b a+b
Cos[c+dx] -b-acCos[c+dx] 1 2
a+b+2+a+b |- —aTan[= (c+dx) || +
1+Cos[c+dx] 1+Cos[c+dx] 2

————a*? (4a-7b) (a+b)2Log[a+2\/ab\/ Coslc+dx]

a-b 1+Cos[c+dx]

\/baCos[CerX} + (a—b) Tan[l (C+dx)]2] +8 (aZ_b2>2Log[2a+b+
1+Cos[c+dx] 2
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1+Cos[c+dx] 1+Cos[c+dx] 2

/

16 a3/2 (az—bz)z\/—<b+aCos[c+dx}) Sec[1 (c+dx)]2 \/—1+Tan[l (c+dx)]2

2 2
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W;J Cos[c +dx] Jbaws[“d“ +<za+b>Tan{1<c+dx)]2]]

2

. 1 2
vSec[c+dx] Sin[c+dx] \/—1+Tan[— (c+dx)]
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Problem 341: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Tan[c +d x]?
J dx
(a+bsec[c+dx])>?

Optimal (type 4, 344 leaves, 7 steps):
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-
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Problem 342: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
J dx
(a+bsec[c+dx])>?

Optimal (type 4, 347 leaves, 6 steps):
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Problem 343: Result unnecessarily involves complex numbers and more than

twice size of optimal antiderivative.
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(c+dx)H,

N |

a-b

a+b Cos[c+dx] Sin[c +d x]
a+b

(1+Cos[c:+dx])2

Sin[c +dx]

1+Cos[c+dx]

1 Zj(azbz)z\/( b+acCos[c+dx]

Cosicidx] a+b) (1+Cos[c+dx])

1+Cos [c+d X]

. .. .p a+b . +b 1 a+b
EllipticPi[- ——, i ArcSinh| Tan[ = (c+dx)]], ]
a-b a+b 2 a-b

Cos[c+dx] Sin[c +dx] Sin[c +dx]

jb(—a3+a2b—ab2+b3)

(1+Cos[c+dx})2 1+Cos[c+dx]

1+Cos[c+dx] a+b 2 a-b

/

\/M EllipticE[i ArcSinh] -axb Tan[1 (c+dx)]], a+b}

aSin[c+dx] (b+acCos[c+dx])Sin[c+dx]

[ (a+b) (1+Cos[c+dx]) (a+b) (1+Cos[c+dx1)2
b+acCos[c+dx]
(a+b) (1+Cos[c+dx])

Cos[c+dx] L. . . -a+b 1
———————— EllipticF[iArcSinh| Tan[ = (c+dx)]|],
1+Cos[c+dx] a+b 2 a-b

/

+ |1 (2a4—a3b—2a2b2—3ab3+4b4)

asinfc+dx] (b+acCos[c+dx]) Sin[c+dx]

- +
{ (a+b) (1+COS[C+dX}> (a+b) (1+COS[C+dx}>2

) b+acCos[c+dx] - Zj(az—bz)z Cos[c+dx]
(a+b) (1+Cos[c+dx]) 1+Cos[c+dx]

. .. .p a+b . -a+b 1 a+b
EllipticPi|- , 1 ArcSinh| Tan[ = (c+dx)]], ]
a-b a+b 2 a-b
[ asSinfc+dx] (b+acCos[c+dx])Sin[c+dx] /
- +
(a+b) (1+Cos[c+dx1) (a+b) (1+Cos[c+dx})2

-a+b

+ab (a® +b*) Cos[c+dx]

a+b

b+acCos[c+dx]
(a+b) (1+Cos[c+dx])
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-a+b

Sec| (c+dx)}zsin[c+dx] Tan|

N |
N |

(C+dXH+b (a2+b2)

a+b

(b+acCos[c+dx]) Sec[l <c+dx)]zsin[c+dx] Tan{l (c+dx)] -
2 2

-a+b

b (a>+b%) Cos[c+dx] (b+aCos[c+dx]) Sec[1 (c+dx>]2
2

a+b

Tan{l (c+dx”2[ -axb (2a*-a*b-2a’b>-3ab’+4b*)
2 a+b

-a+b

a+b

/

a+b

Cos[c+dXx] b+acCos[c+dx] 1 2
Sec[~ (c+dx) | /
1+Cos[c+dx] (a+b) (1+Cos[c+dx]) 2

b Tan[ (crdx)]? \/1+<_a+b)Tan[2(c+dx)]z
b

(azbz)z\/ Cos[c+dx] \/( b+acCos[c+dx] Sec[l(c+dx”2

1+Cos[c+dx] a+b) (1+Cos[c+dx]) 2

\/ (—a+b)Tan[i(c+dx)]2
1+

a-b

(-a+b) Tan[i (c+dx)]2
1-

a-b

\/1+<a+b)Tan[;<c+dx)]2 . _a+b ,

a+b a+b

\/ Cos[c+dx] \/ b+aCos[c+dx] Sec[l(c+dx>]2
2

1+Cos[c+dx] (a+b) (1+Cos[c+dx])

<—a+b)Tan[l<c+dx)]2 (—a+b)Tan[i(c+dx)]2
\/1+ a-b / \/1+ a+b

Problem 344: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

a+bSecfe+fx])? (dTan[e+Ffx])"dx
( )
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Optimal (type 5, 245 leaves, 8steps):

3ab? (dTan[e+fx])*" 1
N
d'F<1+n> d'F<1+n)
3 . l+n 3+n ) 1en 1
a® Hypergeometric2F1|[1, , , -Tan[e+fx]?]| (dTan[e+Ffx] )" "+ ————
2 2 df (1+n)
) 2y 20 . 1+n 2+n 3+n X )
3a’b (Cos[e+fx]?) = Hypergeometric2F1| s s , Sinfe+ fx]?]
2 2 2
1 4:n
Secle + fx] (dTan[e+-Fx})1+"+ ——————b? (Cos[e+fx]?) 2
df (1+n)
X 1+n 4+n 3+n . ) 3 14n
Hypergeometric2Fi | , , , Sinfe+ fx]?] Sec[e + fx] (dTan[e +fx])
2 2 2

Result (type 6, 3217 leaves):

|

2Cos[e+fx]3 (a+bSec[e+1¢x])3Tan[1 (e+fx”
2

(—b ((3 a’-3ab+b?) Hyper‘geometr'iCZFl[lJrin, 1+n, 3;”, Tan[l (e+~Fx”2] +
2 2
. 1+n 3+n 1 2
2b [(Ba—zb) Hypergeometric2F1[ ——, 2+n, —, Tan[; (e+Fx)]7] +
2 2

A 1+n 3+n 1 2
2 b Hypergeometric2F1[~——, 3+n, —, Tan| = (e +fX) | ]J]
2 2 2
1+n 3+n
Jn) 1’ J

Cos[e +fx] Sec[1 (e+fx)]2)nf (a:“ (3+n) AppellF1|
2 2

Tan[% (e+FxH2, 7Tan[§ (e+fx>]2} Cos[% (e+fx)]2]/

((3+n) AppellFl[h—n, n, 1, 3+_n, Tan[1 (e+fx)]2, 7Tan[1 (e+fx”2} -
2 2 2
2 (AppellFl[h—n, n, 2, 5;n’ Tan[1 (e+fx”2, —Tan[1 (e+fx)]2} -
2 2 2

nAppellFl[B;n, 1+n, 1, S;n, Tan[1 (e+fx)]2, —Tan[l (e+fx)]2]
2

2 2

Tan[l (e+FxH2) (dTan[e+fx])"
2

(a®>Tan[e+fx]"+3a’bSec[e+fx] Tan[e+fx]"+3ab’Sec[e+fx]*Tan[e+fx]"+
b3Sec[e+-Fx}3Tan[e+fx}”)]/

1

(-F (1+n) (b+aCos[e+1‘:x])3 [— 2nsecle+fx]?Tan| = (e+fx)]

N

1+n

(—b ((3 a’-3ab+b?) Hyper‘geometr‘icZFl{m, 1+n, ﬂ, Tan[1 (e+fx)]2} +2
2 2 2

A 1+n 3+n 1 2
b (<3a—2b) Hyper‘geometr‘1c2F1[T, 2+n, - Tan{; (e+fx)]7]+

. 1+n 3+n 1 2
2 b Hypergeometric2F1| ——, 3+n, —, Tan[; (e+fx)] })J
2 2

1+n

Cos[e + f x] Sec[l (e+-FxH2]n— [a3 (3+n) AppellF1| ,n, 1,

2
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3+n

- Tan[% (e+fx)]2, —Tan[% (e+FxH2] Cos{i (e+FxH2)/

[(3+n) AppellFl[lJr—n, n, 1, 3+_n’ Tan[l (e+-FxH2, —Tan[l <e+fx)]2] -
2 2 2 2

2 [AppellFl[B;n, n, 2, ﬂ, Tan[l (e+-Fx)]2, —Tan{l (e+1°x)]2] -
2 2 2 2

nAppe11F1[3+—n, 1+n, 1, 5+_n) Tan{l (e+1°x)]2, —Tan[l (e+-FxH2}

2 2 2

Tan[1

N (e+fx)]2

)Tan[e+fx]’1*”— Sec[l(eﬂ‘:x)]2
2

1+n

2 5 . 1+n 3+n
[—b ((Ba -3ab+b?) Hypergeometric2F1| ——, 1+n, ——
2 2

[
. 1+n 3+n 1 2
2b {(3a—2b) Hyper‘geometr‘1c2F1[T, 2+n, —, Tan[; (e+fx)]| ]+

. 1+n 3+n 1 2
2 b Hypergeometric2fF1[~——, 3+n, —, Tan[~ (e+-Fx)] ]]]
2 2

Cos[e+fx] Sec|

N |

(e+Fx)]2)n— (a3 (3+n) AppellF1 1
3+n
2

s Tan[% (e+fx)}2, ~Tan]| <e+fx)]2} Cos |

N |

[
1
2

(<3+n> AppellFl[l;n, n, 1, 3+7n, Tan[1 (e+Fx)]2, —Tan[l (e+-FxH2] -
2 2 2 2

2 (AppellF1[3+n, n, 2, 5;”, Tan[l (e+-FxH2, —Tan[l (e+fx>}2} -
2 2 2
nAppellFl[ﬂ, 1+n,1, 5+7n1 Tan[1 (e+-FxH2, —Tan[l <e+-Fx)]2]]
2 2 2 2

Tan[l(e+-FxH2)]Tan[e+-Fx]”— 2Tan[1(e+fx)]
2 2

1+n

[—bn ((3a2—3ab+b2) Hyper‘geometr‘icZFl[“—n, 1+n, 3+n) Tan{l (e+-FxH2] +
2 2 2

. 1+n 3+n 1 2
2b[(3a—2b) Hyper‘geometr‘1c2F1[T,2+n, A , Tan[ = (e+Fx)|7] +

+nN

. 1+n 3
2 b Hypergeometric2F1 [ —, 3+n,
2

,Tan{% (e+fx)]2]J]

—Sec[l (e+fx)]zsin[e+fx] +
2

1 2 -1+n
Cos[e+fx] Sec|~ (e+fx)] )
2

1 2 1
Cos[e+fx] Sec|~ (e+Fx” Tan[g
2
1+n’ n, 1, 3+_n, Tan[1 <e+-Fx)]2, —Tan[l (e+FxH2]
2 2 2

1+n 3+n

/[(3+n) AppellFl[~——, n, 1,
2 2
Tan[1 (e+fx)]2, 7Tan[1 (e+fx)]2] -2 (AppellFl[ﬂ, n, 2, °en
2 2 2 2

Tan[1 (e+fx>]2, 7Tan[1 (e+fx)]2] 7nAppellF1[3;n, 1+n,1,
2 2 2

(e+fx)]

+

[a3 (3+n) AppellF1]|

Cos[% (e+fx)] Sin[% (e+fx)]

)

|
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5+n 2 1 2 1 2
,Tan[= (e+£x)]%, -Tan[= (e+f Tan[= (e f -
A an[z(e+ XH an[z(e+ x)] ] an[z(e+ XH
a’> (3+n) Cos[l (e+1°x)]2 —L(1+n) AppellF1[1+1+—n, n, 2,1+ 3+n’
2 3+n 2 2
Tan| ~ (e+1°x)]2, —Tan[l (e+-FxH2} Sec[l (e+-FxH2Tan[l <e+fx)] +
2 2 2 2
1 1+n 3+n 1 2
n(1+n)AppellF1[1+7,1+n, 1,1+ ,Tan[f(eJr-Fx)] s
3+n 2 2 2

—Tan[g (e+-Fx)]2] Sec[% (eJr-Fx)]zTan[1 (e+fx”

1+n
((3 +n) AppellF1|

s _3;n, Tan[% (e+fx)]2, —Tan[% (e+1‘x)}2] -
2 (AppellFl[—?Hn, n, 2, 5+n) Tan[l (e+FxH2, 7Tan[1 (e+fx”2} -
2 2 2 2
3+n 5+n
nAppellFl[——, 1+n, 1,
2

-, Tan[1 (e+fx”2,
2

,n, 1

—Tan[% (e+fx”2}) Tan[% (e+Fx)]2 +
[a3 (3+n) AppellFl{lJrTn, n, 1, 3+n) Tan[; (e+fx)]2, —Tan[% (e+-FxH2]

3+n

Cos[% (e+fx)]2 [—2

s _5;nJ Tan[% (e+-Fx)]2,
(e+fx)]2] —nAppe11F1[3%n, 1+n, 1, >N

-, Tan[l <e+fx)]2,
(e+fx)]7]

AppellF1|

» N, 2

| =

~Tan|

2

N

-Tan

Sec|

N |

1
2
(3+n) (— !

3+n

7Tan[§ (e+fx)]2] Sec|

(e+-Fx)]2Tan[

N R

(e+'FXH +

1+n 3+n 1 2
(1+n)AppellF1[1+T, n, 2,1+ , ,Tan[;(eJrFxH ,

(e+-Fx)]2Tan[ (e+fx)]+

3+n
1+n 3+n 1 2
n (1+n) AppellF1[1+ A ,1+n,1, 1+ A ,Tan[;(eﬂzx” s

—Tan[; (e+fx”2} Sec[% (e+fx”2Tan[§ (e+fx)]|-
2Tan[§<e+fx)]2 2(3+n)AppellF1[1+3;n

N |

N |

5+n

Tan[; (e+-FxH2, —Tan[% <e+fx)]2] Sec[% <e+fx)]2Tan[
1
g (e+'FXH +

3+n
n (3+n) AppellF1[1+
5+n

J1en, 2,1 20"
1 (e+fx)]2, —Tan[
2

B Tan[

1 2 1 2 1
= le+f sec[= (e+fx)]’Tan[= (e+fx)] -
2(e+ x)] ] ec[z(e+ x)] an[z(e+ XH
+ 5+n 1 2
n (3+n) AppellF1[1+ ——, 1+n, 2,1+ , Tan[ = (e+fx) ],
5+n 2 2 2

—Tan[; (e+fx”2] Sec[% (e+Fx)}2Tan[§ (e+fx)]+

(1+n)

5+n
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(3+n) Appe11F1[1+ﬂ, 2+n,1, 1+ 5+n) Tan{l (e+1cx)]2,

2 2 2
2

(e+-Fx)]2Tan[§ (e+-FxH)])

—Tan[i (e+fx)]2] Sec[i

((3+n> AppellFl[u, n, 1, 3+7n, Tan[1 (e+Fx)]2, —Tan[l (e+-FxH ] -
2 2 2 2
3+n n 1 2 1 2
2 (AppellFl[i, n, 2, —, Tan[~ (e+fx)] , ~Tan[ = (e+-Fx)] ] -
2 2

nAppellFl[ngTn, 1+n,1, 5+7n, Tan[ (e+-Fx)]2, —Tan[i (e+fx)}2])

n

(e+fx)]2

N RN R

1 2)2
Tan[; (e+fx)] ] -b (Cos[e+-Fx] Sec|

(e+-Fx)]

N |

1 2 2 1
[2 (3a2-3ab+b?) (1+n) Csc[2 (e+fx)] sec]

. 1+n 3+n 1 2
[—Hyper‘geometchFl[—, 1+n, —, Tan[= (e+fx)| |+
2 2 2

N |

[1—Tan{% (e+fx”2)1n] +2b (b (1+n) Csc[i (e+fx)]sec|= (e+fx)]
1 2
5 5 g(e+'FXH ]+

. l1+n 3+n
-Hypergeometric2F1[ ~——, 3+n, —, Tan|

+1(3;,,,2b> (1+n) Csc[= (e+fx)]

2

N |

(1—Tan[

N |

(e+fx>]2]

A 1+n 3+n
nyper‘geometr‘lc2F1[7, 2+n, —,
2

1
Sec[;(e+fx>] 5

|

Problem 345: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Tan[% (e+fx)]"] + [1—Tan[§ (e+fx)]2)2n]”) Tan[e+fx]"

J(a+b5ec[e+Fx])2 (dTan[e +fx])"dx

Optimal (type 5, 160 leaves, 7 steps):

b2 (dTan[e+fx})1*” 1
+
df(1+n> d'F<1+n>
5 X 1+n 3+n ) 1:n
a’ Hypergeometric2F1[1, s , -Tan[e+fx]?]| (dTan[e+fx])""+
2 2
—2ab (Cos[emcx]z)%n
df <1+n)
Rk 1+n 2+n 3+n . ) 1+n
Hypergeometric2Fi | s s , Sinfe+fx]?| Sec[e+fx] (dTan[e+fx])

2 2 2

Result (type 6, 2894 leaves):
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2Cos[e+fx]? (aerSec[eJr-Fx])ZTan[1 (e+fx”
2

i 1+n 3+n 1 2
b|(2a-b) Hyper‘geometr1c2F1[T, 1+n, - Tan[; (e+fx)]7] +
. 1+n 3+n 1 2
2 b Hypergeometric2F1[~——, 2+n, —, Tan|[ = (e+fx) ] ]]
2 2 2
1 5\ N 1+n 3+n
Cos[e+fx] Sec|~ (e+fx)] ) + (az (3+n) AppellFl[T, n, 1, —
2
Tan[l(e+FxH2,7Tan[l(e+fx)]2}Cos[l(e+fx)]2J/
2 2 2
((3+n) AppellFl[l;n, n, 1, ﬂ, Tan[l(eJrfx)]z,fTan[l(e+fx”2}f
2 2 2 2
3+n 5+n 1 2 1 2
2 (AppellFl[—, n,2, —, Tan[ = (e+fx)]", —Tan[; (e+fx)]"] -nAppellF1]
2 2 2
3+n 5+n 1 2 1 2 1 2
, 1 , 1, —, T - f , =T — f T - f
A +n A an[z(e+ x) | an[2<e+ x)]}] an[z(e+ x”])

(dTanfe+fx])" (a*Tan[e+fx]"+2abSec[e+fx] Tan[e+fx]"+
bZSec[e+-Fx}2Tan[e+fx}”))/

(-F (1+n) (b+aCos[e+1‘:x])2

2nSec[e+1‘:x12Tan[l (e+fx)]
1+n 2

. 1+n 3+n 1 2
(b [(Za—b) Hyper‘geometr‘1c2F1[T, 1+n, - Tan[; (e+fx)]7]+

. 1+n 3+n 1 2
2 b Hypergeometric2F1[ ——, 2+n, —, Tan[; (e+fx)] }]
2 2

1+n

Cos[e+fx] Sec|

N |

(e+fx) ]2)n+ (az (3+n) AppellF1| ,n, 1,

3+n 2

- Tan[% (e+-FxH2, —Tan[% <e+fx)]2} Cos[% (e+fx)]

(<3+n) AppellFl{lJrin, n, 1, ﬂ, Tan{1 (e+fx) ]2, -Tan|
2 2 2

/

e )17 -

N |

2 (AppellFl{?’;n, n, 2, m, Tan{l (e+FxH2, —Tan[1 (e+fx)]2} -n
2 2 2 2

3+n 5+n
AppellFl[T, 1+n, 1, 0 Tan|

N |

(e+-Fx)]2, ~Tan|

N |

(e+-FxH2])

Tan[l (e+-FxH2)JTan[e+Fx}’l*”+ Sec[1
2 1+n 2

. 1+n 3+n
(b [(Za—b) Hyper‘geometr‘1c2F1[T, 1+n, — Tan|

. 1+n 3+n 1 2
2 b Hypergeometric2F1[ ~——, 2+n, —, Tan[~ <e+-Fx)] }]
2 2 2

1 2\ " 1+n
Cos[e +fx] Sec[—(eﬂcx)]) Jr(a2 (3+n) AppellF1]| A ,n, 1,
2
B;n,Tan[i(eJrfoz,—Tan[%<e+fx)]2}Cos[§<e+fx)]2/

+Nn

(<3+n) AppellFl[u, n, 1, 37, Tan[1 (e+-Fx)]2, ~Tan| = (e+FxH2} -
2 2
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2 (AppellFl[ﬂ, n, 2, ﬂ) Tan{l (e+-FxH2, —Tan[l (e+fx)]2} -n
2 2 2
AppellF1[3+—n, 1+n, 1, 5+_n’ Tan[1 (e+fx)]2, —Tan[l (e+-FxH2]
2 2 2
Tan{l(e+-FxH2)JTan[e+Fx1”+ 2Tan[l(e+1°x)]
2 1+n 2
. 1+n 3+n 1 2
(bn [(Zafb) Hyper‘geometrlczFl[T, 1+n, —, Tan[; (e+fx)]7] +

. 1+n 3+n 1 2
2 b Hypergeometric2F1[~——, 2+n, —, Tan|[ = (e+fx) ] }]
2 2 2

1 2) 1+ 1 2.
Cos[e+fx] Sec|~ (e+fx)] ) 7Sec[g(e+1cx)] Sinfe+fx] +
2
1 2 1 1+n
Cos[e+fx] Sec[ =~ (e+fXx)]| Tan[;(eﬂcx)] —(az (3+n) AppellF1| ,n, 1,
2
3;n,Tan[§(e+fo2, —Tan[%<e+fx)]2}Cos[§<e+fx)]sin{%(e+fx)]/
(<3+n)AppellF1[1+7n, n, 1, ﬂ, Tan[l(eﬁ:x)]z, —Tan{l(erFxHZ}—
2 2 2
Z(AppellFl[?’;n, n, 2, m, Tan{l(e+1¢x)}2, —Tan[l(ewa)]z}—n
2 2 2
AppellFl[ﬂ,1+n, 1, 5+7n, Tan[l(ewa)]z, —Tan[l(ewaHZ])
2 2 2
Tan[l(ewaHZ)Jf(az (3+n)Cos[l(e+-FxH2 - (1+n)Appe11F1[1+1+n,
2 2 3+n 2
n, 2,1+3+n,Tan[1(e+-Fx)]2, —Tan[l(eJr-FxHZ} Sec[l(eJr-FxH2
2 2 2
1 1+n 3+n
Tan[f(e+-Fx)]+ n(1+n) AppellF1[1+ ——, 1+n, 1, 1+ B
2 3+n 2 2

Tan[1 (e+fx)]2, —Tan[l (e+fx)]2] Sec[l (e+1cx)]2Tan[1 (e+fx)]

)/

2 2 2 2
(<3+n) AppellFl[h—n, n, 1, 3+_n, Tan[l (e+fx)]2, —Tan[1 (e+fx”2} -
2 2 2
2 (AppellFl[ﬂ, n, 2, 5;n, Tan[l (e+-FxH2, —Tan[1 (e+fx)]2} -n
2 2 2

AppellFl[BJrTn, 1+n, 1, 5+Tn, Tan[% (e+fx)]2, —Tan[i (e+-FxH2])

1+n 3+n
Jn)ll El

2

Tan{% (e+FxH2) - (az (3+n) AppellF1i|

Tan{% (e+fx”2, —Tan[% (e+fx”2} Cos[% (eJr-FxH2

(—2 (AppellFl[ﬂ, n, 2, 5;'1, Tan[E (e+-FxH2, ~Tan| (e+fx)]2} -
2 2

N =

nAppellFl[m, 1+n,1, 5+7n’ Tan[1 (e+-FxH2, —Tan[l <e+-Fx)]2]
2 2 2
Sec[l(eJr-FxHZTan[l(e+fx>}+(3+n) - (1+n)AppellF1[1+1+n,
2 2 3+n 2
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n, 2,1+3+n,Tan[1(e+-FxH2,—Tan[l(e+fx)]2]5ec[l<e+fx)]2
2 2 2
1 1 1+n 3+n
Tan[f(e+1:x)]+ n(1+n)Appe11F1[1+7,1+n, 1,1+ ,
2 3+n 2 2
Tan[l(eJr-Fx)]z, —Tan[l(eJrfx”z} Sec[l(e+-FxH2Tan[1(e+-Fx)] -
2 2 2 2
1 2 1 3+n 5+n
2Tan[7<e+fx)] - 2 (3+n) AppellF1[1 + , N, 3,1+ s
2 5+n 2 2
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Problem 346: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(a+b$ec[e+fx]) (dTan[e+fx])"dx

Optimal (type 5, 129 leaves, 4 steps):
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Problem 347: Result more than twice size of optimal antiderivative.

J(dTan[eﬂcx])”

a+bSecle+fx]

dx

Optimal (type 6, 266 leaves, ? steps):
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5+n 2 2 2
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1 3 5+n 1 2
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5+n 1 2
,2+n,1, 1+ , Tan[ = (e+fx) ],
2 2 2

—Tan[% (e+fx)]2] Sec[% (e+fx)]2Tan[§ (e+fx)] J )/
1+n 3+n

(<3+n) AppellF1| ,n, 1, —, Tan{l (e+1°x)]2, —Tan[l (e+-FxH2} -
2 2 2

5+n
, N, 2, —, Tan]
2

2 (AppellFl[BJrn <e+fx)]2, -Tan|

(o) )7 -

N |

1
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3+n 5+n 1 2
nAppellFl[T, 1+n,1, —, Tan[= (e+fx) ],

2

2
—Tan[l(eﬂcx)]z] Tan[l(eﬂ‘:x)]2 +
2 2
a-b)Tan[L (e+fx)]?
b(a+b) Appe11F1[1+n)n, 1, ﬂJ Tan[l (e+-Fx)]2, ( > [2( H ]
2 2 a+b
2| (a-b) appeltri[ 220, 0, 2, 20 ran[ X (e £x) )7,
2 2
a-b)Tan[L (e+fx)]?
( ) [2< )] ]+(a+b)nAppellFl[—3+n,1+n,1, _5+n,
a+b 2 2

1 2
Tan[= (e +fx)]%,
an[z(e+ x)] .

(a-b) Tan[% (e+-Fx>]2

Sec[% <e+fx)]2Tan[

]

1l+n

2

N |
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1 JT - 'F > S - 'F
+ 5 an[2<e+ X)] 2+ b ] ec[2<e+ X)]
L 1l+n
Tan[ = (e+fx) | /((a+b> (3+n)) + n (1+n) AppellF1[1+ ,
2 3+n 2
a-b)Tan[L (e+fx)]?
1+n,1,1+3+n,1’an[1(e+_FXH2’ ( ) [2( )] }
2 2 a+b

+2Tan{l (e+-FxH2
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A (e+fx)]

N |

2 (a-b) (3+n) AppellF1[1+3+—n, n,3, 1+ 5+n, Tan[l (e+fx”2,
2 2 2

{(a-b)

a-b)Tan[Lt (e+fx)]? 2
(a-b) T a[jb( ] }SeC%(eﬂcx)] Tan[%(emcx)] /

+Nn

3
n (3+n) AppellF1[1+ ,1+n, 2,

5+n 2
(a-b) Tan[i <e+-Fx)]2

((a+b) (5+n)>+

5+n

1+ (e+‘FX”2

]Sec[

1 1
,Tan[;(eJrFxHZ, ;

a+b

+(a+b)n [[(a-b) (3+n) AppellF1|1+ 3+n,

Tan|

N |
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(a-b) Tan[i (e+-FxH2

5+n 1 2
1+n, 2,1 , T — f N
n + an[2<e+ x)] b ]
1 2 1 1
Sec[;(emcx)] Tan[;(eﬂcxﬂ /((a+b) (5+n))+5+n

3+n

5+n 1 2
,2+n,1, 1+ , Tan[= (e+fx) ],

1+n) (3+n) AppellFl|1
(1+n) (3+n) Appellf1[1+ — A A

a-b)Tan[2 (e+fx)]? "
( A a[+2b( )] }Sec[i(eﬂcx)] Tan[%(eﬂcx)] J/
(b+aCos[e+fx]) |(a+b) <3+n>AppellF1[1+—n, n, 1, 3+_n,

2

(a-b) Tan[i (e+-Fx>]2

Tan[1 (e+Fx) ]2, | +2 | (a-b) AppellF1i]|
2 a+b
a-b)Tan[L (e+fx)]?
3+n)n, 2, m,Tan{l(eﬂctz, ( ) [2< )] I
2 2 2 a+b

3+n 5+n 1 2
(a+b) nAppellFl[T, 1+n,1, —, Tan[; (e+-Fx)] s

(afb)Tan[;(eJr-Fx)] (eJrFXHZ

J

Tan[ Tan[e + fx]"

N |-

a+b

Problem 353: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(a+b5ec[c+dx])"Tan[c+dx]5dlx

Optimal (type 5, 177 leaves, 5 steps):
a(a?-2b2) (a+bSec[c+dx])™" 1
i b*d (1+n) Cad(1+n)
b Sec[c +dx]

Hyper‘geometricZFl[l, 1+n,2+n, 1+ } (a+bSec[c+dx})1*“+

a
(3a2-2b?) (a+bSec[c+dx])2+” 3a(a+bSec[c+dx1)3*" (a+bSec[c+dx])4*”

b*d (2+n) b*d (3 +n) " btdaen)

Result (type 6, 30540 leaves) : Display of huge result suppressed!
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Problem 354: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(a+bSec[c+dx])”Tan[c+dx]3d1x
Optimal (type 5, 102 leaves, 4 steps):

a(a+bSec[c+dx])1+n 1
+
b?d (1+n) ad (1+n)

b Sec[c +dx]

Hyper‘geometr‘icZFl[l, 1+n,2+n, 1+ } (a +bSec[c+dx] )1*”+

a
(a+bSec[c+dx])2*”

b2d<2+n>

Result (type 6, 7524 leaves):
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2b 2

[(a—b) (—1+Tan[§ (c+dx>]2) ]n[

a+b—aTan[l <c+dx)]2+bTan[1 (c+dx)]2] +

b 2 2

(a—b) (—1+Tan[l <c+dx)]2)
4b* (-2+n) AppellF1[1-n, -n, 1, 2-n, b2 s
2

(-1+n) (1+Tan[1 <c+dx)]2]

2b (-2+n) AppellFi[1-n, -n, 1, 2-n,
2

(a-b) (71+Tan[i (c+dx)]2)

2b
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2b
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2b 2

s 1 (17Tan[— (c+dx)]2J]]
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2

1+n
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b

2

(a (—1+Tan[l (c+dx)]2) -b (1+Tan[— (c+dx)]2]]]

Tan[c+dx]3
2

/{2b3d (—1+Tan[l (c+dx”2)4

-3+n

st
2b3(—1+TanE(c+dxH2)4 1‘Ta”[§(c+dx>}2

aSec[% (c+dx)]2Tan[§ <c+dx)]

1+Tan[§ (CerXH2

(c+dx)] (a‘aTa”[l (C“’XHZ)]/

2

(1+Tan[

<c+dx)]2Jn

N |

Sec{i (c+dxH2Tan[

N R

2\ -1+n

2 a—aTan[%(c+dx)]

b +

[1+Tan[§ (c+dx)}2]

1+Tan[% (c+dx)]2

1
- 27" b? Hypergeometric2F1 |
1+n 1+n

[sz (a+b—aTan[§ (c+dx”2+bTan[§ (c+dx>]2)

a+b-aTan[? (c+dx)]2+bTan[l (c+dx)]2
1+n,1+n, 2+n, ! b 2 }
2

(a-b) (—1+Tan[% (c+dx”2) ]n

b
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[a+b—aTan[% <c+dx)]2+bTan[§ (c+dx)]2) n

(a-b) (-1+Tan[2 (c+dx)]’)
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2
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2-n, o ,%(1—Tan[§<c+dx)]2)}+
[(ab)nAppellFl[Zn,ln, 1, 3-n, <aib> (—1+Tan[i(c+dx)]2),
2b
i(17Tan[§(c+dx)]2)}+bAppe11F1[27n,7n, 2,3-n,
(2-) (_1”21[; (e +dx)] ), % [1—Tan{%(c+dx)]2)}J

2" (a-b) bHypergeometric2Fl|

2 1+n

(71+Tan[1 (c+dx)]2)” -

a+b-aTan[? (c+dx)]2+bTan[l (c+dx)]2
1+n,3+n, 2+n, 2 2 }

2b
[(a—b) (—1+Tan[% (c+dx)]2) Jlm

b

(a (—1+Tan[% (c+dx”2] -b (1+Tan[% (c+dx)]2)]

1 1 , 1
2 b3 (—1+Tan[i (C+dx>}2)4n5ec[2 (c+dx)] Tan[2 (c+dx)]
1 _3+4n

(1+Tan[3 (c+dx)]2]1+n

1—Tan[§ (c+dx”2

a—aTan[% <c+dx)]2 "

b+

1+Tan[% (c+dx”2
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2b2 (a+b-aTan[L (c+dx)]*+bTan[L (c+dx)]?
( [2 ( )] [2 ( )] ) o 27" b? Hypergeometric2Fi |
1+n 1+n

a+b—aTan[§ (c+dx”2+bTan[§ (c+dx>]2
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2b
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2
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2b 2

2" (a-b) bHypergeometric2F1|
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[(ab) (-1+Tan[! (c+dx”2)]1m
b

(a (—1+Tan[% (c+dx)]2) -b (1+Tan[§ (c+dx>]2])

= ZSec[l(Cerx)]zTan[l(c+dx”

b3 (—1+Tan[%(c+dx)]2)5 2 2
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4b* (-2+n) AppellFi[1-n, -n, 1, 2-n, s
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2b 2
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2
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2 1+n
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b
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1
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2b
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N | R
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(a-b) (—1+Tan[i (c+dx)]2)

1 1 5
2-n, , = |1-Tan[= d
n 2b 2[ an[z(CJr XH ]]+
1 2
[(a—b)nAppellFl[Z—n,l_nJ 1, 3-n, (a-b) (_1+Tanb{2 (c+dx)] ),
2

1 2
[1—Tan[; (c+dx” | +bAppellF1[2-n, -n, 2, 3-n,

N |
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(a-b) (—1+Tan[i (c+dx”2) 1
2b 2(

2" (a-b) bHypergeometric2F1|

[—1+Tan[1 (c+dx)]2J]] -
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b
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(a-b) (71+Tan[i (c+dx)]2)]n

2b
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2

(_aSec[
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1+Tan[§(c+dx”2) .

1

2" (a-b) bHypergeometric2F1[1+n, 3+n, 2+n,
1+n

a+b—aTan[§ (c+dx)]2+bTan[§ (c+dx”2

]

2b
aSec[l(c+dx”2Tan[—<c+dx)]—bSec[l(c+dx”2Tan[1(c+dx)]
2 2 2 2
a-b) [-1+Tan[% (c+dx)]?) )"
[( ) ( b[z ( ) ) B 2" (a-b) bnHypergeometric2F1[1+n,
1+n
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1+n,2+n, H >l H ) ]Sec[l(c+dx)]2
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Tan[1 (c+dx) | —1+Tan[1 (c+dx)}2] [

(a-b) (—1+Tan[% (c+dx”2) e
2 2

b

a+b—aTan[1 (c+dxH2+bTan[l (c+dx”2] o 2" b? Hypergeometric2F1|
2 2 1+n

a+b-aTan[? (c+dx”2+bTan[l (c+dx>]2
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2

(a-b) (—1+Tan[i (c+dx)]2) ]n

Sec[%(c+dx)]2Tan[§(c+dx)][ "

(a+b—aTan[§ (c+dx)}2+bTan[§ (c+dx”2] -

(a-b) (—1+Tan[§ <c+dx)]2)
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-
N |
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(—1+Tan[§ (c+dXH2)2]/ [(—1+n) (1+Tan[§ (C+dxH2]2

(a-b) (—1+Tan[% (c+dx)]2)

2b (-2+n) AppellFi[1-n, -n, 1, 2-n,

2b

N |
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2
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2b
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2b
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(a-b) (—1+Tan[l (c+dx)]2)
8b* (-2+n) AppellF1[1-n, -n, 1, 2-n, 2

2b

%(17Tan[§ (c+dx”2]] Sec[% (c+dx)}2Tan[§ (c+dx)]
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(-1+n) {1+Tan[§ (c+dx”2)
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(a-b) (—1+Tan[l (c+dx)]2)
2b (-2 +n) AppellF1[1-n, -n, 1, 2-n, 2

2b
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1 1-T7T
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2b
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1
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2

a-b) [-1+Tan[L (c+dx)]? )
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(a-b) (—1+Tan[i (c+dx”2)

[(ab)nAppellFl[Zn,ln, 1, 3-n, .
2

1 1 2
= [17Tan[— (c+dx)] ]] +bAppellF1[2-n, -n, 2, 3-n,
2 2

(a-b) (—1+Tan[% (c+dxH2)

s % (l—Tan[i (c+dx>]2]]]

2b

[—1+Tan[1 (c+dx)]2]]] -2 (a—b)ZHyper‘geometr‘iCZFl[
2
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a+b-aTan[? (c+dx”2+bTan[l (c+dx>]2
1+n,3+n,2+n, g A . ]
2

(a-b) (—1+Tan[i (c+dx)]2) Jn

Sec[i(c+dx)]2Tan[i(c+dx)]{ "

(a (71+Tan[1 (c+dx)]2) -b (1+Tan[1 (c+dx>]2)) -

2 2
(a-b) (—1+Tan[§ <c+dx)]2)

4b* (-2+n) AppellFi[1-n, -n, 1, 2-n,

|

2b

(l—Tan[i (c+dx”2]] [—1+Tan[§ (c+dx)]2J2

N |

(a-b) (—1+Tan[% (c+dx)]2)

(a-b) nAppellF1[2-n,1-n,1,3-n, "
2

1 1 2

= [1—Tan[f (c+dx” ]] +bAppellF1[2-n, -n, 2, 3-n,
2 2

(a-b) (71+Tan[i(c+dx)}2) 1

, = (17Tan[1 (c+dx)]2]]]

2b 2 2

Sec[%(c+dx)]2Tan[§(c+dx”+2b(—2+n) [— (a-b)

2b (2-n)

(a-b) (71+Tan[§ (c+dx”2)

(1-n) nAppellF1[2-n,1-n,1,3-n,
2b

%(1—Tan[% (c+dx)]2)} Sec[% (c+dx”2Tan[§ (c+dx)] - > (2 0]

2
(1-n) AppellF1[2 -n, -n, 2,3 -n (a-b) (-1+Tan[L (cvdx)]?)

2b

+

%[1—Tan[§ (c+dx”2]] Sec|

N |

(c+dx)]2Tan[§ (c+dx)]

1
- (2-n) AppellF1[3-n, 1-n,

(—1+Tan[§ (c+dx”2) [(a—b) n

2 (3-n)
a-b) [-1+Tan[L (c+dx)]?
2,4-n, ( ) ( ! sz[2< )] ),i[lTan[g(Certz)]
Sec[;(c+dx”2Tan[i(c+dx)]+2b<3_n> (a-b) (1-n) (2-n)

a-b) [-1+Tan[% (c+dx)]?
AppellFl[3-n, 2-n, 1, 4-n, ( ) ( [2( )] )

2b
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%(1—Tan[% <c+dx)]2J} Sec[i (c+dx)}2Tan[§ (c+dx)] +
b {Zb (i—n) (a-b) (2-n) nAppellF1[3-n,1-n, 2,4-n,

(a-b) (—1+Tan[% (c+dx)]2)

B % (l—Tan[i (c+dx)}2]]

(c+dx)]—3%n

(a-b) (—1+Tan[i (c+dx)]2)

2b

Sec| (c+dx”2Tan[

N |

(2-n)

N |

AppellF1[3-n, -n, 3, 4-n,
2b

N |

(17Tan[§ (c+dx)]2J} Sec[% (c+dx)}2Tan[§ (c+dx)]

Il

(-1+n) (1+Tan[1 (c+dx)]2]

2b (-2+n) AppellF1[1-n, -n, 1,
2

a-b) [-1+Tan[L (c+dx)]? ,
2-n, ( )( . TZb[Z( ” ),i(lTan[§<c+dx)] J}+

(a-b) (71+Tan[i (c+dx)]2)

[(ab)nAppellFl[Zn,ln, 1, 3-n, X
2

1 1 2
= (1—Tan[— (c+dx)] )} +bAppellF1[2-n, -n, 2, 3-n,
2 2

(a-b) (—1+Tan[§ (c+dx)]2)

s i [1—Tan{1 (c+dx)]2)}J

2b 2

1

a+b—aTan[i (c+dx)]2+bTan[i (c+dx)]2

(—1+Tan[% (c+dx)]2)]2

2" (a-b)b (—aSec[i (c+dx)]2Tan[% (c+dx)] +bSec[§ <c+dx)]2

{(ab) (—1+Tan[i (c+dx)]2) v

b

Tan[i (c+dx>]

[a [—1+Tan[1 (c+dx”2] -b [1+Tan[l (c+dx)]2)J

- Hypergeometric2Fi |
2 2

a+b-aTan[? (c+dx”2+bTan{l (c+dx”2
1+n,3+n,2+n, 2 X 2 ]+
2




Mathematica 11.3 Integration Test Results for 4.5.1.4 (d tan)”~n (a+b sec)™~m.nb | 283

|

27" p? (7aSec[§ (c+dx)]2Tan[§ (c+dx)] +bSec[§ <c+dx)]2Tan[§ (c+dx) ]

2) ((ab) (—1+Tan[i (c+dx)]2>]n

{ a+b—aTan[§(c+dx)]2+bTan[§(c+dx”2
1_
2b

—Hyper‘geometr‘icZFl[
b

aer—aTan[l (c+dx)]2+bTan[l (c+dx)]2
1+n,1+n, 2+n, 2 2 }Jr

1))

Problem 355: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

a+b—aTan[§ (c+dx)]2+bTan[§ (c+dx)]2
1-

2b

J(a+b$ec[c+dx])"Tan[c+dx] dx

Optimal (type 5, 48 leaves, 2 steps):

1 . bSec[c+dx]
—7Hyper‘geometr‘1c2F1[1, 1+n,2+n, 1+ ———

bS d 1+n
ad (100] ) | (a+bSec[c+ x])

Result (type 6, 5900 leaves):

(c+dx”2]l+n

(a+bsec[c+dx])" (1—Tan[

N |

n

1+Tan[i (CerxH2

b+

a—aTan[i (c+dx>]2]n
]

17Tan[l(c+dx)}2 1+Tan[i(c+dx) 2

2

a+b-aTan[? (Cerx)]erbTan[l (c+dx)]2
Hyper'geometr'iCZFl[l+nJ 1+n,2+n, 2 2

]

2b
(2—2Tan[§ <C+dX)]2)7n [ (a-b) (—1+Ta:[§ (c+dXH2) ]n
v e o]

((1+n) [—1+Tan[

(c+dx)]2]]—

4b? (-2+n) AppellFi[1-n, -n, 1,

N =
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(a-b) (—1+Tan[% (c+dx”2)

2-n, - :%(1*Tan[%<c+dx)]2)}
(1—Tan[% <c+dX)]2)n]/ [(—1+n) (1+Tan[§ (c+dx”2]

(a-b) (—1+Tan[i (c+dx)]2)

2b (-2+n) AppellFi[1-n, -n, 1, 2-n, "
2

1 (1—Tan[1 (c+dx)]2)} + [(a—b) nAppellF1[2-n,1-n,1,3-n,
2 2

(a-b) (—1+Tan[§ (c+dx)}2>

1 1 2

, —[1-T — d b

2b 2( a”[z(“ X)]J]+
a-b) [-1+Tan[% (c+dx)]?

AppellFl[zin) 7n) 2) 3*n) ( > ( [2 < >] )

2b

%(1—Tan[§ (c+dx)}2]]] (—1+Tan{§ (c+dx)}2)

Tan[c +dXx]

/

n 1+Tan[ (CerxH2 "

2b 2

[2bd [in [1—Tan[l (c+dx”2)1+

1
2
17Tan[§ (c+dx”2

aSec[%(c+dx)]2Tan[§(c+dxH 1 2
i 1+Tan[§(c+dx)]2 _(S [2< B

2 2 2

1 (crdx)] (aaTan[l(C+dX)]2J]/(1+Ta”[1<C*dx)]2J2]

-1+n

a-aTan[?® (c+dx”2
b+ 2 Hypergeometric2F1{1+n, 1+n, 2+n,

1+Tan[§ (c+dx)]2

a+b—aTan[% (c+dx”2+bTan[§ (c+dx)]2

] [Z—ZTan[1 (c+dx”2]7n

2b 2

{(a—b) (—1+Tan[§ (c+dx)]2) ]n(

b

a+b—aTan[l (c+dx)]2+
2

bTan[% (c+dx)}2)]/ [(1+n) (—1+Tan[l (c+dx”2)) -

2

(a-b) (71+Tan[i (c+dx”2)

4b? (-2+n) AppellFi[1-n, -n, 1, 2-n,

2b
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1 (1,Tan[1 (c+dx)]2)} (1—Tan[— (C*dx)]z)n]/

2 2

{(1+n) [1+Tan[§ (c+dx”2) {Zb (-2+n) AppellF1[1-n, -n, 1,
a-b) [-1+Tan[% (c+dx)]? X
2-n, ( )( ! TZb{Z( H),i(l—Tan[i<c+dx)]J}+

(a-b) (—1+Tan[§ (c+dx)]2)

[(a—b)nAppellFl[Z—n,l—n, 1, 3-n, "
2

N |

(1—Tan[1 (c+dx)]2)} +

2
(a-b) (—1+Tan[i (c+dx)]2)

bAppellFl[Z—n, -n, 2, 3-n,
2b

2 2 2

1 (1—Tan[l (c+d><)]2)}] [_1+Tan[l <c+dx>]2J]]J +

i (1+n) Sec[% (c+dx)]2Tan[§ (c+dx)] [1—Tan[§ (c+dx”2]n

2\ n

1+Tan| (CerxH2 " a—aTan[i(c+dxH

b+

1
2
17Tan[i(c+dx”2 1+Tan[i(c+dx)]2

a+b—aTan[i <c+dx)]2+bTan[% (c+dx)]2

Hypergeometric2F1 [1 +n,1+n, 2+n,

]

2b

n|(a-b) (—1+Tan{%(c+dx”2> " .
2 .

(2—2Tan[l(c+dx)]2)i [ "

aTan[

N R

2

<c+dx)]2+bTan[1 (c+dx)]2]J/ (<1+n> [—1+Tan[% (c+dx)]2)] -

(a-b) (—1+Tan[i <c+dx)]2)

4b? (-2+n) AppellFi[1-n, -n, 1, 2-n, "
2

2 2

o ran(? fevax) )] 1 van 2 <c+dx>f)”]/

(-1+n) (1+Tan[1 (c+dx)]2J

2b (-2+n) AppellFi[1-n, -n, 1,
2

), (a-b) (—1+Tan[% <c+dx)]2)

-
N |

[1—Tan[E (Cerx”2 |+

2b 2
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(a-b) (—1+Tan{§ (c+dx”2)

[(a—b)nAppellFl[Z—n,l—n, 1, 3-n, "
2

1 1 2

= [1—Tan[f (c+dx” ]] +bAppellF1[2-n, -n, 2, 3-n,
2 2

(a-b) (71+Tan[i(c+dx)}2) 1

, = (17Tan[1 (c+dx)]2]]]

2b 2 2

1 1 21+n
~—nf1-Tan[= (c+d
an( an[z(c+ xH]

[—1+Tan[% (c+dx)]2JJ

2\ -1+n

1+Tan| (c+dxH

+

Sec[% (c+dx)]2TanE (c+dx>]

1-Tan|

2 e ol o] oo -]

2 2 2

<c+dx)]2)2] [b+

(c+dx)}2 17Tan[2(c+dx)]2

a—aTan[%(CerxH2 "

(1—Tan[

N |

1+Tan[§ <C+dx>]2

a+b—aTan[i (c+dx)]2+bTan[% (c+dx)]2

Hypergeometric2F1 [1 +n,1+n, 2+n,

]

2b

(2-2Tan[% (c+c|X)]2)7n [ _— (_1+Ta:{% e+ ax)) ]” (a+b_

aTan| <c+dx)]2+bTan[

(c+dx)]2]J/ (<1+n> [71+Tan[% (c+dx)]2)] -

N R
N R

(a-b) (—1+Tan[i <c+dx)]2)

4b? (-2+n) AppellFi[1-n, -n, 1, 2-n,

2b
%(1—Tan[§ (c+dx”2]] [1—1—3”{% (C+dx)}2)n]/

2b (-2+n) AppellF1[1-n, -n, 1,

(-1+n) (1+Tan[§ (c+dx)]2J

a-b) [-1+Tan[L (c+dx)]? )
2-n, ( > ( ! T2b[2< )] ),i[lTan[i(CerxH ]]+

(a-b) (—1+Tan[i (c+dx”2)

[(ab)nAppellFl[Zn,ln, 1,3-n, .
2
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[1—Tan[§ (c+dx”2]] +

N |

a-b) (-1+Tan[% (c+dx)]?
bAppellF1[2-n, -n, 2, 3-n, ( ) ( [2 ( H )

2b
%[1—Tan[§ (c+dx”2]]] (—1+Tan[§ (c+dx)]2)”] -

1+Tan] (CerxH2 "

2b 2 1-Tan| 2

1 (1—Tan[1 <c+dx)]2J1+n{

a-aTan[! (c+dx "
aaTan[ >1J

1+Tan[i (c+dx)]2

(C+dXH

a+b—aTan[% <c+dx)]2+bTan[% (c+dx)]2

Hypergeometric2F1 [1 +n,1+n, 2+n,
2b

(—aSec[i (c+dx)]2Tan[§ (c+dx)] +bSec[% (c+dx)]2Tan[§ (c+dx)]

(<1+n> [—1+Tan[1 (c+dx) ]ZJ] + [(ab) n Hypergeometric2F1[1+n, 1+

n[(a-b) (—1+Tan[§(c+dx”z) "

(2—2Tan[1 (c+dx)]2)_ [

2 b

2

a+b—aTan[l(c+dx”2+bTan[l(c+dx”2 1 ,
n, 2+n, 2 A 2 ]Sec[f(c+dx)]
2 2

z)n[(a” [ Ton[ <c+dx>r)]m

b

Tan[i (c+dx)] (Z—ZTan[% (c+dx)]

(a+b7aTan[l (C+dx>}2+bTan[1 (c+dx”2]]/

2 2

Hypergeometric2F1[1+n, 1+n, 2+

(b (1+n) (—1+Tan[§ <c+dx)]2J] -

atrb-aTan[Y (c+dx 2+bTanl c+dx 2
n, [2( >1> [2( )] ]Sec[l(c+dx)]2
2 2

Tan[1 (c+dx)] (272Tan[1 (c+dx)]2)_n[(ab> (—1+Tan[i (C+dX”2) ”

2 2 b

2 2

a+b—aTan[l (chdXHZerTan[l (c+dx>}2]]/



288 | Mathematica 11.3 Integration Test Results for 4.5.1.4 (d tan)”n (a+b sec)™~m.nb

2 n Hypergeometric2F1 {1 +n, 1+

[<1+n> -2 Tan[ (c+dx)]2J2J .

a+b-aTan[L (c+dx)]*+bTan[L (c+dx)]?
n, 2+n, [2( >l [2( )] ]Sec[l(Cerx)]2
2 2

2)—1—n [ (a-b) (—1+Tan[§ (c+dx)]2) ]n

Tan[1 (c+dx)] (272Tan[1 (c+dx)]

2 2 b

2 2

(a+b—aTan[l (c+dXH2+bT‘_’m{l (C+dx>}2]]/

(<1+n> [—1+Tan[1 (c+dx)]2J] +

4b® (-2+n) AppellFi[1-n, -n, 1, 2-n,

2
a-b) (-1+Tan[2 (c+dx)]? 2 2
( )( 1 TZb[Z( H)’i(lTan[i(c+dx)])]Sec[;(cmx”
Tan[i (C+dX>] (1—Tan[§<C+dX)]2)in /[<_1+n) (1+Tan[§ <c+dx>]2]2

(a-b) (—1+Tan[l (c+dx)]2)
2b (-2+n) AppellF1[1-n, -n, 1, 2-n, 2

2b

N |

1-Tan 1 c+dx 2 +|(a-b)nAppellF1|2-n,1-n, 1, 3-n,
[2

(a-b) (—1+Tan[i (c+dx”2)

s % (1—Tan[% (c+dx>]z]] +

(a-b) (—1+Tan[i (c+dx”2)

2b

bAppellFl[Z—n, -n, 2, 3-n,
2b

2 2

i[l—Tan[l (c+dx”2]]] (—1+Tan[l (c+dx)]2)” -

(a-b) (—1+Tan[l (c+dx)]2)
4b? (-2+n) nAppellF1[1-n, -n, 1, 2-n, 2

2b

%(17Tan[§ (c+dx”2]] Sec[% (c+dxH2Tan[§ (c+dx)]

(17Tan[§ <c+dx)]2J1nJ/

(-1+n) (1+Tan[§ (c+dx>]2]
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(a-b) (—1+Tan[l (c+dx)]2)
2b (-2 +n) AppellF1[1-n, -n, 1, 2-n, 2

2b

1 (1—Tan[l (c+dx)]2)} + [(a—b) nAppellF1[2-n,1-n,1,3-n,
2 2

(a-b) (—1+Tan[i (c+dx)}2)

1 1-T7T
2b ’2( ) an[z
(a-b) (—1+Tan[§ (c+dx”2)

bAppellF1[2-n, -n, 2, 3-n,
2b

1 [1—Tan[1 (c+dx”2]]] (—1+Tan[l (c+dx)]2)]} -

2 2

1
- (a—b) (1—n>nAppellF1[2—n,1—n, 1, 3-n,

4b* (-2+n) 2o (2 1]

(a-b) (—1+Tan{§ (c+dx”2>

- ,%(I—Tan[i(urdx)]zJ]

Sec[%(c+dx>]2Tan[%(c+dx)]—2<21n> (1-n) AppellF1[2-n,
a-b) [-1+Tan[L (c+dx)]?
-n, 2, 3-n, ( )( ' TZb[Z( >}),§(1Tan[%(c+dx)]2)}

Sec[% (c+dx)]2Tan[§ (c+dx)]

[1—Tan[§ (c+dx”2]n]/

(-1+n) (1+Tan[1 (c+dx)]2J 2b (-2+n) AppellFi[1-n, -n, 1,

2

a-b) [-1+Tan[L (c+dx)]? )
2-n, | >( ! T2b[2< H>,§[1Tan[§(c+dx”]]+
(a-b) (—1+Tan[i (c+dx”2)

[(ab)nAppellFl[Zn,ln, 1, 3-n, .
2

%[17Tan[§ (c+dx”2]] +

(a-b) (—1+Tan[i (c+dx”2>

bAppellF1[2-n, -n, 2, 3-n,
2b

[l—Tan[l (c+dx”2]]] (—1+Tan[l (c+dx)]2)” +

N =

2
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(a-b) (—1+Tan[l <c+dx)]2)
4b2 (-2+n) AppellF1[1-n, -n, 1, 2-n, 2

|

2b
%(1—Tan[§ (c+dx”2]] [1—Tan[§ (c+dx)}2)in

1 2
(a—b)nAppellFl[Z—n,l_n, 1,3 n, <a_b> (—1+Tan[2 <C+dx)] )

2b

1 2
-Tan| — (c+dxX + b Appe -n, -n, 2, 5-n,
[1 T [2( dx) | ]] b AppellF1|2 2,3

—_ N R

a-b) (—1+Tan[§ (c+dx”2) 1 (

1—Tan[1 (c+dx)]2]]]

3
2b 2 2

()

Sec[1 (c+dx)]2Tan[1 (c+dx)]+2b (-2+n) [—

2 2 2b(27n)

(a-b) (—1+Tan[§ (c+dx)}2)

(1-n) nAppellF1[2-n,1-n,1,3-n, "
2

1
= (l—Tan[
2

N |

(c+dx)]2)} Sec[% (c+dxH2Tan[

N |

(c+dx)] -

2 (2-n)

(a-b) (—1+Tan[% (c+dx)]2)

(1-n) AppellF1[2-n, -n, 2, 3-n,
2b

[1—Tan[§ (c+dx)}2]] Sec[% (c+dx)]2Tan[§ (c+dx) ]

+

N | =

1
- (2-n) AppellF1[3-n, 1-n,
2 (3-n)

2

(—1+Tan[l (c+dx)}2) {(a—b) n

a-b) [-1+Tan[L (c+dx)]? R
2,4-n, ( >( ! T2b[2< >]),§[1—Tan[§(c+dx”)]

Sec[% (c+dx”2Tan[§ (c+dx)]+

2o (3 0] (a-b) (1-n) (2-n)

(a-b) (—1+Tan[§ (c+dx”2)

AppellF1[3-n, 2-n, 1, 4-n,
2b

! (1—Tan[l <c+dx)]2J} Sec[1 (c+dx”2Tan[l (c+dx)]

+

2 2 2 2
b {_2b 5 n) (a-b) (2-n) nAppellF1[3-n, 1-n, 2, 4-n,
a-b) [-1+Tan[L (c+dx)]? )
( >( ' TZb[Z( )]),i(lTan[;(CerxH]]




Mathematica 11.3 Integration Test Results for 4.5.1.4 (d tan)”~n (a+b sec)™~m.nb | 291

<c+dx)]_3fn

(a-b) (—1+Tan[i (c+dx)]2)

Sec[1 (c+dxH2Tan[

: 20

N |

AppellF1 [3 -n, -n, 3, 4-n,

2b

%(1—Tan[§ (c+dx)]2)} Sec[% (c+dxH2Tan[§ (c+dx)]

V

(-1+n) (1+Tan[

N R

(c+dx)]2]

2b (-2+n) AppellFi[1-n, -n, 1,

2-n, (a-®) (_1+Tznb[2(c+dxﬂ >, g(l—Tan[i(deHZJL

(a-b) (—1+Tan[% <c+dx)]2)

[(a—b)nAppellFl[Z—n,l—n, 1, 3-n, "
2

N |

(1—Tan[§ (c+dx)]2J} +

a-b) (-1+Tan[% (c+dx)]?
bAppellF1[2-n, -n, 2, 3-n, (a-b) | [5 | )17)

2b

1 (1—Tan[1 (c+dx)]2)}] {—1+Tan[1 (c+dx>]2]] ]+

{(asec[i (e+dx)] Tan[ > (cdx)] bSec| > (evdx) ] Tan[ [codx]]|
2-2man[ 2 (de)]z)_n[(ab) B (dem]n
“Hypergeometric2F1[1+n, 1+n, 2 +n,

a+b-aTan[L (c+dx]]”+bTan[! (c+dx)]2] +
T
(1721fb(a+bfaTan[§ (cvdx)]*+bTan[> (c+dx)}2))1"}]/(1nan[

Problem 356: Unable to integrate problem.
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JCot[c+dx} (a+bsec[c+dx])"dx

Optimal (type 5, 162 leaves, 8 steps):
a+bSec[c+dx] }
a-b

- ( [Hyper‘geometr‘icZFl [1, 1+n, 2+n,

(a+bSec[c+dx])1*”)/
(2 (a-b)d(1+n))|-

a+bSec[c+dx]

(Hyper‘geometricZFl (1, 1+n, 2+n,

] (a+bSec[c+dx])1*“]/

a+b
1
2 b)d(1 _—
laes)oaenl)
. b Sec[c +dx] 1+n
Hypergeometric2F1[1, 1+n, 2+n, 1+ ———————] (a+bSec[c+dx])
a

Result (type 8, 21 leaves):

JCot[c+dx} (a+bsec[c+dx])"dx

Problem 357: Unable to integrate problem.

JCot[c+dx}3 (a+bsec[c+dx])"dx
Optimal (type 5, 279 leaves, 10 steps):

a+bSec[c+dx]
a-b

[HypergeometricZFl (1, 1+n, 2+n,

] (a+bSec[c+dx])1*”)/

(2 (a-b)d(1+n))+

. a+bSec[c+dx]
(Hypergeometr‘chFl (1, 1+n, 2+n, ]

(a+bSec[c+dx])1*")/

a+b
1
2(a+bjd(1+n)) - ——
oo fren)) - o
. bSec[c+dx] 1in
Hypergeometric2F1[1, 1+n, 2+n, 1+ — | (a+bsec[c+dx] )" -
a
. a+bSec[c+dx] 14n
(bHyper‘geometchFl[z, 1+n, 2+n, A | (a+bSecic+dx]) J/
a7

(4 (a-b)?d (1+n)]+

a+bSec[c+dx]

(b Hypergeometric2F1[2, 1+n, 2+n,

] (a+bSec[c+dx])1*"J/

a+b
(4 (a+b)2d(1+n>)

Result (type 8, 23 leaves):

JCot[c+dx13 (a+bsec[c+dx])"dx
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Summary of Integration Test Results

365 integration problems

A - 157 optimal antiderivatives

B - 91 more than twice size of optimal antiderivatives
C - 81 unnecessarily complex antiderivatives

D - 36 unable tointegrate problems

E - Ointegration timeouts



